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Abstract. We study the uniqueness problem of an entire function f when it shares

two small functions with its derivative f ðkÞ ðkb 1Þ. This confirms the conjecture posed

by Li and Yang [5].

1. Introduction and main result

Let MðCÞ be the family of all non-constant functions which are meromor-

phic in C, whereas EðCÞ denotes the family of all non-constant entire func-

tions in C. On the other hand, we denote by MTðCÞ and ETðCÞ the family of

all transcendental meromorphic functions in C and the family of all transcen-

dental entire functions in C respectively. In this paper, for f A MðCÞ, we shall

use the standard notations of Nevanlinna’s value distribution theory such as

Tðr; f Þ;mðr; f Þ;Nðr; f Þ;Nðr; f Þ; . . . (see e.g., [4, 10]). We adopt the standard

notation Sðr; f Þ for any quantity satisfying the relation Sðr; f Þ ¼ oðTðr; f ÞÞ as

r ! y except possibly a set of finite linear measure. Let a; f A MðCÞ. Then

a is said to be a small function of f if Tðr; aÞ ¼ Sðr; f Þ. Denote by Sð f Þ the

family of all small functions of f A MðCÞ. Let a A Sð f Þ \SðgÞ. If f � a

and g� a have the same zeros with the same multiplicities, then we say that

f and g share a CM and if we do not consider the multiplicities, then we say

that f and g share a IM.

Rubel and Yang [9] were the first to study entire functions that share

values with their derivatives. In 1977, they proved if f A EðCÞ shares two

finite distinct values CM with f 0, then f 1 f 0. This result has been gener-

alized from sharing values CM to IM by Mues and Steinmetz [8] and in the

case when both shared values are non-zero independently by Gundersen [3].

Since then the subject of sharing values between a meromorphic function and

its derivative has been extensively studied by many researchers and a lot of

interesting results have been obtained (see [10]).
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In 1991, G. Frank [2] proposed the following conjecture: If f A EðCÞ
shares two finite values IM with its k-th derivative ðkb 1Þ, then f 1 f ðkÞ.

In 2000, Li and Yang [5] fully resolved Frank’s conjecture in the following

form.

Theorem 1.1 ([5]). Let f A EðCÞ and a1; a2 A C be distinct. If f and

f ðkÞ ðkb 1Þ share a1 and a2 IM, then f 1 f ðkÞ.

At the end of the paper, Li and Yang [5] gave rise to the following

conjecture:

Conjecture 1.2. Theorem 1.1 still holds when a1 and a2 are two arbitrary

distinct small functions of f .

To the knowledge of authors, Conjecture 1.2 is not still confirmed. In

this paper, we settle Conjecture 1.2 at the cost of considering the fact that

a 00
1 2 a 00

2 . We now state our main result as follows.

Theorem 1.3. Let f A EðCÞ and a1; a2 A Sð f Þ be non-constant such that

a1; a2 2y and a 00
1 2 a 00

2 . If f and f ðkÞ ðkb 1Þ share a1 and a2 IM, then

f 1 f ðkÞ.

Remark 1.4. The following example asserts that condition ‘‘a1; a2 2y’’ is

sharp in Theorem 1.3.

Example 1.1. Let f ðzÞ ¼ cþ ece
z

and a1ðzÞ ¼ c2

c�e�z , where c A Cnf0g. If

a2 ¼ y, then f and f 0 certainly share a2 CM. On the other hand, we see that

f and f 0 also share a1 CM, but f 2 f 0.

First of all, we generalize the definition of IM to IM�. Let f ; g A MðCÞ
and a A Sð f Þ \SðgÞ. Denote by N0ðr; aÞ the counting function of all

common zeroes of f � a and g� a ignoring multiplicities. If Nðr; a; f Þ þ
Nðr; a; gÞ � 2N0ðr; aÞ ¼ Sðr; f Þ þ Sðr; gÞ, then we say f and g share a IM�.

One can easily prove that Theorem 1.3 is still valid if condition ‘‘IM’’ is

replaced by ‘‘IM�’’.

Remark 1.5. We can easily see that Theorem 1.3 is still valid for any

f A MðCÞ satisfying Nðr; f Þ ¼ Sðr; f Þ.

Remark 1.6. The following examples assert that Theorems A and 1.3 do

not hold for any f A MðCÞ satisfying Nðr; f Þ0Sðr; f Þ.
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Example 1.2. Let f ðzÞ ¼ 4
1�3e�2z . Clearly Nðr; f Þ0Sðr; f Þ. Note that

f 0ðzÞ ¼ �24e�2

ð1�3e�2zÞ2
and so f and f 0 share 0 CM. On the other hand, we see that

f and f 0 share 2 IM, but f 2 f 0.

Example 1.3. Let aðzÞ ¼ � 1
3 e

�2z þ ce�z, bðzÞ ¼ � 1
3 e

�2z � ce�z and

hðzÞ ¼ e2ce
z

, where c A Rnf0g. Define f ðzÞ ¼ bðzÞ þ bðzÞ�aðzÞ
hðzÞ�1

. Let a1ðzÞ ¼ b 0ðzÞ
and a2ðzÞ ¼ a 0ðzÞ. Clearly, a1; a2 A Sð f Þ and Nðr; f Þ0Sðr; f Þ. Also, we

deduce that f 0ðzÞ � a1ðzÞ ¼ e2zð f ðzÞ � a1ðzÞÞð f ðzÞ � bðzÞÞ and f 0ðzÞ � a2ðzÞ ¼
e2zð f ðzÞ � a2ðzÞÞð f ðzÞ � aðzÞÞ. Clearly, f and f 0 share a1 and a2 IM, but

f 2 f 0.

Example 1.4 ([6]). Let a; b A C such that a� b ¼
ffiffiffi
2

p
i and w be a non-

constant solution of the Riccati di¤erential equation w 0 ¼ ðw� a1Þðw� a2Þ. Let

f ðzÞ ¼ ðwðzÞ � aÞðwðzÞ � bÞ � 1
3 : Then w; f A MT ðCÞ and w 0 0 0. It is easy

to verify that f 00 ¼ 6w 0f and f 00 þ 1
6 ¼ 6 f þ 1

6

� �2
. Clearly f and f 00 share 0

CM and � 1
6 IM, but f 2 f 00:

After considering Theorem 1.3, we ask The following open question:

Open problem. Is it possible to establish Theorem 1.3 without the hypoth-

esis a 00
1 2 a 00

2 ?

2. Auxiliary lemmas

Lemma 2.1 ([1]). Let f A MT ðCÞ such that f nPð f Þ ¼ Qð f Þ, where Pð f Þ
and Qð f Þ are di¤erential polynomials in f with functions of small proximity

related to f as the coe‰cients and the degree of Qð f Þ is at most n. Then

mðr;PÞ ¼ Sðr; f Þ:

Lemma 2.2 ([11]). If f ; g A MðCÞ, then

N r;
f

g

� �
�N r;

g

f

� �
¼ Nðr; f Þ þNðr; 0; gÞ �Nðr; gÞ �Nðr; 0; f Þ:

Lemma 2.3. Let f A EðCÞ and a1; a2 A Sð f Þ such that a1; a2 2 0;y and

a1 2 a2. Suppose

Dð f Þ ¼ f � a1 a1 � a2

f 0 � a 0
1 a 0

1 � a 0
2

����
���� ¼ f � a2 a1 � a2

f 0 � a 0
2 a 0

1 � a 0
2

����
����:

Then

(1) Dð f Þ2 0,

(2) m r;
Dð f Þ
f�ai

� �
¼ Sðr; f Þ ði ¼ 1; 2Þ,
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(3) m r;
Dð f Þ

ð f�a1Þð f�a2Þ

� �
¼ Sðr; f Þ,

(4) m r;
Dð f Þð f�bÞ

ð f�a1Þð f�a2Þ

� �
¼ Sðr; f Þ, where b A Sð f Þ,

(5) m r;
Dð f Þð f� f ðkÞÞ
ð f�a1Þð f�a2Þ

� �
¼ Sðr; f Þ.

Proof. ð1Þ Suppose to the contrary that Dð f Þ1 0. Then clearly we

have
f 0�a 0

1

f�a1
1

a 0
1
�a 0

2

a1�a2
. On integration, we have f 1 a1 þ a0ða1 � a2Þ, where

a0 A Cnf0g. This shows that f A Sð f Þ, which is a contradiction. Hence

Dð f Þ2 0.

ð2Þ Note that for i ¼ 1; 2, we have Dð f Þ ¼ ða 0
1 � a 0

2Þð f � aiÞ �
ða1 � a2Þð f 0 � a 0

i Þ, i.e.,
Dð f Þ
f�ai

¼ a 0
1 � a 0

2 � ða1 � a2Þ
f 0�a 0

i

f�ai
. Consequently

m r;
Dð f Þ
f � ai

� �
amðr; a 0

1 � a 0
2Þ þmðr; a1 � a2Þ þm r;

f 0 � a 0
i

f � ai

� �
þ log 2

¼ Sðr; f Þ;

for i ¼ 1; 2 and so ð2Þ holds.

ð3Þ We see that
Dð f Þ

ð f�a1Þð f�a2Þ ¼
1

a1�a2

Dð f Þ
f�a1

� Dð f Þ
f�a2

h i
: Now ð3Þ follows di-

rectly from ð2Þ.
ð4Þ We see that

Dð f Þð f�bÞ
ð f�a1Þð f�a2Þ ¼

Dð f Þ
f�a1

þ ða2�bÞDð f Þ
ð f�a1Þð f�a2Þ and so

m r;
Dð f Þð f � bÞ

ð f � a1Þð f � a2Þ

� �
am r;

Dð f Þ
f � a1

� �
þm r;

Dð f Þ
ð f � a1Þð f � a2Þ

� �

þmðr; a2 � bÞ:

Now ð4Þ follows directly from ð2Þ and ð3Þ.
ð5Þ We see that m r;

Dð f Þð f� f ðkÞÞ
ð f�a1Þð f�a2Þ

� �
am r;

Dð f Þ f
ð f�a1Þð f�a2Þ

� �
þm r; 1� f ðkÞ

f

� �
:

Now ð5Þ follows directly from ð4Þ.

Lemma 2.4 ([7]). Let f A MðCÞ and Rð f Þ ¼ Pð f Þ
Qð f Þ , where Pð f Þ ¼

Pp
k¼0

ak f
k

and Qð f Þ ¼
Pq
j¼0

bj f
j are two mutually prime polynomials in f . If ak; bj A Sð f Þ

such that ap 2 0 and bq 2 0, then Tðr;Rð f ÞÞ ¼ maxfp; qgTðr; f Þ þ Sðr; f Þ:

Lemma 2.5 ([4]). Let f A MðCÞ and a1; a2 A Sð f Þ. Then Tðr; f Þa
Nðr; f Þ þ

P2
i¼1

Nðr; ai; f Þ þ Sðr; f Þ:

Henceforth for f A EðCÞ, we define the following auxiliary functions

f ¼ Dð f Þð f � f ðkÞÞ
ð f � a1Þð f � a2Þ

; ð2:1Þ
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c ¼ Dð f ðkÞÞð f � f ðkÞÞ
ð f ðkÞ � a1Þð f ðkÞ � a2Þ

; ð2:2Þ

Hnm ¼ nf�mc; ð2:3Þ

where m; n A N and

H ¼ Dð f Þ
ð f � a1Þð f � a2Þ

� Dð f ðkÞÞ
ð f ðkÞ � a1Þð f ðkÞ � a2Þ

: ð2:4Þ

Di¤erentiating twice, we obtain from (2.1) that

ðða 00
1 � a 00

2 Þð f � a1Þ � ða1 � a2Þð f 00 � a 00
1 ÞÞð f � f ðkÞÞ

þ ðða 0
1 � a 0

2Þð f � a1Þ � ða1 � a2Þð f 0 � a 0
1ÞÞð f 0 � f ðkþ1ÞÞ

¼ f 0ð f � a1Þð f � a2Þ þ fð f 0 � a 0
1Þð f � a2Þ þ fð f � a1Þð f 0 � a 0

2Þ ð2:5Þ

and

ðða 000
1 � a 000

2 Þð f � a1Þ þ ða 00
1 � a 00

2 Þð f 0 � a 0
1Þ � ða 0

1 � a 0
2Þð f 00 � a 00

1 Þ

� ða1 � a2Þð f 000 � a 000
1 ÞÞð f � f ðkÞÞ

þ 2ðða 00
1 � a 00

2 Þð f � a1Þ � ða1 � a2Þð f 00 � a 00
1 ÞÞð f 0 � f ðkþ1ÞÞ

þ ðða 0
1 � a 0

2Þð f � a1Þ � ða1 � a2Þð f 0 � a 0
1ÞÞð f 00 � f ðkþ2ÞÞ

¼ f 00ð f � a1Þð f � a2Þ þ 2f 0ð f 0 � a 0
1Þð f � a2Þ þ 2f 0ð f � a1Þð f 0 � a 0

2Þ

þ fð f 00 � a 00
1 Þð f � a2Þ þ 2fð f 0 � a 0

1Þð f 0 � a 0
2Þ

þ fð f � a1Þð f 00 � a 00
2 Þ: ð2:6Þ

Definition 2.6. Let k;m; n A N and a1; a2 A Sð f Þ. Denote by Sðm;nÞða1Þ
the set of those points z A C such that z is an a1-point of f of order m and an

a1-point of f ðkÞ of order n. The set Sðm;nÞða2Þ can be defined similarly. Let

Nðm;nÞðr; a1; f Þ denote the reduced counting function of f with respect to the set

Sðm;nÞða1Þ. Similarly Nðm;nÞðr; a2; f Þ denotes the reduced counting function of

f with respect to the set Sðm;nÞða2Þ.

Let zp;q A Sðp;qÞða1Þ such that fðzp;qÞ0 0;y and a1ðzp;qÞ � a2ðzp;qÞ0 0;y.

Then in some neighbourhood of zp;q, we get by Taylor’s expansion

f ðzÞ � a1ðzÞ ¼ bpðz� zp;qÞ p þ bpþ1ðz� zp;qÞ pþ1 þ � � � ðbp 0 0Þ;
f ðkÞðzÞ � a1ðzÞ ¼ cqðz� zp;qÞq þ cqþ1ðz� zp;qÞqþ1 þ � � � ðcq 0 0Þ;
fðzÞ ¼ d0 þ d1ðz� zp;qÞ þ d2ðz� zp;qÞ2 þ � � � ðd0 0 0Þ:

8>><
>>: ð2:7Þ
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Clearly

f 0ðzÞ � a 0
1ðzÞ ¼ pbpðz� zp;qÞ p�1 þ ðpþ 1Þbpþ1ðz� zp;qÞ p þ � � � ;

f 00ðzÞ � a 00
1 ðzÞ ¼ pðp� 1Þbpðz� zp;qÞ p�2

þ pðpþ 1Þbpþ1ðz� zp;qÞ p�1 þ � � � ;
f ðkþ1ÞðzÞ � a 0

1ðzÞ ¼ qcqðz� zp;qÞq�1 þ ðqþ 1Þcqþ1ðz� zp;qÞq þ � � � ;
f ðkþ2ÞðzÞ � a 00

1 ðzÞ ¼ qðq� 1Þcqðz� zp;qÞq�2

þ ðqþ 1Þqcqþ1ðz� zp;qÞq�1 þ � � �
f 0ðzÞ ¼ d1 þ 2d2ðz� zp;qÞ þ 3d2ðz� zp;qÞ2 . . . ;
f 00ðzÞ ¼ 2d2 þ 6d2ðz� zp;qÞ . . . :

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

ð2:8Þ

Now from (2.7) and (2.8), we see that zp;q is a zero of Dð f ðzÞÞ of multiplicity

p� 1 and

f ðzÞ � f ðkÞðzÞ ¼
bpðz� zp;qÞ p þ � � � ; if p < q

�cqðz� zp;qÞq � � � � ; if p > q

ðbp � cpÞðz� zp;qÞ p þ � � � ; if p ¼ q:

8><
>: ð2:9Þ

If zp;1 A Sðp;1Þða1Þ ðpb 2Þ such that fðzp;1Þ0 0;y and a1ðzp;1Þ � a2ðzp;1Þ0
0;y, then from (2.5), (2.7)–(2.9), one can easily conclude that

d0 ¼ pc1; i:e:; f ðkþ1Þðzp;1Þ � a 0
1ðzp;1Þ ¼ c1 ¼

fðzp;1Þ
p

: ð2:10Þ

Let ẑzp;q A Sðp;qÞða2Þ such that fðẑzp;qÞ0 0;y and a1ðẑzp;qÞ � a2ðẑzp;qÞ0 0;y.

Then in some neighbourhood of ẑzp;q, we get by Taylor’s expansion

f ðzÞ � a2ðzÞ ¼ b̂bpðz� ẑzp;qÞ p þ b̂bpþ1ðz� ẑzp;qÞ pþ1 þ � � � ðb̂bp 0 0Þ;
f ðkÞðzÞ � a2ðzÞ ¼ ĉcqðz� ẑzp;qÞq þ ĉcqþ1ðz� ẑzp;qÞqþ1 þ � � � ðĉcq 0 0Þ;
fðzÞ ¼ d̂d0 þ d̂d1ðz� ẑzp;qÞ þ d̂d2ðz� ẑzp;qÞ2 þ � � � ðd̂d0 0 0Þ:

8>><
>>: ð2:11Þ

Similarly if ẑzp;1 A Sðp;1Þða2Þ ðpb 2Þ such that fðẑzp;1Þ0 0;y and

a1ðẑzp;1Þ � a2ðẑzp;1Þ0 0;y, then we immediately get

f ðkþ1Þðẑzp;1Þ � a 0
2ðẑzp;1Þ ¼ ĉc1 ¼ � fðẑzp;1Þ

p
: ð2:12Þ

Lemma 2.7. Let f A EðCÞ and a1; a2 A Sð f Þ such that a1; a2 2y and

a1 2 a2. If f and f ðkÞ share a1, a2 IM and Tðr; f Þ ¼ Tðr; f ðkÞÞ þ Sðr; f Þ, then
f 1 f ðkÞ.

Proof. Suppose to the contrary that f 2 f ðkÞ. Since f and f ðkÞ share

a1 and a2 IM, we have
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Nðr; a1; f Þ þNðr; a2; f ÞaNðr; 0; f � f ðkÞÞ þ Sðr; f Þ

aTðr; f � f ðkÞÞ þ Sðr; f Þ

amðr; f � f ðkÞÞ þ Sðr; f Þ

amðr; f Þ þm r; 1� f ðkÞ

f

� �
þ Sðr; f Þ

aTðr; f Þ þ Sðr; f Þ: ð2:13Þ

Also using Lemma 2.5, we have Tðr; f ÞaNðr; a1; f Þ þNðr; a2; f Þ þ
Sðr; f Þ. Therefore we conclude that

Tðr; f Þ ¼ Nðr; a1; f Þ þNðr; a2; f Þ þ Sðr; f Þ: ð2:14Þ

Again from Lemma 2.3, we see that Dð f Þ2 0 and so f2 0. If possible

suppose that Dð f ðkÞÞ1 0. Then clearly we have

f ðkþ1Þ � a 0
1

f ðkÞ � a1
1

a 0
1 � a 0

2

a1 � a2
:

On integration, we have f ðkÞ 1 a1 þ a0ða1 � a2Þ, where a0 A Cnf0g.
This shows that f ðkÞ A Sð f Þ. Since Tðr; f Þ ¼ Tðr; f ðkÞÞ þ Sðr; f Þ, it follows

that f A Sð f Þ which is a contradiction. Therefore Dð f ðkÞÞ2 0 and so

c2 0. Let zp;q A Sðp;qÞða1Þ such that a1ðzp;qÞ; a1ðzp;qÞ � a2ðzp;qÞ0 0;y and

a 0
1ðzp;qÞ � a 0

2ðzp;qÞ0 0. Then from (2.1) and (2.9), we conclude that zp;q is a

zero of fðzÞ of multiplicity t� 1, where tbminfp; qgb 1 and so f is holo-

morphic at zp;q.

Let ẑzp;q A Sðp;qÞða2Þ such that a1ðẑzp;qÞ; a1ðẑzp;qÞ � a2ðẑzp;qÞ0 0;y and

a 0
1ðẑzp;qÞ � a 0

2ðẑzp;qÞ0 0. Then, in the same way as above, one can easily prove

that f is also holomorphic at ẑzp;q. As a result we have Nðr; fÞ ¼ Sðr; f Þ.
Also from Lemma 2.3, we get mðr; fÞ ¼ Sðr; f Þ and so f A Sð f Þ.

Denote by Nðr; a1; f ; f ðkÞ jb 2Þ the reduced counting function of common

multiple 0-points of f � a1 and f ðkÞ � a1. Since f A Sð f Þ, it follows that

Nðr; a1; f ; f ðkÞ jb 2ÞaNðr; 0; fÞaSðr; f Þ: ð2:15Þ

Similarly we have

Nðr; a2; f ; f ðkÞ jb 2Þ ¼ Sðr; f Þ: ð2:16Þ

Denote by Nðr; 0; f � f ðkÞ j f 0 a1; a2Þ the counting function of those

0-points of f � f ðkÞ which are neither the 0-points of f � a1 nor the 0-points

of f � a2. We denote by Nðsþ1ðr; 0; f � f ðkÞ j f ¼ a1; a2Þ the reduced counting
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function of those 0-points of f � f ðkÞ with multiplicity greater than s which are

the 0-points of both f � a1 and f � a2.

Now from (2.1), we can easily deduce that

Nð2ðr; 0; f � f ðkÞ j f ¼ a1; a2Þ þNðr; 0;Dð f Þð f � f ðkÞÞ j f 0 a1; a2Þ

¼ Sðr; f Þ: ð2:17Þ

Let a3 ¼ a1 þ lða1 � a2Þ, where ‘‘l A N’’, and let

F ¼ f � a1

a2 � a1
: ð2:18Þ

Clearly a3 2 a1; a2 and Tðr;F Þ ¼ Tðr; f Þ þ Sðr; f Þ. Now using the second

fundamental theorem and (2.14), we have

2Tðr; f Þ ¼ 2Tðr;FÞ þ Sðr; f Þ

aNðr;y;FÞ þNðr; 0;FÞ þNðr; 1;F Þ þNðr;�l;FÞ þ Sðr; f Þ

aNðr; a1; f Þ þNðr; a2; f Þ þNðr; a3; f Þ þ Sðr; f Þ

a 2Tðr; f Þ �mðr; a3; f Þ þ Sðr; f Þ;

i.e., mðr; a3; f Þ ¼ Sðr; f Þ. Also from (2.1), we see that

1

f
¼ Dð f Þ

fð f � a1Þð f � a2Þ
1� f ðkÞ

f

� �

and so using Lemma 2.3, we get mðr; 0; f Þ ¼ Sðr; f Þ. Therefore we have

mðr; 0; f Þ ¼ Sðr; f Þ and mðr; a3; f Þ ¼ Sðr; f Þ; ð2:19Þ

where a3 ¼ a1 þ lða1 � a2Þ, and l A N. Let G ¼ f ðkÞ�a1
a2�a1

. Clearly Tðr;GÞ ¼
Tðr; f ðkÞÞ þ Sðr; f Þ. Note that f and f ðkÞ share a1, a2 IM and Tðr; f Þ ¼
Tðr; f ðkÞÞ þ Sðr; f Þ. Now from (2.14) and using the second fundamental

theorem, we have

2Tðr; f ðkÞÞ ¼ 2Tðr;GÞ þ Sðr; f Þ

aNðr;y;GÞ þNðr; 0;GÞ þNðr; 1;GÞ þNðr;�l;GÞ þ Sðr; f Þ

aNðr; a1; f ðkÞÞ þNðr; a2; f ðkÞÞ þNðr; a3; f ðkÞÞ þ Sðr; f Þ

aNðr; a1; f Þ þNðr; a2; f Þ þ Tðr; f ðkÞÞ �mðr; a3; f ðkÞÞ þ Sðr; f Þ

¼ Tðr; f Þ þ Tðr; f ðkÞÞ �mðr; a3; f ðkÞÞ þ Sðr; f Þ
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¼ 2Tðr; f ðkÞÞ �mðr; a3; f ðkÞÞ þ Sðr; f Þ;

i:e:; mðr; a3; f ðkÞÞ ¼ Sðr; f Þ: ð2:20Þ

Again from (2.19) and (2.20), we have

m r;
f ðkÞ � a3

f � a3

� �
¼ m r;

f ðkÞ � a
ðkÞ
3 þ a

ðkÞ
3 � a3

f � a3

 !
amðr; a3; f Þ þ Sðr; f Þ

¼ Sðr; f Þ;

i:e:; m r;
f ðkÞ � a3

f � a3

� �
¼ Sðr; f Þ: ð2:21Þ

Since Tðr; f Þ ¼ Tðr; f ðkÞÞ þ Sðr; f Þ, from Lemma 2.2, (2.19) and (2.21), we get

m r;
f � a3

f ðkÞ � a3

� �
¼ T r;

f � a3

f ðkÞ � a3

� �
�N r;

f � a3

f ðkÞ � a3

� �

¼ T r;
f ðkÞ � a3

f � a3

� �
�N r;

f � a3

f ðkÞ � a3

� �
þOð1Þ

¼ N r;
f ðkÞ � a3

f � a3

� �
þm r;

f ðkÞ � a3

f � a3

� �

�N r;
f � a3

f ðkÞ � a3

� �
þOð1Þ

¼ N r;
f ðkÞ � a3

f � a3

� �
�N r;

f � a3

f ðkÞ � a3

� �
þ Sðr; f Þ

¼ Nðr; a3; f Þ �Nðr; a3; f ðkÞÞ þ Sðr; f Þ

¼ Nðr; a3; f Þ þmðr; a3; f Þ

� fNðr; a3; f ðkÞÞ þmðr; a3; f ðkÞÞg þ Sðr; f Þ

¼ Tðr; f Þ � Tðr; f ðkÞÞ þ Sðr; f Þ ¼ Sðr; f Þ;

i:e:; m r;
f � a3

f ðkÞ � a3

� �
¼ Sðr; f Þ: ð2:22Þ

Since f and f ðkÞ share a1, a2 IM, we can easily see that Nðr;cÞ ¼ Sðr; f Þ.
Note that

c ¼ Dð f ðkÞÞð f ðkÞ � a3Þ
ð f ðkÞ � a1Þð f ðkÞ � a2Þ

f � a3

f ðkÞ � a3
� 1

� �

and so using Lemma 2.3 and (2.22), we have
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mðr;cÞam r;
Dð f ðkÞÞð f ðkÞ � a3Þ

ð f ðkÞ � a1Þð f ðkÞ � a2Þ

� �
þm r;

f � a3

f ðkÞ � a3

� �
þOð1Þ

aSðr; f Þ;

i.e., mðr;cÞ ¼ Sðr; f Þ. Consequently, c A Sð f Þ. We now consider the follow-

ing two cases.

Case 1. Suppose that Hnm 1 0. Then from (2.1) and (2.2), we have

n
f 0 � a 0

1

f � a1
� f 0 � a 0

2

f � a2

� �
1m

f ðkþ1Þ � a 0
1

f ðkÞ � a1
� f ðkþ1Þ � a 0

2

f ðkÞ � a2

� �
:

On integration, we have

f � a1

f � a2

� �n
1 c1

f ðkÞ � a1

f ðkÞ � a2

� �m
; ð2:23Þ

where c1 A Cnf0g. First we suppose that n0m. Then using Lemma 2.4, we

get from (2.23) that nTðr; f Þ ¼ mTðr; f ðkÞÞ þ Sðr; f Þ, which contradicts the fact

that Tðr; f Þ ¼ Tðr; f ðkÞÞ þ Sðr; f Þ. Next we suppose that n ¼ m. Then from

(2.23), we have

f � a1

f � a2
1 c2

f ðkÞ � a1

f ðkÞ � a2
; ð2:24Þ

where c2 A Cnf0g. If c2 ¼ 1, then from (2.24), we have f 1 f ðkÞ, which is a

contradiction. Hence c2 0 1. Now from (2.24), we get

1� c2

c2

f � a4

f � a2
1

a2 � a1

f ðkÞ � a2
; ð2:25Þ

where a4 ¼ a1�a2c2
1�c2

such that a4 2 a1; a2. Since f A E and f , f ðkÞ share a2 IM,

from (2.25), we conclude that Nðr; a4; f Þ ¼ Sðr; f Þ. Also we see that

f � a1

a2 � a1
þ c2

1� c2
¼ f � a4

a2 � a1
:

Now using the second fundamental theorem, we get from (2.14) and (2.18) that

2Tðr; f Þ ¼ 2Tðr;FÞ þ Sðr; f Þ

aNðr; 0;FÞ þNðr; 1;FÞ þN r;� c2

1� c2
;F

� �
þ Sðr; f Þ

¼ Nðr; a1; f Þ þNðr; a2; f Þ þ Sðr; f Þ

¼ Tðr; f Þ þ Sðr; f Þ;

which is a contradiction.
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Case 2. Suppose that Hnm 2 0 for all m; n A N. Let zm;n A Sðm;nÞða1Þ [
Sðm;nÞða2Þ such that a1ðzm;nÞ; a2ðzm;nÞ0 0;y and a1ðzm;nÞ � a2ðzm;nÞ0 0. Now

from (2.1) and (2.2), we see that

Hnm ¼ ð f � f ðkÞÞ n
f 0 � a 0

2

f � a2
�m

f ðkþ1Þ � a 0
2

f ðkÞ � a2

� �
� n

f 0 � a 0
1

f � a1
�m

f ðkþ1Þ � a 0
1

f ðkÞ � a1

� �	 

;

and so Hnmðzm;nÞ ¼ 0. Therefore using the first fundamental theorem, we also

have,

Nðm;nÞðr; a1; f Þ þNðm;nÞðr; a2; f Þ

aNðr; 0;HnmÞ þ
X2
i¼1

Nðr; 0; aiÞ þ
X2
i¼1

Nðr;y; aiÞ

þNðr; 0; a1 � a2Þ þ Sðr; f Þ

aTðr;HnmÞ þ Sðr; f ÞaTðr; fÞ þ Tðr;cÞ þ Sðr; f Þ ¼ Sðr; f Þ: ð2:26Þ

Finally from (2.14) and (2.26), we have

Tðr; f Þ ¼ Nðr; a1; f Þ þNðr; a2; f Þ þ Sðr; f Þ

¼
X
m;n

ðNðm;nÞðr; a1; f Þ þNðm;nÞðr; a2; f ÞÞ þ Sðr; f Þ

¼
X

mþnb5

ðNðm;nÞðr; a1; f Þ þNðm;nÞðr; a2; f ÞÞ þ Sðr; f Þ

a
1

5
ðNðr; a1; f Þ þNðr; a1; f ðkÞÞ þNðr; a2; f Þ þNðr; a2; f ðkÞÞÞ þ Sðr; f Þ

a
1

5
ð2Tðr; f Þ þ 2Tðr; f ðkÞÞÞ þ Sðr; f Þ ¼ 4

5
Tðr; f Þ þ Sðr; f Þ;

which is impossible here. Hence f 1 f ðkÞ.

3. Proof of the theorem

Proof (Proof of Theorem 1.3). If possible suppose that f is a non-

constant polynomial. Since a small function of a polynomial is a constant,

it follows that a1; a2 A C. This contradicts the fact that a 0
1 � a 0

2 B C. Hence

f A ETðCÞ. Now we divide the following two cases.

Case 1. Suppose that f2 0, where f is defined by (2.1). Clearly

f 2 f ðkÞ. Now from the proof of Lemma 2.7, we see that f A Sð f Þ.
Also from (2.17), we have
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Nð2ðr; 0; f � f ðkÞ j f ¼ a1; a2Þ þNðr; 0;Dð f Þð f � f ðkÞÞ j f 0 a1; a2Þ

¼ Sðr; f Þ: ð3:1Þ

On the other hand, from (2.15) and (2.16), we have

Nðr; a1; f ; f ðkÞ jb 2Þ þNðr; a2; f ; f ðkÞ jb 2Þ ¼ Sðr; f Þ: ð3:2Þ

Let c be defined by (2.2). Since Dð f ðkÞÞ2 0, it follows that c2 0. Now

rewriting (2.1), we get

f 0 ¼ a1;2 f
2 þ a1;1 f þ a1;0 þQ1

f � f ðkÞ
; ð3:3Þ

where a1;2 ¼
a 0
1
�a 0

2
�f

a1�a2
, a1;1 ¼ a 0

1 � a1
a 0
1
�a 0

2

a1�a2
þ ða1þa2Þf

a1�a2
, a1;0 ¼ � fa1a2

a1�a2
and Q1 ¼

� a 0
1
�a 0

2

a1�a2
ff ðkÞ � a 0

1 � a1
a 0
1
�a 0

2

a1�a2

� �
f ðkÞ. Now we divide the following two sub-cases.

Sub-case 1.1. Suppose that f2 a 0
1 � a 0

2. Certainly a1;2 2 0. Now by

induction and using (3.3) repeatedly, we obtain the following

f ðkÞ ¼

P2k
j¼0

ak; j f
j þQk

ð f � f ðkÞÞ2k�1
; ð3:4Þ

where

Qk ¼
X
l<2k

lþj1þj2þ���þ jka2k

bl; j1; j2;...; jk f
lð f ðkÞÞ j1ð f ðkþ1ÞÞ j2 . . . ð f ð2k�1ÞÞ jk : ð3:5Þ

Here ak; j; bl; j1; j2;...; jk A Sð f Þ and ci :¼ ai;2i satisfies the recurrence formula

c1 ¼ a1;2; ciþ1 ¼ c 0
i þ c1ci; i ¼ 1; 2; . . . ; k � 1: ð3:6Þ

From the recurrence formula (3.6) for ci, we can easily derive the

expression

ck ¼ ck
1 þQðc1Þ; ð3:7Þ

where Qðc1Þ is a di¤erential polynomial in c1 with a degree less than or equal

to k � 1.

Now we divide the following two sub-cases.

Sub-case 1.1.1. Suppose that ck ¼ ak;2k 2 0. Then using (2.19) and the

lemma of logarithmic derivative, we get from (3.5) that

m r;
Qk

f 2k�1f ðkÞ

� �
¼ Sðr; f Þ: ð3:8Þ

210 Sujoy Majumder, Jeet Sarkar and Nabadwip Sarkar

This document is provided by JAXA.



Again from (3.4), we have

X2k
j¼0

ak; j f
j ¼ f ðkÞð f � f ðkÞÞ2k�1 �Qk: ð3:9Þ

Now from Lemma 2.4, (3.8) and (3.9), we obtain that

2kTðr; f Þ þ Sðr; f Þ ¼ T r;
X2k
j¼0

ak; j f
j

 !

am r; 1� f ðkÞ

f

� �2k�1

� Qk

f 2k�1f ðkÞ

 !

þmðr; f 2k�1f ðkÞÞ þ Sðr; f Þ

am r; 1� f ðkÞ

f

� �2k�1
 !

þm r;
Qk

f 2k�1f ðkÞ

� �

þmðr; f 2k�1Þ þmðr; f ðkÞÞ þ Sðr; f Þ

a ð2k � 1ÞTðr; f Þ þ Tðr; f ðkÞÞ þ Sðr; f Þ;

i.e., Tðr; f ÞaTðr; f ðkÞÞ þ Sðr; f Þ. Since f A ET ðCÞ, we have Tðr; f ðkÞÞa
Tðr; f Þ þ Sðr; f Þ. Therefore Tðr; f Þ ¼ Tðr; f ðkÞÞ þ Sðr; f Þ. Consequently,

from Lemma 2.7, one can see that f 1 f ðkÞ, which is impossible here.

Sub-case 1.1.2. Suppose that ck ¼ ak;2k 1 0. Then from (3.6), we have

c 0
k�1 þ c1ck�1 1 0. On integration, we have ck�1ðzÞ ¼ c0e

xðzÞ, where xðzÞ ¼

�
Ðz
0

c1ðzÞdz A MðCÞ and c0 A Cnf0g. We know that if xðzÞ has a pole at

the point z0, then z0 is an essential singularity of exðzÞ. Since ck�1 A MðCÞ,
it follows that x A EðCÞ and so c1 A EðCÞ. On the other hand, we see that if

c1 is a polynomial, then ciþ1 is also a polynomial for i ¼ 1; 2; . . . ; k � 1. In

that case we arrive at a contradiction. Hence c1 A ET ðCÞ. Now from (3.7),

we see that ck
1 ¼ �Qðc1Þ. Using Lemma 2.1, we evaluate that mðr;c1Þ ¼

Sðr;c1Þ. Since Nðr;c1Þ ¼ 0, it follows that Tðr;c1Þ ¼ Sðr;c1Þ, which is

impossible.

Sub-case 1.2. Suppose that f ¼ a 0
1 � a 0

2. Now from (2.1), we have

f � f ðkÞ ¼ ða 0
1 � a 0

2Þð f � a1Þð f � a2Þ
ða 0

1 � a 0
2Þð f � a1Þ � ða1 � a2Þð f 0 � a 0

1Þ

¼ ða 0
1 � a 0

2Þð f � a1Þð f � a2Þ
Dð f Þ : ð3:10Þ
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Since ða 0
1 � a 0

2Þð f � a1Þ � ða1 � a2Þð f 0 � a 0
1Þ ¼ ða 0

1 � a 0
2Þð f � a2Þ � ða1 � a2Þ �

ð f 0 � a 0
2Þ, from (3.10), we have

f ðkÞ � a1 ¼ �ða1 � a2Þð f � a1Þð f 0 � a 0
2Þ

Dð f Þ and

f ðkÞ � a2 ¼ �ða1 � a2Þð f � a2Þð f 0 � a 0
1Þ

Dð f Þ : ð3:11Þ

Also from (2.5), we have

ða 00
1 � a 00

2 Þð f � a1Þ2 � ða 00
1 � a 00

2 Þð f � a1Þð f ðkÞ � a1Þ

� ða1 � a2Þð f � a1Þð f 00 � a 00
1 Þ þ ða1 � a2Þð f 00 � a 00

1 Þð f ðkÞ � a1Þ

þ ða 0
1 � a 0

2Þð f � a1Þð f 0 � a 0
1Þ � ða 0

1 � a 0
2Þð f � a1Þð f ðkþ1Þ � a 0

1Þ

� ða1 � a2Þð f 0 � a 0
1Þ

2 þ ða1 � a2Þð f 0 � a 0
1Þð f ðkþ1Þ � a 0

1Þ

¼ ða 00
1 � a 00

2 Þð f � a1Þð f � a2Þ þ ða 0
1 � a 0

2Þð f 0 � a 0
1Þð f � a2Þ

þ ða 0
1 � a 0

2Þð f � a1Þð f 0 � a 0
2Þ: ð3:12Þ

Let zp;1 A Sðp;1Þða1Þ ðpb 2Þ such that a1ðzp;1Þ � a2ðzp;1Þ0 0;y and

a 0
1ðzp;1Þ � a 0

2ðzp;1Þ0 0. Clearly, from (2.10), we have

f ðkþ1Þðzp;1Þ � a 0
1ðzp;1Þ ¼ c1 ¼

a 0
1ðzp;1Þ � a 0

2ðzp;1Þ
p

:

In some neighbourhood of zp;1, it is easy to calculate, from (2.7), (2.8)

and (3.12) that

ðbpc2 p2ðpþ 1Þða1ðzp;1Þ � a2ðzp;1ÞÞ � bpða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞ
2

þ bpþ1ðpþ 1Þ2ða1ðzp;1Þ � a2ðzp;1ÞÞða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞ

� pbpðða 00
1 ðzp;1Þ � a 00

2 ðzp;1ÞÞða1ðzp;1Þ � a2ðzp;1ÞÞ þ ða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞ
2Þ

� bpþ1 pðpþ 1Þða1ðzp;1Þ � a2ðzp;1ÞÞða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞÞðz� zp;1Þ p

þ Apþ1ðz� zp;1Þ pþ1 þ � � �1 0 ðApþ1 A CÞ;

which shows that

ðbpc2 p2ðpþ 1Þða1ðzp;1Þ � a2ðzp;1ÞÞ � bpða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞ
2

þ bpþ1ðpþ 1Þ2ða1ðzp;1Þ � a2ðzp;1ÞÞða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞ
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� pbpðða 00
1 ðzp;1Þ � a 00

2 ðzp;1ÞÞða1ðzp;1Þ � a2ðzp;1ÞÞ þ ða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞ
2Þ

� bpþ1 pðpþ 1Þða1ðzp;1Þ � a2ðzp;1ÞÞða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞ ¼ 0: ð3:13Þ

On the other hand, from (2.6), we have

ða 000
1 � a 000

2 Þð f � a1Þ2 � ða 000
1 � a 000

2 Þð f � a1Þð f ðkÞ � a1Þ

þ ða 00
1 � a 00

2 Þð f � a1Þð f 0 � a 0
1Þ � ða 00

1 � a 00
2 Þð f 0 � a 0

1Þð f ðkÞ � a1Þ

� ða 0
1 � a 0

2Þð f � a1Þð f 00 � a 00
1 Þ þ ða 0

1 � a 0
2Þð f 00 � a 00

1 Þð f ðkÞ � a1Þ

� ða1 � a2Þð f � a1Þð f 000 � a 000
1 Þ þ ða1 � a2Þð f 000 � a 000

1 Þð f ðkÞ � a1Þ

þ 2ða 00
1 � a 00

2 Þð f � a1Þð f 0 � a 0
1Þ � 2ða 00

1 � a 00
2 Þð f � a1Þð f ðkþ1Þ � a 0

1Þ

� 2ða1 � a2Þð f 0 � a 0
1Þð f 00 � a 00

1 Þ þ ða 0
1 � a 0

2Þð f � a1Þð f 00 � a 00
1 Þ

þ 2ða1 � a2Þð f 00 � a 00
1 Þð f ðkþ1Þ � a 0

1Þ � ða 0
1 � a 0

2Þð f � a1Þð f ðkþ2Þ � a 00
1 Þ

� ða1 � a2Þð f 0 � a 0
1Þð f 00 � a 00

1 Þ þ ða1 � a2Þð f 0 � a 0
1Þð f ðkþ2Þ � a 00

1 Þ

¼ ða 000
1 � a 000

2 Þð f � a1Þð f � a2Þ þ 2ða 00
1 � a 00

2 Þð f 0 � a 0
1Þð f � a2Þ

þ 2ða 00
1 � a 00

2 Þð f � a1Þð f 0 � a 0
2Þ þ ða 0

1 � a 0
2Þð f 00 � a 00

1 Þð f � a2Þ

þ 2ða 0
1 � a 0

2Þð f 0 � a 0
1Þð f 0 � a 0

2Þ þ ða 0
1 � a 0

2Þð f � a1Þð f 00 � a 00
2 Þ: ð3:14Þ

In some neighbourhood of zp;1, it is easy to calculate, from (2.7), (2.8) and

(3.14) that

ðbpc2 p2ðpþ 1Þða1ðzp;1Þ � a2ðzp;1ÞÞ þ bpðp� 1Þða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞ
2

þ bpþ1ðpþ 1Þ2ða1ðzp;1Þ � a2ðzp;1ÞÞða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞ

� 2pbpðða 00
1 ðzp;1Þ � a 00

2 ðzp;1ÞÞða1ðzp;1Þ � a2ðzp;1ÞÞ þ ða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞ
2Þ

� bpþ1 pðpþ 1Þða1ðzp;1Þ � a2ðzp;1ÞÞða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞÞðz� zp;1Þ p�1

þ Bpðz� zp;1Þ p þ � � �1 0 ðBp A CÞ;

which shows that

bpc2 p
2ðpþ 1Þða1ðzp;1Þ � a2ðzp;1ÞÞ þ bpðp� 1Þða 0

1ðzp;1Þ � a 0
2ðzp;1ÞÞ

2

þ bpþ1ðpþ 1Þ2ða1ðzp;1Þ � a2ðzp;1ÞÞða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞ

� 2pbpðða 00
1 ðzp;1Þ � a 00

2 ðzp;1ÞÞða1ðzp;1Þ � a2ðzp;1ÞÞ þ ða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞ
2Þ

� bpþ1 pðpþ 1Þða1ðzp;1Þ � a2ðzp;1ÞÞða 0
1ðzp;1Þ � a 0

2ðzp;1ÞÞ ¼ 0: ð3:15Þ
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Now from (3.13) and (3.15), we have

bp pða1ðzp;1Þ � a2ðzp;1ÞÞða 00
1 ðzp;1Þ � a 00

2 ðzp;1ÞÞ ¼ 0: ð3:16Þ

Since bp 0 0 and a1ðzp;1Þ � a2ðzp;1Þ0 0;y, from (3.16) we have

a 00
1 ðzp;1Þ � a 00

2 ðzp;1Þ ¼ 0.

Now since a 0
1 � a 0

2 B C, it follows that

X
pb2

Nðp;1Þðr; a1; f ÞaNðr; 0; a 00
1 � a 00

2 ÞaSðr; f Þ: ð3:17Þ

Let ẑzp;1 A Sðp;1Þða2Þ ðpb 2Þ such that a1ðẑzp;1Þ � a2ðẑzp;1Þ0 0;y and

a 0
1ðẑzp;1Þ � a 0

2ðẑzp;1Þ0 0. Clearly from (2.12), we have

f ðkþ1Þðẑzp;1Þ � a 0
2ðẑzp;1Þ ¼ ĉc1 ¼ � a 0

1ðẑzp;1Þ � a 0
2ðẑzp;1Þ

p
:

Now proceeding in the same way as done above and using (2.11) instead

of (2.7), one can easily deduce that a 00
1 ðẑzp;1Þ � a 00

2 ðẑzp;1Þ ¼ 0 and so

X
pb2

Nðp;1Þðr; a2; f ÞaNðr; 0; a 00
1 � a 00

2 ÞaSðr; f Þ: ð3:18Þ

Therefore from (3.2), (3.17) and (3.18), we see that

Nð2ðr; a1; f Þ þNð2ðr; a2; f Þa
X
pb2

ðNðp;1Þðr; a1; f Þ þNðp;1Þðr; a2; f ÞÞ

¼ Sðr; f Þ: ð3:19Þ

Let l A N and a A C [ fyg. We use Nðlþ1ðr; a; f Þ to denote the count-

ing function of a-points of f with multiplicity greater than l. Similarly,

Nðlþ1ðr; a; f Þ is its reduced function. Now we divide the following three

sub-cases.

Sub-case 1.2.1. Suppose that

Nð2ðr; a1; f ðkÞÞ ¼ Sðr; f Þ and Nð2ðr; a2; f ðkÞÞ ¼ Sðr; f Þ:

Then from (3.2), one can easily obtain that

X
qb2

ðNð1;qÞðr; a1; f Þ þNð1;qÞðr; a2; f ÞÞ ¼ Sðr; f Þ: ð3:20Þ

Now from (2.14), (3.19) and (3.20), we deduce that
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Tðr; f Þ ¼ Nðr; a1; f Þ þNðr; a2; f Þ þ Sðr; f Þ

¼
X2
i¼1

Nð1;1Þðr; ai; f Þ þ
X
pb2

ðNðp;1Þðr; a1; f Þ þNðp;1Þðr; a2; f ÞÞ

þ
X
qb2

ðNð1;qÞðr; a1; f Þ þNð1;qÞðr; a2; f ÞÞ þ Sðr; f Þ

¼ Nð1;1Þðr; a1; f Þ þNð1;1Þðr; a2; f Þ þ Sðr; f Þ: ð3:21Þ

Let a A Sð f Þ be arbitrary. Now using the first fundamental theorem, we get

from (2.2), Lemmas 2.2 and 2.3 that

mðr;cÞ ¼ m r;
Dð f ðkÞÞð f ðkÞ � aÞ

ð f ðkÞ � a1Þð f ðkÞ � a2Þ
f � a

f ðkÞ � a
� 1

� �� �

am r;
Dð f ðkÞÞð f ðkÞ � aÞ

ð f ðkÞ � a1Þð f ðkÞ � a2Þ

� �
þm r;

f � a

f ðkÞ � a
� 1

� �

am r;
f � a

f ðkÞ � a

� �
þ Sðr; f Þ

¼ T r;
f ðkÞ � a

f � a

� �
�N r;

f � a

f ðkÞ � a

� �
þ Sðr; f Þ

¼ m r;
f ðkÞ � a

f � a

� �
þN r;

f ðkÞ � a

f � a

� �
�N r;

f � a

f ðkÞ � a

� �
þ Sðr; f Þ

am r;
f ðkÞ � aðkÞ

f � a

� �
þm r;

aðkÞ � a

f � a

� �

þNðr; a; f Þ �Nðr; a; f ðkÞÞ þ Sðr; f Þ

amðr; a; f Þ þNðr; a; f Þ �Nðr; a; f ðkÞÞ þ Sðr; f Þ

¼ Tðr; f Þ �Nðr; a; f ðkÞÞ þ Sðr; f Þ:

Under the given conditions, we have Nðr;cÞ ¼ Sðr; f Þ. Consequently we

have

Tðr;cÞaTðr; f Þ �Nðr; a; f ðkÞÞ þ Sðr; f Þ: ð3:22Þ

Now we consider the following two sub-cases.

Sub-case 1.2.1.1. Suppose that H11 1 0. Then immediately we have

Tðr; f Þ ¼ Tðr; f ðkÞÞ þ Sðr; f Þ and so by Lemma 2.5, we get f 1 f ðkÞ, which

is impossible.
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Sub-case 1.2.1.2. Suppose that H11 2 0. Let z1;1 A Sð1;1Þða1Þ [ Sð1;1Þða2Þ.
Then it is easy to obtain that H11ðz1;1Þ ¼ 0 and so we conclude that

X2
i¼1

Nð1;1Þðr; ai; f ÞaNðr; 0;H11Þ þ Sðr; f Þ

aTðr;H11Þ þ Sðr; f ÞaTðr;cÞ þ Sðr; f Þ: ð3:23Þ

Then from (3.21), (3.22) and (3.23), we have

Tðr; f ÞaTðr;cÞ þ Sðr; f ÞaTðr; f Þ �Nðr; a; f ðkÞÞ þ Sðr; f Þ;

i:e:; Nðr; a; f ðkÞÞ ¼ Sðr; f Þ;

where a A Sð f Þ is arbitrary. In particular we have Nðr; a1; f ðkÞÞ þ
Nðr; a2; f ðkÞÞ ¼ Sðr; f Þ. Since f and f ðkÞ share a1 and a2 IM, we have

Nðr; a1; f Þ þNðr; a2; f Þ ¼ Sðr; f Þ and so Nð1;1Þðr; a1; f Þ þNð1;1Þðr; a2; f Þ ¼
Sðr; f Þ. Therefore from (3.21), we arrive at a contradiction.

Sub-case 1.2.2. Suppose that

either Nð2ðr; a1; f ðkÞÞ ¼ Sðr; f Þ and Nð2ðr; a2; f ðkÞÞ0Sðr; f Þ

or Nð2ðr; a1; f ðkÞÞ0Sðr; f Þ and Nð2ðr; a2; f ðkÞÞ ¼ Sðr; f Þ:

Without loss of generality we may assume that Nð2ðr; a1; f ðkÞÞ ¼ Sðr; f Þ and

Nð2ðr; a2; f ðkÞÞ0Sðr; f Þ.
Now from (3.2), one can easily show that

X
qb2

Nð1;qÞðr; a1; f Þ ¼ Sðr; f Þ: ð3:24Þ

Consequently from (3.19) and (3.24), we deduce that

Nðr; a1; f Þ ¼
X
p;q

Nðp;qÞðr; a1; f Þ

¼ Nð1;1Þðr; a1; f Þ þ
X
pb2

Nðp;1Þðr; a1; f Þ þ
X
qb2

Nð1;qÞðr; a1; f Þ

¼ Nð1;1Þðr; a1; f Þ þ Sðr; f Þ: ð3:25Þ

Let

j1 ¼
f � f ðkÞ

ð f � a1Þð f � a2Þ
: ð3:26Þ
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Clearly j1 2 0. Since f ¼ a 0
1 � a 0

2, from (2.1) and (3.26), we have

ða 0
1 � a 0

2Þ f � a1 �
1

j1

� �
¼ ða1 � a2Þð f 0 � a 0

1Þ: ð3:27Þ

Let ẑz1;q A Sð1;qÞða2Þ ðqb 2Þ such that a1ðẑz1;qÞ � a2ðẑz1;qÞ0 0;y, a 0
1ðẑz1;qÞ �

a 0
2ðẑz1;qÞ0 0 and j1ðẑz1;qÞ0 0;y. Clearly Dð f ðẑz1;qÞÞ0 0 and so from (3.11),

we conclude that ẑz1;q is a zero of f 0 � a 0
1 of multiplicity q� 1. On the other

hand, from (3.27), we conclude that ẑz1;q is a zero of f � a1 � 1
j1
, i.e., f ðẑz1;qÞ ¼

a1ðẑz1;qÞ þ 1
j1ðẑz1; qÞ

. Also since f and f ðkÞ share a2 IM, it follows that f ðẑz1;qÞ ¼
a2ðẑz1;qÞ. Consequently we have j1ðẑz1;qÞ ¼ 1

a2ðẑz1; qÞ�a1ðẑz1; qÞ .

We claim that j1 B C. If possible suppose that j1 A Cnf0g. Then we

have j1 ¼ 1
a2ðẑz1; qÞ�a1ðẑz1; qÞ . If j1 2

1
a2�a1

, then

X
qb2

Nð1;qÞðr; a2; f ÞaN r; 0; j1 �
1

a2 � a1

� �
aSðr; f Þ: ð3:28Þ

Also from (3.2), we have Nðr; a2; f ; f ðkÞ jb 2Þ ¼ Sðr; f Þ and so from

(3.28), we conclude that Nð2ðr; a2; f ðkÞÞ ¼ Sðr; f Þ, which is impossible. Hence

j1 1
1

a2�a1
. This shows that a2 � a1 A C, which is again impossible. Hence

j1 B C. Let f1 ¼
j 0
1

j1
. Clearly f1 2 0.

Let z1;q A Sð1;qÞða1Þ such that a1ðz1;qÞ � a2ðz1;qÞ00;y. Then z1;q is a zero

of f � f ðkÞ. Consequently j1ðz1;qÞ0y. Similarly if ẑz1;q A Sð1;qÞða2Þ such that

a1ðẑz1;qÞ � a2ðẑz1;qÞ0 0;y, then j1ðẑz1;qÞ0y. Now from (3.1), (3.2) and

(3.19), we conclude that Nðr; 0; j1Þ þNðr; j1Þ ¼ Sðr; f Þ. Then f1 A Sð f Þ.
Now by logarithmic di¤erentiation, we get from (3.26) that

f1 ¼
f 0 � f ðkþ1Þ

f � f ðkÞ � f 0 � a 0
1

f � a1
� f 0 � a 0

2

f � a2
; i:e:;

f1ð f � a1Þ2ð f � a2Þ � f1ð f � a1Þð f � a2Þð f ðkÞ � a1Þ

¼ �ð f � a1Þð f � a2Þð f ðkþ1Þ � a 0
1Þ þ ð f 0 � a 0

1Þð f � a2Þð f ðkÞ � a1Þ

þ ð f � a1Þð f 0 � a 0
2Þð f ðkÞ � a1Þ � ð f � a1Þ2ð f 0 � a 0

2Þ ð3:29Þ

or

f1ð f � a1Þð f � a2Þ2 � f1ð f � a1Þð f � a2Þð f ðkÞ � a2Þ

¼ �ð f � a1Þð f � a2Þð f ðkþ1Þ � a 0
2Þ þ ð f 0 � a 0

1Þð f � a2Þð f ðkÞ � a2Þ

þ ð f � a1Þð f 0 � a 0
2Þð f ðkÞ � a2Þ � ð f 0 � a 0

1Þð f � a2Þ2: ð3:30Þ
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Let ẑz1;q A Sð1;qÞða2Þ ðqb 3Þ such that a1ðẑz1;qÞ � a2ðẑz1;qÞ0 0;y and

a 0
1ðẑz1;qÞ � a 0

2ðẑz1;qÞ0 0. Clearly Dð f ðẑz1;qÞÞ0 0 and so from (3.11), we conclude

that ẑz1;q is a zero of f 0 � a 0
1 of multiplicity q� 1. Then from (3.30), it is easy

to calculate f1ðẑz1;qÞ ¼ 0. Since f1 2 0, it follows that

X
qb3

Nð1;qÞðr; a2; f ÞaNðr; 0; f1ÞaSðr; f Þ: ð3:31Þ

Now from (3.2) and (3.31), we can easily conclude that

Nð3ðr; a2; f ðkÞÞ ¼ Sðr; f Þ: ð3:32Þ

Now we consider the following two sub-cases.

Sub-case 1.2.2.1. Suppose that H1 0. Then on integration, we have

f � a1

f � a2
1 c2

f ðkÞ � a1

f ðkÞ � a2
;

where c2 A Cnf0g. Now by Lemma 2.4, we conclude that Tðr; f Þ ¼
Tðr; f ðkÞÞ þ Sðr; f Þ and so by Lemma 2.5, we have f 1 f ðkÞ, which is

impossible.

Sub-case 1.2.2.2. Suppose that H20. It is easy to obtain that mðr;HÞ ¼
Sðr; f Þ and Nðr;HÞ ¼ Nð1;2Þðr; a2; f Þ. Therefore

Tðr;HÞ ¼ mðr;HÞ þNðr;HÞ ¼ Nð1;2Þðr; a2; f Þ þ Sðr; f Þ: ð3:33Þ

Now from (2.13) and (2.14), we have Tðr; f Þ ¼ mðr; f � f ðkÞÞ þ Sðr; f Þ.
Therefore from (2.1), (2.2), (3.22) and (3.33), we have

Tðr; f Þ ¼ m r;
Hð f � f ðkÞÞ

H

� �
þ Sðr; f Þ

¼ m r;
f� c

H

� �
þ Sðr; f Þ

¼ T r;
H

f� c

� �
þ Sðr; f Þ

aTðr;cÞ þ Tðr;HÞ þ Sðr; f Þ

aTðr; f Þ þNð1;2Þðr; a2; f Þ �Nðr; a; f ðkÞÞ þ Sðr; f Þ

and so

Nðr; a; f ðkÞÞaNð1;2Þðr; a2; f Þ þ Sðr; f Þ: ð3:34Þ
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Suppose that a ¼ a2. Then from (3.34), we have

Nðr; a2; f ðkÞÞaNð1;2Þðr; a2; f Þ þ Sðr; f Þ: ð3:35Þ

Since f and f ðkÞ share a2 IM, from (3.2) and (3.19), it follows that

Nðr; a2; f ðkÞÞ þ Sðr; f Þ ¼ Nðr; a2; f Þ þ Sðr; f Þ ¼
X2
i¼1

Nð1; iÞðr; a2; f Þ þ Sðr; f Þ;

and so from (3.35), we conclude that Nð1;1Þðr; a2; f Þ ¼ Sðr; f Þ. Let

G1 ¼
f ðkþ1Þ � a 0

1

f ðkÞ � a1
� f 0 � a 0

1

f � a1
� a 0

1 � a 0
2

a1 � a2
: ð3:36Þ

If G1 1 0, then on integration we have f ðkÞ � a1 ¼ c3ða1 � a2Þð f � a1Þ,
where c3 A Cnf0g, and so by Lemma 2.4, we get Tðr; f Þ ¼ Tðr; f ðkÞÞ þ Sðr; f Þ.
Now by Lemma 2.7, we conclude that f 1 f ðkÞ, which is impossible here.

Hence G1 2 0. Also from (3.25), it is easy to prove that Nðr;G1Þ ¼ Sðr; f Þ.
Since mðr;G1Þ ¼ Sðr; f Þ, it follows that G1 A Sð f Þ.

Let ẑz1;2 A Sð1;2Þða2Þ such that a1ðẑz1;2Þ � a2ðẑz1;2Þ0 0;y, a 0
1ðẑz1;2Þ � a 0

2ðẑz1;2Þ
0 0 and fðẑz1;2Þ0 0;y. Then f ðkÞðẑz1;2Þ ¼ a2ðẑz1;2Þ and f ðkþ1Þðẑz1;2Þ ¼ a 0

2ðẑz1;2Þ.
Also from (3.11), one can easily conclude that ẑz1;2 is a simple zero of f 0 � a 0

1,

i.e., f 0ðẑz1;2Þ ¼ a 0
1ðẑz1;2Þ.

Now from (3.36), we conclude that G1ðẑz1;2Þ ¼ 0 and so Nð1;2Þðr; a2; f Þa
Nðr; 0;G1Þ þ Sðr; f ÞaSðr; f Þ: Consequently, Nð2ðr; a2; f Þ ¼ Sðr; f Þ, which is

impossible.

Sub-case 1.2.3. Suppose that

Nð2ðr; a1; f ðkÞÞ0Sðr; f Þ and Nð2ðr; a2; f ðkÞÞ0Sðr; f Þ:

Let z1;q A Sð1;qÞða1Þ ðqb 3Þ such that a1ðz1;qÞ � a2ðz1;qÞ0 0;y and

a 0
1ðz1;qÞ � a 0

2ðz1;qÞ0 0. Clearly, Dð f ðz1;qÞÞ0 0 and so from (3.11), we con-

clude that z1;q is a zero of f 0 � a 0
2 of multiplicity q� 1. Now from (3.29),

we calculate that f1ðz1;qÞ ¼ 0. Since f1 2 0, we get

X
qb3

Nð1;qÞðr; a1; f ÞaNðr; 0; f1ÞaSðr; f Þ: ð3:37Þ

Now, from (3.2) and (3.37), we can easily conclude that

Nð3ðr; a1; f ðkÞÞ ¼ Sðr; f Þ: ð3:38Þ

Also, from (3.32), we have

Nð3ðr; a2; f ðkÞÞ ¼ Sðr; f Þ: ð3:39Þ
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In this case from, (2.14), we have

Tðr; f Þ ¼
X2
i¼1

ðNð1;1Þðr; ai; f Þ þNð1;2Þðr; ai; f ÞÞ þ Sðr; f Þ: ð3:40Þ

From Sub-case 1.2.1.1, we conclude that H11 2 0. Let z1;1 A Sð1;1Þða1Þ [
Sð1;1Þða2Þ. Then from (3.22) and (3.23), we see that

X2
i¼1

Nð1;1Þðr; ai; f ÞaTðr; f Þ �Nðr; a; f ðkÞÞ þ Sðr; f Þ;

where a A Sð f Þ is arbitrary, and so from (3.40), we have

Nðr; a; f ðkÞÞa
X2
i¼1

Nð1;2Þðr; ai; f Þ þ Sðr; f Þ;

i:e:; Nðr; a; f ðkÞÞa
X2
i¼1

Nð1;2Þðr; ai; f Þ þ Sðr; f Þ: ð3:41Þ

Suppose a ¼ a1. Since

Nðr; a1; f ðkÞÞ ¼ Nðr; a1; f Þ ¼ Nð1;1Þðr; a1; f Þ þNð1;2Þðr; a1; f Þ þ Sðr; f Þ;

from (3.41), we conclude that Nð1;1Þðr; a1; f ÞaNð1;2Þðr; a2; f Þ þ Sðr; f Þ. Again

if we take a ¼ a2, then from (3.41), we can easily deduce that

Nð1;1Þðr; a2; f ÞaNð1;2Þðr; a1; f Þ þ Sðr; f Þ:

Consequently from (3.40), we have

Tðr; f Þa 2
X2
i¼1

Nð1;2Þðr; ai; f Þ þ Sðr; f Þ: ð3:42Þ

Now we divide the following two sub-cases.

Sub-case 1.2.3.1. Suppose that H21 1 0. Then on integration, we have

f � a1

f � a2

� �2
¼ c1

f ðkÞ � a1

f ðkÞ � a2
;

where c1 A Cnf0g. Now using Lemma 2.4, we deduce that 2Tðr; f Þ ¼
Tðr; f ðkÞÞ þ Sðr; f Þ. Since f A ETðCÞ, it follows that Tðr; f ðkÞÞaTðr; f Þ þ
Sðr; f Þ. Consequently we have Tðr; f Þ ¼ Sðr; f Þ, which is impossible.

Sub-case 1.2.3.2. Suppose that H21 2 0. Let z1;2 A Sð1;2Þða1Þ [ Sð1;2Þða2Þ.
Then it is easy to obtain that H21ðz1;2Þ ¼ 0 and so we conclude that
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X2
i¼1

Nð1;2Þðr; ai; f ÞaNðr; 0;H21Þ þ Sðr; f Þ

aTðr;H21Þ þ Sðr; f Þ

aTðr;cÞ þ Sðr; f Þ: ð3:43Þ

Now from (3.22) and (3.43), we see that

X2
i¼1

Nð1;2Þðr; ai; f ÞaTðr; f Þ �Nðr; a; f ðkÞÞ þ Sðr; f Þ; ð3:44Þ

where a A Sð f Þ is arbitrary. In particular from (3.44), we have

X2
i¼1

Nð1;2Þðr; ai; f ÞaTðr; f Þ �Nðr; a1; f ðkÞÞ þ Sðr; f Þ ð3:45Þ

and
X2
i¼1

Nð1;2Þðr; ai; f ÞaTðr; f Þ �Nðr; a2; f ðkÞÞ þ Sðr; f Þ: ð3:46Þ

Adding (3.45) and (3.46), we have

2
X2
i¼1

Nð1;2Þðr; ai; f Þa 2Tðr; f Þ �Nðr; a1; f ðkÞÞ �Nðr; a2; f ðkÞÞ þ Sðr; f Þ: ð3:47Þ

Now using (3.42), from (3.47) we get

Nðr; a1; f ðkÞÞ þNðr; a2; f ðkÞÞaTðr; f Þ þ Sðr; f Þ: ð3:48Þ

Again, from (3.42) and (3.48), we conclude that

Nðr; a1; f ðkÞÞ þNðr; a2; f ðkÞÞa 2
X2
i¼1

Nð1;2Þðr; ai; f Þ þ Sðr; f Þ: ð3:49Þ

Note that

X2
1¼1

ðNð1;1Þðr; ai; f Þ þ 2Nð1;2Þðr; ai; f ÞÞaNðr; a1; f ðkÞÞ þNðr; a2; f ðkÞÞ þ Sðr; f Þ;

and so from (3.49), we conclude that

X2
1¼1

Nð1;1Þðr; ai; f Þ ¼ Sðr; f Þ: ð3:50Þ
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Now, from (3.40) and (3.50), we deduce that

Tðr; f Þ ¼ Nðr; a1; f Þ þNðr; a2; f Þ þ Sðr; f Þ

¼ Nð1;2Þðr; a1; f Þ þNð1;2Þðr; a2; f Þ þ Sðr; f Þ

aNð2ðr; a1; f ðkÞÞ þNð2ðr; a2; f ðkÞÞ þ Sðr; f Þ

a
1

2
ðNðr; a1; f ðkÞÞ þNðr; a2; f ðkÞÞÞ þ Sðr; f Þ

aTðr; f ðkÞÞ þ Sðr; f Þ: ð3:51Þ

Since f A ETðCÞ, it follows that Tðr; f ðkÞÞaTðr; f Þ þ Sðr; f Þ and so from

(3.51), we conclude that Tðr; f Þ ¼ Tðr; f ðkÞÞ þ Sðr; f Þ. Consequently from

Lemma 2.7, one can conclude that f 1 f ðkÞ, which is impossible here.

Case 2. Suppose that f1 0. Since Dð f Þ2 0, it follows that f 1 f ðkÞ.

This completes the proof.
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