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Abstract 

Most of the phenomenological elastoplastic models adopting a plastic flow rule with a single yield surface tend 
to predict an unrealistic material response especially when they are subjected to the non-proportional loading 
condition with a sudden change of the loading path. The work presented in this paper aims to propose an 
efficient numerical technique to correct the excessive stiffness of the conventional elastoplastic models by 
introducing the so-called tangential plasticity [1] and combining it with the return mapping technique for an 
accurate and faster computation [2]. 
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1. Introduction 
Phenomenological plasticity models are commonly 

formulated with the assumptions on the plastic flow 
(normality) rule that the inelastic stretching can only 
evolve along the normal direction to the plastic potential 
surface, and also its magnitude depends only on the stress 
rate component normal to the yield surface. That is, in the 
plastic loading case, the direction of inelastic stretching is 
uniquely defined regardless of that of the stress rate. 
Furthermore, the magnitude of the inelastic stretching is 
not affected by the stress rate component tangential to the 
yield surface. Although these assumptions might give 
satisfactory numerical results under a certain condition, 
such as monotonic loading within small deformation 
range, the deficiency has been pointed out especially 
when the non-proportional loading, accompanied with a 
sudden change of the loading direction, is subjected to the 
materials and structures. Therefore, the use of these 
models can lead to an underestimation of the inelastic 
deformation with a stiffer response against 
non-proportional loading, and also the plastic instability 
phenomena with strain localization tends to be 
overestimated [1]. 

To overcome these drawbacks, a large number of 
extensive works have been conducted to include the 
so-called vertex effect of a yield surface on the 
phenomenological plasticity models (i.e. [3]-[5]). Among 
them the tangential plasticity model together with the 
subloading surface concept has crucial advantage for the 
description of general deformation behavior under cyclic 

and non-proportional loading conditions, since it is 
categorized in the unconventional plasticity model and 
has a mathematical structure to describe a smooth 
elastic-plastic transition. The model can describe the 
dependence of not only the magnitude but also the 
direction of the inelastic stretching on the stress rate 
direction by considering the tangential plasticity (c.f. 
Hashiguchi and Tsutsumi [1]). The applicability of the 
model have been discussed for both analytical bifurcation 
problems (i.e. [6]-[10]) and general non-proportional 
loading behavior for soils (Tsutsumi and Hashiguchi [11], 
Tsutsumi and Kaneko [12]). 

On the other hand, many practical engineering 
problems require high computational effort. This is a 
consequence either of the complexity of some physical 
phenomena and of the evolution of the computational 
powers, which let us pushing forward the limit of 
numerical calculations; especially in F.E. analyses with 
elevate number of degrees of freedom or special loading 
conditions. Therefore the recourse to numerical 
techniques has become frequent in order to save time, 
without giving up the accuracy of the solution. 

The main purpose of this work is to combine the 
tangential plasticity effect for the extended subloading 
surface model with the efficiency of the return mapping 
algorithm ([2],[13]) as a useful tool in numerical 
computation. The key idea lays on the assumption that 
the tangential inelastic stretch doesn’t affect the material 
hardening, allowing to compute separately the 
elastoplastic stress rate by means of the return mapping 
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algorithm and subsequently the tangential inelastic term 
using a set of parameters which depend on the stress state. 
In the present paper the attention will be focused on 
metals constitutive equations with mix-hardening.    
 
2. Constitutive equations and numerical procedure 

Before dealing with the updated constitutive 
equations of the unconventional plasticity model it is 
useful to introduce the main aspects of the numerical 
technique itself. Return mapping algorithm has been 
firstly proposed by Wilkins [14], subsequently 
generalized by Simo and Ortiz [15], and then used in 
many forms by other authors (i.e. Krieg and Krieg [16], 
Phillinger [17], etc.). However the two main common 
formulations are: the closest projection method (CPPM) 
and the cutting plane algorithm (CPA), as reviewed by 
literatures (c.f. Hashiguchi [18]). The first is a complete 
implicit method which allows to compute all the variables 
of the system in order to satisfy the set of equations 
composed by the yield condition and the evolution law of 
the internal variables. This technique is based on the 
concept of the consistent linearization, introduced for the 
first time by Huges and Pister [19], which leads to an 
asymptotic quadratic rate of convergence to the solution, 
making the CPPM really attractive to use. 

One problem that arises with this formulation is 
due to the difficulty on calculating the second order 
derivatives of the yield function respect to the stress state 
for setting up the local matrix. Especially when dealing 
with geomaterials, the plastic potential can have a 
complicated mathematical expression which makes 
particularly difficult to define the direction of the plastic 
flows [20].  

On the other hand the cutting plane algorithm is an 
incomplete implicit method which results in the 
impossibility to compute analytically the consistent 
tangent modulus as in the previous formulation [13]. This 
represents a serious limitation since a quadratic 
convergent Newton-Raphson scheme cannot be used for 
the finite element global equilibrium. However the 
linearization of the consistency conditions allows to 
simplify the convergence procedure, especially 
considering that no second order derivatives has to be 
computed; moreover a numerical consistent tangent 
operator can be furnished adopting the strategy proposed 
by Miehe [21], supplying the lack of its analytical 
formulation. 

It has to be underlined that the recourse to 
unconventional theories is necessary when dealing with 
cyclic plasticity due to the fact that they allow to take into 
account irreversible contributes even for small 
oscillations of the stress state in the neighborhood of the 
yield surface. The mechanism for such behavior can be 
different accordingly with the theory adopted 
(Multi-surface model [22] and [23], Infinite surface 
model [24], Two surface model [25], Single surface 
model [26]) but basically all of them abolish the 
distinction between elastic and plastic domains in order to 
generate inelastic strains once the stress increases again 

after a previous unload of the sample. 
The subloading surface [27] is the only model 

among the previous ones which has the ability to catch a 
smooth elastoplastic transition by means of its solid and 
consistent mathematical implant. To achieve this result a 
new surface, named subloading surface, has been created 
inside the conventional plastic yield (here renamed 
normal-yield) through a similarity transformation, whose 
center is not fixed in the stress space but it moves 
following the plastic strain rate evolution. 
 
2.1 Extended Subloading Surface Model 

The main variables of the model will be now 
introduced without a complete explanation of the theory, 
referring the reader to [1], [2] and [28] for a more 
detailed discussion.  Observing Figure 1 the 
normal-yield and subloading surface equations can be 
formulated as follows: 

 
ˆ ˆ( ) ( ),

( ) ( )
f F H
f RF H
σ σ σ α
σ

  (1) 

where σ is the Cauchy stress, α is the so called 
back-stress, H the isotropic hardening variable. 

 
ˆ, ,

ˆ,
Rσ σ α α s s

σ σ s s s α
  (2) 

The variables introduced in Eq. (2) are 
respectively: the stress observed from the conjugate 
back-stress; the conjugate-back stress itself (function of 
the similarity ratio); the stress observed from the 
similarity center and, in the end, the similarity center seen 
from the back-stress. 

According to Rudnick and Rice [29], and 
subsequently remarked by Hashiguchi and Tsutsumi [1], 
only the deviatoric part of the tangential stress rate 
influences the inelastic deformation. This crucial 
evidence, together with the assumption that the tangential 
effect doesn’t affect the hardening behavior [28], allows 
to split the computation of the inelastic normal and 
tangential components of the inelastic stretch. The former 
can be evaluated by means of the return mapping and the 
latter by a simple formulation derived through some 
mathematical passages. In the following paragraphs the 
two terms will be presented separately, but the reader 
should keep in mind that they both contribute additively 
in the formation of the total deformation as stressed out 
by Eq.(10). It has to be preliminary said that the strategy 
presented in this paper has general validity but the set of 
equations presented in Eq.(4), (5) and (18) hold just for 
metals with a Von Mises yield surface. 

The starting point for the return mapping 
formulation is that to freeze all the plastic variables (i.e. 
isotropic hardening variable, back-stress, yield surface) 
between a generic n step to the subsequent n+1, imaging 
that material behavior is perfectly linear elastic and 
performing the so called trial state. It should be 
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underlined that this hypothesis may not, and in general it 
will not, be an admissible state for the material because in 
most of the cases it will overestimate the stress level. A 
first check is here necessary to verify if an irreversible 
response has been activated or if the elastic assumption is 
effectively the correct answer for the fulfilment of 
equilibrium. This statement can be analytically 
formulated by the following inequality: 

 
( ) ( ) ( )

1 1 1 1

( ) ( ) ( )
1 1 1 1

f ( ) ( ),  0, 

f ( ) ( ), 0, 

trial p trial final
n n n n n n
trial p trial final

n n n n n n

R F H

R F H

σ ε σ σ
σ ε σ σ

  (3) 

If ( )
1

trial
nσ  satisfy the second condition of Eq. (3) the 

plastic unknowns must be updated through an internal 
iterative procedure (Eq. (4)) inside the step, which starts 
with the linearization of the consistency condition (Eq. 
(1)) and leads to the computation of the k+1 
proportionally factor (Eq. (5)) as a function of all the 
internal variables expressed at the k sub-step. 

 
Figure 1 - Extended subloading surface model. 
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Using the additive decomposition of the strain it is 
possible to correct the trial stress state to consider the 
nonlinear behavior of the material: 

 ( 1) ( ) ( 1) ( ) ( 1) ( )
1 1 1 1 1 1:k k p k k k k

n n n n n ndσ σ σ σ E N   (6) 

At this point a new sub k-iteration can be 
performed from Eq. (4) until the fulfilment of the 
condition ( 1) ( 1) ( 1)

1 1 1( )k k k
n n nf R Fσ , meaning that the stress has 

finally reached the correct plastic surface (this can be 
numerically translated by imposing a tolerance under 
which the convergence can be considered satisfied, i.e. 
residual function ( 1) ( 1) ( 1) ( 1)

1 1 1 1( ) /k k k k
n n n nf R F F Tollσ ). 

The set of equations presented so far are 
responsible for the local convergence on a single 
quadrature point but they cannot satisfied the global 
equilibrium for all the body, which will be in general not 
fulfilled.  

The displacements (and consequently 
deformations) must be corrected through a global 
iterative procedure which solves once again the 
system d dK u F , where dF   is the residual vector 
computed as the difference between external loads and 
the assembly vector of the internal forces at each Gauss 
point. The dε  vector, derived from du , is used as an 
input for a new local convergence using return mapping 
algorithm and the whole procedure should end when local 
and global equilibrium are satisfied. 

Figure 2 represents the convergence of the stress on 
the plastic surface for a general quadrature point, where 
the linearization of the consistency condition can be seen 
as the plane where each k-sub iteration converges. 

 
Figure 2 - Schematic representation of the cutting plane 

return mapping algorithm. 



36

Return Mapping Technique for the Extended Subloading Surface Model with Tangential Plasticity 

2.2 Extended to include the tangential plasticity 
Once estimated the normal component of the stress 

rate, it is possible to compute the tangential one (Eq. 
(7)-(8)) considering it as linearly related to the tangential 
stretch (Eq.(9)): 

 * 1
3 iiσ σ I   (7) 

 

* * *
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n t

n

t n

σ σ σ

σ N N σ
σ σ σ
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 *t
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where A ( 0) is a generic scalar function that will be 
defined later.  

The additive decomposition of the strain rate, 
assumed valid in the Eq.(6), is enriched adding a third 
component: elastic, plastic (toward the normal direction), 
and tangential inelastic: 

 e p tD D D D   (10) 

Eq. (10) can be rewritten as a function of the corotational 
stress rate as follows: 

 1 *( )
t

p

tr A
M
NσD E σ N σ   (11) 

Through some mathematical passages [1] it is possible to 
write the inverse relationship expressing the corotational 
stress rate as a function of the strain rate. In the following, 
focused on a metal plasticity modelling, some terms have 
been neglected as a consequence of considering 
plastically incompressibility of the material. Since metals 
are invariant to any change of hydrostatic pressure, the 
original formulation is further simplified to include just 
one normal vector (i.e. Eq.(4)): 

          

1
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At this point a specific form for the function A has 
been chosen to separate the elastoplastic part from the 
tangential one, in detail assuming: 
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it is possible to write: 
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where T is a variable which depends on the stress state 
(by means of the similarity ratio) and on two material 
parameters  ( 0 1 , b 0), in the same way as 
presented in [1]: 

 bT R   (16) 

Looking at the right side of Eq.(14) it is easy to see 
that the first two addends represent the elastoplastic part 
of the stress rate, thus all the terms in the square brackets 
can be regarded as the deviatoric tangential stress rate 
part. This contribute is then subtracted from the total 
stress, obtained from Eq.(6), once local convergence in 
return mapping is fulfilled 

 (k) ( 1) ( ) *
1 1 1 1: k k

n n n n tσ σ E N σ   (17) 

The problem to compute the stress in two separate 
steps lays on the fact that, when the elastoplastic part 
satisfies the consistency condition (Eq.(3)), a unique set 
of values for the similarity center R and the size of the 
yield surface F is possible. Therefore if the stress is 
‘relaxed’, a deviation along a direction tangential to the 
plastic potential at the current stress is performed, 
bringing the point to lay outside the subloading surface 
with loss of local equilibrium. Moreover this aspect is 
enhanced whenever a large step simulation is carried out, 
since the entity of the deviation is directly proportional to 
the magnitude of the deviatoric tangential stress rate.  

A simple solution adopted in this paper is the one 
of performing a correction of the stress state by means of 
a sort of ‘single step return mapping operation’. The 
procedure can be better understood having a look at 
Figure 3: once the trial stress has been brought back to 
the correct plastic surface the tangential stress rate *

tσ
o

 is 

applied generating the point ( 1),2
1

k
nσ . 

In order to satisfy the global equilibrium and the 
consistency condition at the same time, it is necessary to 
bring back the stress to the 1nF  or 1 1n nR F  (in case R 
is less than unity) surface by means of a vector directed 
towards the center of the surface itself (i.e. the back stress 
or the conjugate back stress) and which magnitude can be 
easily computed using the first of Eq.(4). In formulas: 
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Figure 3 – correction method for the tangential stress rate 

contribute. 

3. Concluding Remarks 
The present work aimed to describe the inelastic 

stretching of materials subjected to non-proportional 
loading. Traditional elastoplastic models fail in predicting 
the correct amount of irreversible deformation when 
come to loading path with not-negligible stress rate 
component tangential to the plastic surface because of a 
purely associative formulation of the flow rule. 

The system of equations formed by Eqs.(4) –(6) 
and (15) allows to compute the corotational stress rate in 
a completely innovative way uncoupling the effect of 
plastic strain directed along the normal to the yield 
surface and the one along its tangent. This strategy is 
based on the hypothesis that material hardening is not 
influenced by a possible inelastic contribute generated by 
tangential plasticity and thus the separation of the two 
terms is possible. 

Moreover the assumption of linear dependency 
between the tangential stretch and the deviatoric 
tangential corotational stress rate appears to be very 
convenient for the implementations in F.E. simulations 
compared to more complex theories. 
 

References 

[1] K. Hashiguchi, S. Tsutsumi, Elastoplastic 
constitutive equation with tangential stress rate effect, Int. 
J. Plasticity, 17, 117-145, 2001. 

[2] K. Hashiguchi, T. Mase, Subloading surface Model 
and its Return-mapping Formulation, ACTA 60th Nat. 
Congr. Of Theoretical & Applied Mechanics, 2011. 
[3] Y.Tomita, A. Shindoh, Y.S. Kim, K, Michiura, 
Deformation behavior of elastic-plastic tubes under 
extended pressure and axial load, Int. J. Mech. Sci., 20, 
263-275, 1986. 
[4] M. Goya, K. Ito, An expression of elastic-plastic 
constitutive laws incorporating vertex formulation and 
kinematic hardening, J. Appl. Mech. (ASME), 58, 
617-622, 1991. 
[5] M. Goya, K. Miyagi, K. Ito, T. Suetoshi, S. Itomura, 
Comparison between numerical and analytical prediction 
of shear localization of sheets subjected to biaxial tension. 
In: Proceedings of the Int. Conf. on Comp. Mech., 
Springer, 1396-1401, 1995. 
[6] K. Hashiguchi, A. Protasov, Localized necking 
analysis by the subloading surface model with 
tangential-strain rate and anisotropy, Int. J. Plasticity, 20 
(10), 1909-1930, 2004. 
[7] M. Khojastehpour, K. Hashiguchi, Plane strain 
bifurcation analysis of soils by the tangential–subloading 
surface model, Int. J. Solids Struc., 41(20), 5441-5563, 
2004. 
[8] M. Khojastehpour, K. Hashiguchi, Axisymmetric 
bifurcation analysis in soils by the tangential-subloading 
surface model, J.  Mech. Physics of Solids, 52(10), 
2235-2262, 2004. 
[9] M. Khojastehpour, Y. Murakami, K. Hashiguchi, 
Antisymmetric bifurcation in an elastoplastic cylinder 
with tangential plasticity, 38(11), 1061-1071, 2006. 
[10] K. Hashiguchi, S. Tsutsumi, Shear band formation 
analysis in soils by the subloading surface model with 
tangential stress rate effect, Int. J. Plasticity, 19, 
1651-1677, 2003. 
[11] S. Tsutsumi, K. Hashiguchi, General 
non-proportional loading behaviour of soils, Int. J. 
Plasticity, 20, 1941-1969, 2005. 
[12] S. Tsutsumi, K. Kaneko, Constitutive response of 
idealized granular media under the principal stress axes 
rotation, Int. J. Plasticity, 24(11), 1967-1989, 2008. 
[13] E.N. De Souza, D. Peric, D.J.R. Owen, 
Computational Methods for Plasticity. John Wiley and 
Sons, Chichester, 2008. 
[14] M. L. Wilkins, Calculation of Elastic-Plastic Flow, 
Methods of Computational Physics, Vol. 3, B. Alder, ed., 
Academic Press, New York, 1964. 
[15] J.C. Simo, M. Ortiz, A unified approach to finite 
deformation elastoplasticity based on the use of 
hyperelastic constitutive equations, Compt. Meth. Appl. 
Mech. Eng., 49 (1985) 221-245. 



38

Return Mapping Technique for the Extended Subloading Surface Model with Tangential Plasticity 

[16] R.D. Krieg, D.B. Krieg, Accuracies of numerical 
solution methods for the elastic-perfectly plastic models. 
J. Pressure Vessel Tech. (ASME), 99 (1977) 510–515. 
[17] I. Pillinger, P. Hartley , C.E.N. Sturgess, G.W. 
Rowe, Use of a mean-normal large-strain elastic-plastic 
finite element solutions. Int. J. Mech. Sci., 28 (1986) 
23–29. 
[18] K. Hashiguchi, N. Suzuki, M Ueno, Elastoplastic 
analysis by return-mapping and consistent tangent 
modulus tensor based on subloading surface model (1st 
report, formulation of return-mapping), Transaction of 
the JSME, Vol.80, No.81, 2014.  
[19] T.J.R. Huges, K.S. Pister, Consistent linearization in 
mechanics of solids and structures, Comput. Struct., 9 
(3-4), 391-397, 1978. 
[20] J. Huang, D. Griffiths. Return Mapping Algorithms 
and Stress Predictors for Failure Analysis in 
Geomechanics, J. Eng. Mech., 135(4) (2009) 276–284. 
[21] C. Miehe, Numerical Computation of Algorithmic 
(Consistent) Tangent Moduli in Large Strain 
Computational Inelasticity, Comput. Methods Appl. 
Mech. Eng., 134 (1996) 223-240. 
[22] Z. Mroz, On the description of anisotropic 
workhardening. J. Mech. Phys. Solids 15 (1967) 
163–175. 
[23] W.D. Iwan, On a class of models for the yielding 
behavior of continuous and composite systems. J. Appl. 
Mech. (ASME) 34 (1967) 612–617  
[24] Z. Mroz,, V.A. Norris, O.C. Zienkiewicz, An 
anisotropic, critical state model for soils subject to cyclic 
loading, Geotechnique 31 (1981) 451–469.  
[25] Y.F. Dafalias, E.P. Popov, A model of nonlinearly 
hardening materials for complex loading, Acta Mech. 23 
(1975) 173–192. 
[26] J.L. Chaboche, K. Dang-Van,  G. Cordier, 
Modelization of the strain memory effect on the cyclic 
hardening of 316 stainless steel. In: Trans. 5th Int. Conf. 
SMiRT, Berlin, Division L., Paper No. L. 11/3 (1979). 
[27] K. Hashiguchi, Subloading surface model in 
unconventional plasticity. Int. J. Solids Structures, 25 
(1989) 917-945. 
[28] K. Hashiguchi, Elastoplasticity theory. In: F Pfeiffer, 
P Wriggers (Eds.), Lecture notes in applied and 
computational mechanics, Springer: Berlin 2009; 42. 
[29] J.W. Rudnicki, J.R. Rice, Conditions for localization 
in pressure-sensitive dilatant materials, J. Mech. Phys. 
Solids, 23, 371-394, 1975. 


