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Abstract. We construct natural polarized log Hodge structures associated to a pro-

jective log deformation over the standard log point.
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1. Introduction

Since K. Kato and S. Usui introduced the notion of polarized log Hodge

structure (see [15]), the theory rapidly grew. On the other hand, to apply the

vast theory to geometry, evidently necessary are results of the type that a

geometric family yields polarized log Hodge structures.

More precisely, let f : P! S be a projective log smooth morphism of

fs log analytic spaces. Then, the question is whether f yields polarized log

Hodge structures over S. The current situation concerning this question is

summarized in Section 9 of [10] by T. Kajiwara, K. Kato, and the second

author of this paper. Roughly speaking, the situation is as follows: Although
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there are satisfactory, a‰rmative answers in the case where the base S is log

smooth, there are no nontrivial example when the base is not log smooth, even

when the base is the standard log point.

The authors of [10] developed the theory of log Picard varieties and log

Albanese varieties under the assumption that the answer to this question is

a‰rmative (that f is good in their terminology), and stated that one can expect

the goodness if f is exact. Note that the last condition that f is exact is

always satisfied when S is the standard log point.

In this paper, we prove the following.

Theorem 1.1 (¼ Theorem 2.7). A projective log deformation over the

standard log point is good.

That is, f is indeed good if S is the standard log point and if P is a

projective log deformation which means that P is projective and is locally

isomorphic to the special fiber of a semistable family with the natural log

structure (this usage of ‘‘log deformation’’ was introduced by J. H. M.

Steenbrink in [21]). Accordingly, the theory of [10] can be applied to such

an f so that we now have for such an f the log Picard variety and the log

Albanese variety, and so on.

For readers’ convenience, we include here a vague but more understand-

able statement.

Corollary 1.2. Let f : P! S be a log deformation over the standard log

point. Then the triple

ðRqf log
� Z; ðRqf�o

�
P=S;FÞ; iÞ

is a log Hodge structure of weight q for every integer q, where f log : ðP log;O log
P Þ

! ðS log;O log
S Þ is the associated morphism of ringed spaces, o�P=S denotes the

relative log de Rham complex, F the decreasing filtration induced by the stupid

filtration on o�P=S, and i : Rqf log
� Z! O

log
S nRqf�o

�
P=S the natural morphism

induced by the canonical morphism Z ,! O
log
P ! o

�; log
P=S .

In Section 2, we review the definition of polarized log Hodge structure and

the definition of the goodness and state our main theorem 2.7. In Section 3,

we review the paper [5] which shows that a projective log deformation yields

nilpotent orbits. Since a nilpotent orbit is an equivalent notion of a polarized

log Hodge structure, this result in [5] already associates polarized log Hodge

structures to a projective log deformation. However, the construction in [5]

heavily depends on the various double complex constructions à la Steenbrink,

and quite far from the definition of the goodness in [10] (which does not use

any double complex). Thus, as is explained in Section 4, our task is to show

that the two constructions in [5] and in [10] coincide. To see this, we introduce
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an intermediate one, and compare it with each of two one by one. In Section

5, we prove the coincidence of the construction of [5] including double

complexes with the intermediate one. There, after recalling several definitions

and results in [5], we prove the commutativity of the diagram as expected.

In Section 6, we give several isomorphisms concerning log Riemann–Hilbert

correspondences, which is essentially a part of the theory in [7]. In Section 7,

we prove the coincidence of the construction of [10] with the intermediate

one. A key is a comparison between the relative log de Rham complex and

the absolute one. In Section 8, by using the results obtained so far, we

complete the proof of the main theorem. Finally, in Section 9, we apply the

geometric machinery of [10], and define the log Picard and log Albanese

varieties for a projective log deformation and state some results.

We note that it is well-known that the answer to the original question is

a‰rmative for the non-log case, that is, the case of usual analytic spaces. This

is classical but we could not find an appropriate reference, so we include a

sketch of the proof as an appendix.

Notation and Terminology. For the basic notions on log geometry, see

[15]. Here we review some of them. A monoid means a commutative

semigroup. For an analytic space S, we denote by OS the sheaf of holo-

morphic functions over S. A log structure on S is a pair of a sheaf of monoids

M and a homomorphism a : M ! OS of sheaves of monoids such that the

induced homomorphism a�1ðO�S Þ ! O�S is an isomorphism ([15] 2.1.1). Here

we regard OS as a sheaf of monoids by multiplication. Let P be a monoid.

Then Pgp is an abelian group that represents the functor A 7! HomðP;AÞ (the
set of the homomorphisms from P to an abelian group A as monoids). A

monoid P is said to be fs (fine and saturated) if it is finitely generated, if the

canonical homomorphism P! Pgp is injective and if for any a A Pgp, a belongs

to the image of P whenever there is an nb 1 such that an belongs to the image

of P ([15] 2.1.4). A log structure M on an analytic space S is fs if, locally

on S, there exist an fs monoid P and a homomorphism b : PS ! OS of sheaves

of monoids such that the pushout of PS  b�1ðO�S Þ ! O�S endowed with the

induced homomorphism to OS is isomorphic to M as a log structure ([15]

2.1.5). An fs log analytic space is a pair of an analytic space and an fs log

structure on it ([15] 2.1.5). For an fs log analytic space S, we denote by MS

the log structure on it. A morphism of fs log analytic spaces is called proper

(resp. separated) if its underlying continuous map of topological spaces is so

(cf. [15] 0.7.5). See 2.1.11 of [15] for the definition of log smoothness of

a morphism of fs log analytic spaces. There is a natural functor from the

category of fs log analytic spaces to that of ringed spaces: S 7! ðS log;O log
S Þ.

See [15] 2.2.3–2.2.4.
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Throughout the paper, we fix a standard log point

0 :¼ ðSpec C;NlC�Þ;

which is an fs log analytic space. Here the structural homomorphism

M0 ¼ NlC� ! O0 sends the generator 1 of N to zero. This 1 as a section

of M0 is denoted by t. The topological space 0log is canonically identified with

the unit circle fa A C j aa ¼ 1g by definition. Let log t be a section of the sheaf

of logarithms L0 HO
log
0 such that expðlog tÞ ¼ t A M

gp
0 , which is determined

modulo 2piZ. We often identify a sheaf of abelian groups on 0 with the

module of the global sections of it.

For simplicity, we often denote the pullback of a sheaf on a space by the

same symbol as that for the original sheaf.

Sometimes, we omit the dot in the symbol A� for a complex. For

example, oY=0 denotes the relative log de Rham complex o�Y=0.

2. Main theorem

In this section, we state our main theorem 2.7. For this, we recall the

definition of polarized log Hodge structure and the definition of the goodness

only in the case where the base is the standard log point 0, which are enough

for our purpose. See [9, 2.3], [15, 2.4], and [10] for the general theories.

2.1. Let q be an integer. A log Hodge structure of weight q over the

standard log point 0 is a triple ðHZ;HO; iÞ, where HZ is a locally free sheaf

of finitely generated Z-modules over 0log, HO is a C-vector space regarded as

a sheaf of O0-modules endowed with a decreasing filtration F �, and i is an

isomorphism

i : O log
0 nZ HZ GO

log
0 nO0

HO

of O
log
0 -modules satisfying the following conditions (i)–(iii). Let z be the

point of 0log corresponding to 1, where we identify the set 0log with the set

fa A C j aa ¼ 1g.
(i) For any su‰ciently shifted specialization a : O log

0; z ! C (which means

that expðaðlog tÞÞ is su‰ciently near to 0 A C), the specialization Cn
O

log
0; z

i gives

a Hodge structure of weight q in the usual sense.

(ii) Any specialization Cn
O

log
0; z

i together with the monodromy filtration

WðNÞ½�q�, where N is the monodromy, is a mixed Hodge structure in the

usual sense.

(iii) Gri‰ths transversality is satisfied, that is,

‘ðF pÞHo1
0 nO0

F p�1
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for all p A Z, where ‘ : HO ! o1
0 nO0

HO is induced from d : O log
0 !

o1
0 nO0

O
log
0 .

We explain that the general definition is equivalent to the above definition

in this case. Since we consider only the pure log Hodge structure, the admis-

sibility ([9, 2.3.5 (i)]) is an empty condition. As for the condition [9, 2.3.5 (ii)],

the monodromy cone (denoted by ‘‘CðsÞ’’ there) is isomorphic to Rb0, and has

two faces. The part of [9, 2.3.5 (ii)] where ‘‘s’’ there is trivial is equivalent

to the above condition (i). The part of [9, 2.3.5 (ii)] where ‘‘s’’ is the whole

monodromy cone is equivalent to the above condition (ii) because for any

two specializations a, b, the data in
O

log
0; z

;a
C with WðNÞ½�q� is a mixed Hodge

structure if and only if the data in
O

log
0; z

;b
C with WðNÞ½�q� is a mixed Hodge

structure (hence, (ii) is even equivalent to the condition that ‘‘There is a

specialization . . .’’). Finally, the condition [9, 2.3.5 (iii)] is equivalent to the

above condition (iii).

Remark 2.2. The authors learned from K. Kato that (i) in the above

definition is in fact a consequence of the other conditions. (Though we do not

use this fact, we note that it makes the last sentence of 8.2 in the proof of the

main theorem unnecessary.) We sketch the proof here. It is enough to prove

the following:

Let N be a nilpotent endomorphism on a finite dimensional R-vector space

H and let F be a decreasing filtration on HC. Let ðWðNÞ½�q�;F Þ be the

mixed Hodge structure. Then, expðiyNÞF is a Hodge structure of weight q for

any su‰ciently large y > 0.

To see this, let F̂F be the R-split mixed Hodge structure associated with

ðWðNÞ½�q�;FÞ of Cattani–Kaplan–Schmid [2] (cf. [15, 6.1.2]). Let n be the

splitting of F̂F . Then we have AdðnðtÞÞN ¼ t�2N for any t A R>0 and

nðtÞF ! F̂F ðt!yÞ ([15, Lemma 6.1.11 (ii)]) so that nð ffiffiffiyp Þ expðiyNÞF !
expðiNÞF̂F ðy!yÞ. Since expðiNÞF̂F is a Hodge structure by [2, Lemma

3.12], nð ffiffiffiyp Þ expðiyNÞF is a Hodge structure for any su‰ciently large y > 0.

This implies that expðiyNÞF is a Hodge structure for any su‰ciently large

y > 0.

Next we review the definition of the goodness based on [10, Section 7].

Here we adopt a simplified description. Later in 9.2 and 9.3, we discuss the

equivalence of the definition here and that in [10, Section 7]. Let f : Y ! 0 be

a proper, separated and log smooth fs log analytic space over 0. Assume that

for any y A Y , the cokernel of Z ¼M
gp
0 =O�0 !M

gp
Y ;y=O

�
Y ;y is torsion-free.

Definition 2.3. Let qb 0. We say that Y=0 is good for Hq if the

following conditions (i)–(iii) are satisfied. We say that Y=0 is good if it is

good for Hq for any q.
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(i) The three homomorphisms

O
log
0 nZ Rqf log

� Z O
log
0 nC t�ðO log

0 nZ Rqf log
� ZÞ

! O
log
0 nC t�R

qf log
� o

�; log
Y=0  O

log
0 nC Rqf�o

�
Y=0;

where the first homomorphism is induced by the adjoint map, the second one

is by the natural map f log�1O log
0 ! o

�; log
Y=0 , and the third one is induced by the

composite

t�R
qf log
� o

�; log
Y=0  Rqf�Rt�o

�; log
Y=0  

@
Rqf�o

�
Y=0;

are isomorphisms.

Here, o�Y=0 is the relative analytic log de Rham complex.

(ii) For any integer r, the natural map Rqf�o
�br
Y=0 ! Rqf�o

�
Y=0 is injective,

and the natural map Rqf�o
�br
Y=0 ! Rqf�o

r
Y=0 is surjective.

(iii) The isomorphisms in (i) together with the filtration induced by the

injections in (ii) give a log Hodge structure of weight q.

2.4. We discuss the relationship with [10, Section 7].

First, note that there is a mistake in [10, 7.1]: The first arrow in the

last line of ibid. p. 164 should be converted. Hence, the condition (i) there

should be the same form of the above condition 2.3 (i), i.e., ‘‘The three

homomorphisms. . . .’’

Assume that we made this modification on [10, 7.1]. Then, our definition

of goodness 2.3 is precisely equivalent to the goodness of [10, 7.1], and also

equivalent to another goodness of [10, 7.2] (note that our f is always exact

because the log of the base 0 is just N). We prove these equivalences in the

last section.

More strongly, for Y ! 0 as above, the condition 2.3 (i) always holds,

which we will prove in 6.1. Similarly, both the condition [10, 7.1 (i)] and the

modified (i) in [10, 7.2] also always hold. Further, these two isomorphisms in

the derived category coincide, as we will see in the last section (9.3).

2.5. We summarize the current situation of the problem of the goodness.

See [10, Section 9] for details. Let f : P! S be a proper, separated, vertical

and log smooth morphism of fs log analytic spaces. Assume that for any

p A P, the cokernel of M
gp
S; f ðpÞ=O

�
S; f ðpÞ !M

gp
P;p=O

�
P;p is torsion-free.

Then, we can expect that, under some Kähler type conditions, f is good

either if S is log smooth or if f is exact. For the former case, there is a

satisfactory result by Kato–Matsubara–Nakayama ([13]). On the other hand,

there have not been known any nontrivial example if S is not log smooth.

The main theorem 2.7 in this paper provides such examples for the first time.
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2.6. A morphism f : Y ! 0 of fs log analytic spaces is called a log

deformation ([21]) if Y is locally isomorphic to an open subspace of

SpecðC½t1; . . . ; tdþ1�=ðt1 � � � tdþ1ÞÞ ðdb 0Þ

endowed with the log structure defined by Ndþ1 sending ej to tj and endowed

with the structure morphism sending 1 A N to t1 � � � tdþ1. Here ðejÞ1ajadþ1 is

the canonical basis of Ndþ1. (Equivalently, f is a log deformation if and only

if Y is locally isomorphic to the log special fiber of a semistable family over a

log pointed disk endowed with the natural log structure.)

A log deformation is said to be projective if the underlying space of Y is

projective.

Theorem 2.7. A projective log deformation f : Y ! 0 is good.

3. Review of [5]

In this section, we briefly review [5].

3.1. Let f : Y ! 0 be a projective log deformation. We describe the

irreducible decomposition of Y by Y ¼6
l AL Yl. We set

Yl ¼ Yl0 VYl1 V � � �VYlk

for a subset l ¼ fl0; l1; . . . ; lkgHL (for l ¼q, we set Yq ¼ Y ) as in [5,

3.2]. The inclusion Yl ! Y is denoted by al. In what follows, we often omit

the symbol ðalÞ� for short. A log structure on Yl is induced by al : Yl ! Y .

Thus an augmented cubical log analytic space a : Y� ! Y is obtained. The

relative log de Rham complex oYl=0 for lHL defines a co-cubical complex

oY�=0 on Y . On Yl, a morphism of complexes

d log t5 : oYl
! oYl

½1�

is given by

o
p
Yl

C x 7! d log t5x A o
pþ1
Yl

for every p. Then a complex C½u�noYl
, where u is an indeterminate, is

obtained by the di¤erential

idn d þ ð2p
ffiffiffiffiffiffiffi
�1
p

Þ�1 d

du
n d log t5 : C½u�no

p
Yl
! C½u�no

pþ1
Yl

for every p. We denote it by oYl
½u� for short. In particular, we have a

complex oY ½u� on Y as the case of l ¼q. Thus we obtain a co-cubical

complex oY� ½u� on Y .
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3.2. As in [5, 5.5], we set

KC ¼ CðoY� ½u�Þ;

where C denotes the Čech complex of the co-cubical complex (see e.g. [5, 2.5]).

We define the complex KQ similarly by replacing oY� with the Koszul complex

on Y�. The increasing filtrations W on KQ and KC, and the decreasing

filtration F on KC are defined in [5, 5.5]. Moreover the morphism KQ ! KC is

also defined in [5, 5.5]. Theorem 5.9 of [5] states that these data yield a mixed

Hodge structure

ðHqðY ;KQÞ;W ½q�;HqðY ;KCÞ;F Þ
for every q.

3.3. The morphism

d

du
n id : C½u�no

p
Yl
! C½u�no

p
Yl

induces an endomorphism of the co-cubical complex oY� ½u�. Then a morphism

of complexes

d

du
n id : KC ! KC

is induced. We obtain a morphism

Hq Y ;
d

du
n id

� �
: HqðY ;KCÞ ! HqðY ;KCÞ

for every q, denoted by NK in [5, 5.16]. Similarly, we obtain a morphism of

complexes KQ ! KQ and a morphism HqðY ;KQÞ ! HqðY ;KQÞ for every q.

The latter is also denoted by NK in [5, 5.16]. These morphisms are compatible

with the morphism KQ ! KC above. Theorem 8.16, the main result of [5],

claims the following.

Theorem 3.4. For every q, there exists a bilinear form Sq on HqðY ;KQÞ
such that

ðHqðY ;KQÞ;W ½q�;HqðY ;KCÞ;F ;NK ;SqÞ

is a polarized mixed Hodge structure in the sense of Cattani–Kaplan–Schmid

[2, Definition (2.26)].

4. Q-structures

The main step of our proof of Theorem 2.7 is to show the compatibility

of the two Q-structures: that in 2.3 and that by [5] reviewed in Section 3.
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To prove this compatibility, we introduce an intermediate Q-structure in this

section, and later, in Sections 5 and 7, we prove that this intermediate

Q-structure coincides with each Q-structure of two, respectively.

4.1. Fix an integer q. Let HQ ¼ Rqf log
� Q. Let HO ¼ HqðY ;o�Y=0Þ.

We will prove in 6.1 that we have the quasi-isomorphisms

O
log
0 nHQ  @ O

log
0 n t�ðO log

0 nHQÞ !@ O
log
0 n t�R

qf log
� o

�; log
Y=0  

@
O

log
0 nHO ð1Þ

as in 2.3 (i).

Let z be the point of 0log corresponding to 1. Taking the stalk at z of (1)

and specializing it by the ring homomorphism O
log
0; z ¼ C

log t

2pi

h i
! C; log t

2pi 7! 0, we

have an isomorphism

CnHQ; z GHO: ð2Þ

Then, the main part of the proof of Theorem 2.7 is the following statement.

4.1.1. The Q-structure defined by (2) coincides with the Q-structure

defined by the isomorphism

CnHqðY ;KQÞGHqðY ;KCÞGHO ð3Þ

constructed in [5, Theorem 5.9].

4.2. To prove 4.1.1, we introduce an intermediate Q-structure.

Consider the following commutative diagram of ringed spaces:

Y log
z ���!i Y

log
y ���!p Y log ���!t Y???yf log

???yfy

???yf log

???yf

f0g R 0log 0;����!i ����!p ���!t
where the bottom p is the map R C r 7! e2pir A fa j aa ¼ 1g ¼ 0log, and the left

two squares are cartesian.

Consider the composite of quasi-isomorphisms

RðtpÞ�C!
@

RðtpÞ�p�1o
�; log
Y  @ o�Y ½u� !

@
o�Y=0 ð4Þ

on Y , where the first quasi-isomorphism is by log Poincaré lemma ([14,

Theorem (3.8)]), the second is by [6, Lemma 3.3], and the last one is by

[14, Remark (4.10)] and sends the indeterminate u to 0.

Consider its Rqf� on 0:

CnHqðY log
y ;QÞ ¼ HqðY log

y ;CÞGHO: ð5Þ

Then, the statement 4.1.1 reduces to the following two statements:
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4.2.1. The Q-structure defined by (3) coincides with the Q-structure

defined by (5).

4.2.2. The Q-structure defined by (2) coincides with the Q-structure

defined by (5).

We will prove 4.2.1 in Section 5, and 4.2.2 in Section 7.

5. Double complexes

5.1. In this section, we prove 4.2.1. The strategy is as follows. Just as

Steenbrink uses the commutativity of the diagram

Q-nearby cycle AQ???y
???y

C-nearby cycle ���! WX=Sðlog YÞnOY ���! AC

������������������������!

in the proof of [20, Theorem (4.19)] (notation be as there), we construct the

commutative diagram

RðtpÞ�Q KQ???y
???y

RðtpÞ�C ���!ð4Þ oY=0 ���! KC:

�������������!

Then, by taking Rqf�, we have 4.2.1.

To this end, we recall several definitions in [6] and correct small mistakes

on the sign of the di¤erentials.

Definition 5.2. Let ðKn;WÞ be a family of complexes equipped with an

increasing filtration W for every non-negative integer n, and yn : Kn ! Knþ1½1�,
nb 0, a morphism of complexes, such that the conditions (1.4.1)–(1.4.5) in

[6, Definition 1.4] are satisfied. Then we set
� Dp;q ¼ K pþqþ1

q =Wq for p; q A Zb0

� d 0 : Dp;q ! Dpþ1;q is the morphism induced by �dKq
, where dKq

denotes

the di¤erential of the complex Kq

� d 00 : Dp;q ! Dp;qþ1 is induced by the morphism �yq : Kq ! Kqþ1½1�
for every p; q A Zb0. Then we can easily see the equality d 0d 00 þ d 00d 0 ¼ 0.

Thus we obtain a double complex D ¼ DðKn;W ; ynÞ. The associated single

complex is denoted by sDðKn;W ; ynÞ and called the Steenbrink complex of

fðKn;WÞ; yng. The Steenbrink complex sDðKn;W ; ynÞ is equipped with the

increasing filtration L defined in [6, Definition 1.4] and with the decreasing

filtration F defined in [6, Remark 1.6].
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For the case where there exist K and y : K ! K ½1� such that ðKn;WÞ ¼
ðK;WÞ and yn ¼ y for all n, sDðKn;W ; ynÞ is simply denoted by sDðK ;W ; yÞ in
this article.

Remark 5.3. Compared with Definition 1.4 in [6], we change the signs of

d 0 and d 00. By the definition above, we obtain the formula

grLm sDðKn;W ; ynÞ ¼ 0
qb0

qb�m

grWmþ2qþ1 Kq½1�

for every m.

Remark 5.4. As described in [6, Remark 1.7], the construction of the

Steenbrink complex satisfies the natural functoriality. In particular, we have

the following functoriality:

Let fðKn;WÞ; yng be as above, K 0 a complex, and f : K 0 ! K0½1� a mor-

phism of complexes satisfying the condition y0 f ¼ 0. Then the morphism

ðK 0Þp ! DðKn;W ; ynÞp;0 ¼ K
pþ1
0 =W0

induced by f defines a morphism of complexes K 0 ! sDðKn;W ; ynÞ.

Definition 5.5. Let d : K ! Kð�1Þ be a morphism of complexes. A

complex rðK ; dÞ is defined by rðK ; dÞp ¼ K p lK p�1ð�1Þ with the di¤erential

d : rðK; dÞp ! rðK ; dÞpþ1 defined by dðx; yÞ ¼ ðdx;�dyþ dðxÞÞ for ðx; yÞ A
K p lK p�1ð�1Þ ¼ rðK ; dÞ p. The morphisms of complexes y : rðK ; dÞ !
rðK; dÞð1Þ½1� and m : K ! rðK ; dÞð1Þ½1� are defined by

yðx; yÞ ¼ ð0; xÞ A K pþ1ð1ÞlK p ¼ rðK ; dÞpþ1ð1Þ

for ðx; yÞ A K p lK p�1ð�1Þ ¼ rðK ; dÞp and

mðxÞ ¼ ð0; xÞ A K pþ1ð1ÞlK p ¼ rðK ; dÞpþ1ð1Þ

for x A K p. It is easy to check that they actually define morphisms of

complexes.

For Kn ¼ rðK ; dÞðnþ 1Þ with the canonical filtration W ¼ t and yn ¼
yðnþ 1Þ, the Steenbrink complex sDðKn;W ; ynÞ is denoted by SZðK ; dÞ and

called the Steenbrink–Zucker complex for ðK ; dÞ. Then we obtain a morphism

of complexes

m : K ! SZðK ; dÞ ð6Þ

by Remark 5.4 because we have y0m ¼ yð1Þm ¼ 0 by definition.
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Remark 5.6. The definition of the morphism m is di¤erent from that in

[6, Remark 1.13] because the sign of di¤erential of the Steenbrink complex in

Definition 5.2 is changed.

5.7. Let f : Y ! 0 be a log deformation. We fix an injective resolu-

tion QY log ! I of QY log . Then we have the monodromy automorphism

T : ðtpÞ�p�1I ! ðtpÞ�p�1I . A subcomplex BðIÞ of ðtpÞ�p�1I is defined by

BðIÞ ¼ 6
mb0

ðKerðT � idÞmþ1ÞH ðtpÞ�p�1I

in [6, (3.4.1)]. The inclusion BðIÞ ! ðtpÞ�p�1I is a quasi-isomorphism by

[6, Lemma 3.5]. Moreover, log T is well-defined on BðIÞ by definition.

5.8. We consider the commutative diagram

L0 L1

v0

???y
???yv1

OY ���!
e

M
gp
Y

ð7Þ

����!e

of abelian sheaves on Y which appeared in [6, (5.1.1)], where L0 and L1 are

torsion-free abelian sheaves and the morphism e : OY !M
gp
Y is defined by

eð f Þ ¼ expð2p
ffiffiffiffiffiffiffi
�1
p

f Þ for f A OY . As in [6, (5.1.2)], we assume that there exists

an element of GðY ;L1Þ whose image by v1 is t A GðY ;MY Þ. We denote this

element by t A GðY ;L1Þ by abuse of the notation.

We obtain the Koszul complexes KosnðeÞ and KosnðeÞ by

KosnðeÞp ¼ Gn�pðL0Þn5
p

L1

KosnðeÞp ¼ Gn�pðOY Þn5
p

M
gp
Y

as in [21, Section 1]. (For the details, see [21], [5], [6]). An increasing

filtration W on KosnðeÞ is defined in [21, (2.8)]. Similarly, an increasing

filtration W is defined on KosnðeÞ (see also [5, 3.15]). Moreover, the

morphism

Gn�pðOY Þn5
p

M
gp
Y C xn y 7! 1½1�xn y A Gnþ1�pðOY Þn5

p

M
gp
Y

defines a morphism of complexes KosnðeÞ ! Kosnþ1ðeÞ as [5, (3.11.2)]. Thus

we obtain an inductive system

� � � ! KosnðeÞ ! Kosnþ1ðeÞ ! � � �
and set

KosY ðMY Þ ¼ lim�!
n

KosnðeÞ
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as in [5, 3.11]. The increasing filtration W is obtained by

Wm KosY ðMY Þ ¼ lim�!
n

Wm KosnðeÞ

for every m.

The morphism

Gn�pðL0Þn5
p

L1 C xn y 7! xn t5y A Gn�pðL0Þn 5
pþ1

L1

defines a morphism of complexes

KosnðeÞ ! Kosnþ1ðeÞ½1�

denoted by t5 for short. Similarly, we obtain a morphism of complexes

t5 : KosnðeÞ ! Kosnþ1ðeÞ½1�:

Moreover, the morphism

t5 : KosY ðMY Þ ! KosY ðMY Þ

is similarly defined in [5, (3.13.1)].

From the commutative diagram (7), the morphism of complexes

KosnðeÞ ! KosnðeÞ

is obtained for every n. On the other hand, we have the canonical morphism

KosnðeÞ ! KosY ðMY Þ ¼ lim�!
n

KosnðeÞ

for every n. These morphisms preserve the filtrations W by definition. The

morphism of complexes c : KosY ðMY Þ ! oY is defined as in [5, (3.11.3)],

which preserves the filtration W on the both sides. Then we have the

following commutative diagram:

KosnðeÞ Kosnþ1ðeÞ½1�???y
???y

KosnðeÞ Kosnþ1ðeÞ½1�???y
???y

KosY ðMY Þ ���!t5 KosY ðMY Þ½1�

c

???y
???yc

oY oY ½1�;

�����!t5

�����!t5

���������!
ð2p

ffiffiffiffiffi
�1
p

Þ�1d log t5
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where the commutativity of the bottom square is proved in [5, (3.13.2)]. The

composite KosnðeÞ ! oY of the vertical arrows coincides with the morphism f

defined in [6, (5.1.4)].

Definition 5.9. In the situation above, we set

AQ ¼ sDðKosY ðMY Þ;W ; t5Þ; AC ¼ sDðoY ;W ; d log t5Þ

as in [5, (5.17)].

On the other hand, we set

Kn ¼ Kosn0þnþ1ðeÞðnþ 1Þ; yn ¼ ð2p
ffiffiffiffiffiffiffi
�1
p

Þt5 : Kn ! Knþ1½1�;

where n0 ¼ dim Y þ 1. Thus we obtain the Steenbrink complex sDðKn;W ; ynÞ.
We have the following commutative diagram:

Kosn0þnþ1ðeÞðnþ 1Þ ������!ð2p
ffiffiffiffiffi
�1
p

Þt5
Kosn0þnþ2ðeÞðnþ 2Þ½1�

ð2p
ffiffiffiffiffi
�1
p

Þ�n�1 id

???y
???yð2p ffiffiffiffiffi�1p

Þ�n�2 id

Kosn0þnþ1ðeÞ Kosn0þnþ2ðeÞ½1�???y
???y

KosY ðMY Þ KosY ðMY Þ½1�

ð2p
ffiffiffiffiffi
�1
p

Þ nþ1c

???y
???yð2p ffiffiffiffiffi�1p

Þ nþ2c

oY oY ½1�;

�����������!t5

������������!t5

������������������!
d log t5

where the both composites of the vertical arrows coincide with f. Therefore

we obtain the commutative diagram

sDðKn;W ; ynÞ ���! AQ???y
???y

AC AC

ð8Þ

of the Steenbrink complexes. The vertical arrows sDðKn;W ; ynÞ ! AC and

AQ ! AC are denoted by sDðfÞ and a respectively.

Remark 5.10. The triple ððAQ;LÞ; ðAC;L;FÞ; aÞ above coincides with

ðA;W ;FÞ defined in [5, Definition 5.18]. On the other hand, the triple

ððsDðKn;W ; ynÞ;LÞ; ðAC;L;F Þ; sDðfÞÞ

coincides with (5.1.5) in [6] except the sign of the di¤erentials.
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5.11. As in [6, (3.4)] and the proof of [6, Lemma (3.5)], we have the

commutative diagram

RðtpÞ�Q ����!@ ðtpÞ�p�1I BðIÞ???y
???y

???y
RðtpÞ�C ���!@ ðtpÞ�p�1IC  ���@

BðIÞC  ���@
oY ½u�

 ����@

whose horizontal arrows are quasi-isomorphisms. The diagram

oY ½u� ���!ddu oY ½u�???y
???y

BðIÞC ���!
log T

BðIÞC

ð9Þ

is commutative as stated in [6, (3.6)]. We set d ¼ �ð2p
ffiffiffiffiffiffiffi
�1
p

Þ�1 log T on BðIÞ
and d ¼ �ð2p

ffiffiffiffiffiffiffi
�1
p

Þ�1 d
du

on oY ½u� for the simplicity of notation.

The morphism of complexes

SZðBðIÞ; dÞ ! SZðBðIÞC; dÞ ¼ SZðBðIÞ; dÞC

coincides with the natural morphism induced by the base extension Q ,! C.

Moreover, we obtain the morphism of complexes

SZðoY ½u�; dÞ ! SZðBðIÞC; dÞ

by the commutative diagram (9). It turns out that this is a (filtered) quasi-

isomorphism by [6, Lemma 3.7].

On the other hand, the morphism

j : rðoY ½u�; dÞp ! o
p
Y

is defined by

jðx; yÞ ¼ x0 þ d log t5y0

for ðx; yÞ A o
p
Y ½u�lo

p�1
Y ½u�, where x ¼

P
j xjðu j=j!Þ and y ¼

P
j yjðu j=j!Þ. It is

easy to check that this defines a morphism of complexes j : rðoY ½u�; dÞ ! oY .

(This morphism is denoted by c in [6, (3.9.1)].) Moreover, we can easily check

that the diagram

rðoY ½u�; dÞ ���!y rðoY ½u�; dÞ½1�

j

???y
???yj½1�

oY oY ½1����������!
d log t5
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is commutative. Thus the morphism of complexes

SZðoY ½u�; dÞ ¼ sDðrðoY ½u�; dÞ; t; yÞ ! sDðoY ;W ; d log t5Þ ¼ AC

is obtained by the functoriality of the Steenbrink complexes. The diagram

SZðBðIÞC; dÞ  
@

SZðoY ½u�; dÞ ! AC ð10Þ

defines a morphism

a : SZðBðIÞC; dÞ ! AC

in the (filtered) derived category.

Theorem 5.12. The data

ððAQ;LÞ; ðAC;L;F Þ; aÞ; ð11Þ

ððSZðBðIÞ; dÞ;LÞ; ðAC;L;FÞ; aÞ; ð12Þ

ððsDðKn;W ; ynÞ;LÞ; ðAC;L;F Þ; sDðfÞÞ ð13Þ

are cohomological mixed Hodge complexes on Y.

Proof. For ððAQ;LÞ; ðAC;L;FÞ; aÞ, Theorem 5.21 of [5] implies the

conclusion. For the other two, the same proofs as those for Theorem 3.12

in [6] and for (5.4) in [21] work.

5.13. In order to relate (12) and (13), the commutative diagram in the

derived category

SZðBðIÞ; dÞ  ���@
SZðKosn0ð~eeÞ; dÞ ���!@ sDðKn;W ; ynÞ???y

???y
???y

AC AC AC

ð14Þ

is constructed in the paragraph before Proposition 5.5 and in the proof

of Proposition 5.7 in [6], where ððSZðKosn0ð~eeÞ; dÞ;LÞ; ðAC;L;FÞÞ together with

the middle vertical morphism is a cohomological mixed Hodge complex in

[6, Proposition 5.5].

5.14. The comparison morphisms

AQ ! KQ; AC ! KC ð15Þ

defined in Definition 5.26 and Definition 5.24 in [5] give us the commutative

diagram
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AQ ���! KQ???y
???y

AC ���! KC

ð16Þ

by [5, Lemma 5.27].

Combining the commutative diagrams (8), (14) and (16), we obtain the

commutative diagram

SZðBðIÞ; dÞ  ��� SZðKosn0ð~eeÞ; dÞ ���! sDðKn;W ; ynÞ ���! AQ ���! KQ???y
???y

???y
???y

???y
AC AC AC AC KC���!

in the derived category.

5.15. Now it su‰ces to construct a commutative diagram

RðtpÞ�Q SZðBðIÞ; dÞ???y
???ya

RðtpÞ�C ���!ð4Þ oY=0 ���! AC

����������!

in the derived category.

Because we have an isomorphism

BðIÞ ! RðtpÞ�Q

in the derived category, the diagram

RðtpÞ�Q 
@

BðIÞ !m SZðBðIÞ; dÞ ð17Þ

defines a morphism RðtpÞ�Q! SZðBðIÞ; dÞ in the derived category, where m

denotes the morphism defined in (6).

On the other hand, the morphism

d log t5 : oY ! oY ½1�

induces a morphism oY ! AC as in Remark 5.4. Then we obtain a morphism

oY=0 ! AC ð18Þ

because the morphism oY ! AC clearly factors through the morphism

oY ! oY=0.

What we have to prove is the following:
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Proposition 5.16. The morphisms (17) and (18) make the diagram (5.15)

commutative.

Proof. It is su‰cient to prove that the diagram

RðtpÞ�Q BðIÞ SZðBðIÞ; dÞ???y
???y

???y
RðtpÞ�C  ���@

BðIÞC ���!m SZðBðIÞ; dÞCx???o
x???o

oY ½u� ���!m SZðoY ½u�; dÞ???y
???ysDðjÞ

oY=0 AC

ð19Þ

 ����@ ����!m

�������!
is commutative because the morphism (4) is represented by

RðtpÞ�CF ðtpÞ�p�1IC  
@

BðIÞC  
@

oY ½u� ! oY=0

in the derived category and because the morphism a : SZðBðIÞ; dÞ ! AC is

represented as the composite of the right vertical arrows in (19) in the derived

category. The squares except the bottom are trivially commutative by

definition.

The diagram

o
p
Y ½u� ���!m o

pþ1
Y ½u�lo

p
Y ½u�???y

???yj

o
p
Y o

pþ1
Y��������!

d log t5

is commutative because we have

jðmðxÞÞ ¼ jð0; xÞ ¼ d log t5x0

for x ¼
P

xjðu j=j!Þ A o
p
Y ½u�. Then we can easily check the commutativity of

the bottom square in the diagram (19).

5.17. Now we prove the coincidence of the morphisms NK on HqðY ;KQÞ
and the logarithm of the monodromy automorphism on HQ; z under the iden-

tification above.

It is known that the monodromy automorphism on the stalk HQ; z is

induced from the monodromy automorphism on GðR; p�1HQÞF ðtpÞ�p�1HQ
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(see e.g. Iversen [8, IV Theorem 9.7]). Thus the monodromy automorphism is

induced by

T : ðtpÞ�p�1I ! ðtpÞ�p�1I

because

ðtpÞ�p�1HQ F ðtpÞ�p�1Rqf log
� QF ðtpÞ�Rqð fyÞ�Q

FRqð f tpÞ�QFRqf�ðtpÞ�p�1I FHqðY ;BðIÞÞ

by the base change.

Therefore, it is su‰cient to prove that log T on HqðY ;BðIÞCÞ coincides

with NK on HqðY ;KCÞ under the identification induced by the morphism

BðIÞC  
@

oY ½u� ! oY=0 ! AC ! KC

in the derived category. We already know that log T on BðIÞC is identified

with d
du

on oY ½u� as in [6]. On the other hand, the canonical morphism

a : Y� ! Y induces the morphism

a� : oY ½u� ! KC

by definition. It is easy to see that the diagram

oY ½u� ���!ddu oY ½u�

a �

???y
???ya�

KC KC�����!
d
du
nid

is commutative. Therefore the following lemma implies the conclusion.

Lemma 5.18. The morphism

HqðY ; a�Þ : HqðY ;oY ½u�Þ ! HqðY ;KCÞ

coincides with the isomorphism induced by the morphisms

oY ½u� ! oY=0 ! AC ! KC

above for any q.

Proof. The canonical morphism a : Y� ! Y induces the morphism

a� : oY=0 ! CðoY�=0Þ

as in [5, 5.7], where C denotes the Čech complex of the co-cubical complex

oY�=0 as in 3.2 (see e.g. [5, 2.5]). Similarly to the morphism oY ½u� ! oY=0
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in (4), we have a morphism of complexes

oYl
½u� ! oYl=0

for every lHL. They form a morphism of co-cubical complexes oY� ½u� !
oY�=0. Thus the morphism of complexes

KC ! CðoY�=0Þ

is obtained in [5, 5.5]. As in the proof of Theorem 5.29 in [5], we can easily

check that the diagram

oY ½u� oY=0 AC

a �

???y a �

???y
???y

KC ���! CðoY�=0Þ  ��� KC

����! �����!

is commutative. Therefore we obtain the conclusion because the morphism

KC ! CðoY�=0Þ above induces the isomorphism

HqðY ;KCÞ !@ HqðY ;CðoY�=0ÞÞ

for any q by Theorem 5.9 in [5].

6. Log Riemann–Hilbert correspondences

In this section, we prove that the condition of 2.3 (i) is in fact always

satisfied. This is essentially a part of [7]. In the course of the proof, we also

prove some facts which will be used to prove 4.2.2.

Proposition 6.1. Let f : Y ! 0 be a proper, separated and log smooth fs

log analytic space over 0. Assume that for any y A Y, the cokernel of Z ¼
M

gp
0 =O�0 !M

gp
Y ;y=O

�
Y ;y is torsion-free. Then, Y ! 0 satisfies the condition (i)

in 2:3.

For a later use, we prove the following generalized statement.

Proposition 6.2. Let f : P! S be a proper, separated, exact and log

smooth morphism of fs log analytic spaces. Assume that for any p A P, the

cokernel of M
gp
S; f ðpÞ=O

�
S; f ðpÞ !M

gp
P;p=O

�
P;p is torsion-free. Let qb 0. Then the

following hold.

(i) The three homomorphisms

O
log
S nZ Rqf log

� Z O
log
S nOS

t�ðO log
S nZ Rqf log

� ZÞ

! O
log
S nOS

t�R
qf log
� o

�; log
P=S  O

log
S nOS

Rqf�o
�
P=S;
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where the first homomorphism is induced by the adjoint map, the second one is by

the natural map f log�1O log
S ! o

�; log
P=S together with the projection formula, and the

third one is induced by the composite

t�R
qf log
� o

�; log
P=S  Rqf�Rt�o

�; log
P=S  

@
Rqf�o

�
P=S;

are isomorphisms.

(ii) Two homomorphisms

O
log
S nZ Rqf log

� Z! Rqf log
� o

�; log
P=S  O

log
S nOS

Rqf�o
�
P=S;

where the first homomorphism is induced by the projection formula and the

natural map f log�1O log
S ! o

�; log
P=S and the second one is by the projection formula,

are isomorphisms. Further the composite of these two coincides with the com-

posite of three in (i).

6.3. We prepare for the proof of the above proposition.

First we show the following vanishing results.

Rpt�R
qf log
� O

log
S ¼ 0 ðp > 0Þ: ð20Þ

Rpt�R
qf log
� o

�; log
P=S ¼ 0 ðp > 0Þ: ð21Þ

As for (20), we note that, by [7, Theorem (6.3)], Rqf log
� O

log
S is isomorphic

to O
log
S nOS

V q for some OS-module V q. Then, [7, Proposition (3.7) (3)]

implies the desired vanishing (20).

As for (21), we use the following proposition.

Recall that a morphism f : P! S is said to be log injective if for any

p A P, the homomorphism MS; f ðpÞ=O
�
S; f ðpÞ !MP;p=O

�
P;p is injective (cf. [18,

Definition (5.5.1)]).

Proposition 6.4. Let f : P! S be a proper, separated and log injective

morphism of fs log analytic spaces. Assume that for any p A P, the cokernel

of M
gp
S; f ðpÞ=O

�
S; f ðpÞ !M

gp
P;p=O

�
P;p is torsion-free. Let F be an OP-module. Then

the natural homomorphism

O
log
S nOS

Rf�F ! Rf log
� ðO

log
P nt�1OP

t�1FÞ

is a quasi-isomorphism.

We remark that the case where f is exact and F ¼ OP of this proposition

is explained in [10, 8.13]. The proof below is essentially the same.

Proof. Factor f into P!n P 0 !f
0

S such that the underlying morphism

of n is the identity and that f 0 is strict. Note that both n and f 0 are proper,
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separated and log injective. Then, we have

O
log
P 0 nOP

F !@ Rn log� ðO
log
P nOP

F Þ; ð22Þ

i.e., 6.4 holds for n. This is a generalization of [16, Lemma 4.5], and proved

at stalks as follows. Let s A P log. Let s 0 A P 0log and p A P be its images. Let

B :¼ Fp. Let K :¼ HomðC;ZÞ, where C is the cokernel of M
gp
S; f ð pÞ=O

�
S; f ð pÞ !

M
gp
P;p=O

�
P;p. Then, K acts on the stalk ðO log

P nOP
FÞs ¼ O

log
P; s nOP; p

B and we can

see that the cohomology HqðK; ðO log
P nOP

FÞsÞ is zero for q > 0 and is naturally

isomorphic to O
log
P 0; s 0 nOP; p

B ¼ ðO log
P 0 nOP

F Þs 0 for q ¼ 0 (cf. the case where n ¼ 1

of [7, Lemma (8.6.3.1) (1)]). Here we use the assumption of torsion-freeness

and log injectiveness. Hence, we have (22) and

Rf 0log� ðO
log
P 0 nOP

FÞ !@ Rf log
� ðO

log
P nOP

F Þ:

The rest is to show that

O
log
S nOS

Rf 0�F !
@

Rf 0log� ðO
log
P 0 nOP

FÞ;

i.e., that 6.4 holds also for f 0. Since O
log
P 0 ¼ O

log
S nOS

OP ([7, Lemma (3.6) (1)]),

we have O
log
P 0 nOP

F ¼ O
log
S nOS

F . Further, since P 0log ¼ S log �S P, the proper

base change theorem and the projection formula imply the desired result.

By 6.4, we have

O
log
S nOS

Rqf�o
�
P=S !

@
Rqf log

� o
�; log
P=S : ð23Þ

Hence, by [7, Proposition (3.7) (3)], we get (21).

6.5. We prove the proposition 6.2 (i). First, by [7, Theorem (6.3)] and

its proof, we know that the composite

O
log
S nZ Rf log

� Z @ O
log
S nOS

t�ðO log
S nZ Rf log

� ZÞ ! O
log
S nOS

Rt�Rf
log
� O

log
S

! O
log
S nOS

Rt�Rf
log
� o

�; log
P=S ¼ O

log
S nOS

Rf�Rt�o
�; log
P=S

 @ O
log
S nOS

Rf�o
�
P=S

ð24Þ

is an isomorphism in the derived category.

Here, by (20), the second map is a quasi-isomorphism. Hence, the third

one is also a quasi-isomorphism. Taking the q-th cohomology Hq, we have

the commutative diagram

t�Hqðt�ðRf log
� O

log
S ÞÞ �!

@
t�Rqt�Rf

log
� O

log
S �!@ t�Rqf�Rt�o

�; log
P=S  �

@
t�Rqf�o

�
P=S

F

???y
???y

???y
O

log
S nZ Rqf log

� Z t�t�R
qf log
� O

log
S t�t�R

qf log
� o

�; log
P=S : ���adj ��!
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Here, t�ð�Þ means O log
S n t�1ð�Þ. By (20) and (21), the middle vertical arrow

and the right vertical arrow are quasi-isomorphisms, respectively. Hence the

bottom arrows are also quasi-isomorphisms. This completes the proof of

6.2 (i).

6.6. We prove 6.2 (ii). It is enough to show that the composite of quasi-

isomorphisms in (24) coincides with the composite

O
log
S nZ Rf log

� Z! Rf log
� o

�; log
P=S  

@
O

log
S nOS

Rf�o
�
P=S; ð25Þ

where the latter morphism is a quasi-isomorphism by (23).

First we have the commutative diagram

O
log
S nRt�Rf

log
� o

�; log
P=S O

log
S nRf�Rt�o

�; log
P=S O

log
S nRf�o

�
P=S

adj

???y
???y

???y
Rf log
� o

�; log
P=S Rf log

� ðO
log
S nRt�o

�; log
P=S Þ  �@ Rf log

� ðO
log
S no�P=SÞ;

ð26Þ

 ����@

 ����adj

where the top row is nothing but the second and the third lines in (24) and the

composite of the right vertical arrow and the bottom horizontal arrows

coincides with the latter morphism in (25). Since the latter morphism in (25)

is a quasi-isomorphism, the left vertical arrow in (26) is a quasi-isomorphism.

Second we have another commutative diagram

O
log
S n t�ðO log

S nRf log
� ZÞ �!@ O

log
S nRt�Rf

log
� O

log
S �!@ O

log
S nRt�Rf

log
� o

�; log
P=S

F

???y
???yadj

???yF

O
log
S nRf log

� Z O
log
S nRf log

� Z Rf log
� o

�; log
P=S ;

ð27Þ

��������!
where the left vertical arrow and the top row are the ones which appeared

in (24), the right vertical arrow is the same as the left vertical one in (26),

and the bottom horizontal arrow is the former morphism in (25). This implies

the desired compatibility and that the former morphism in (25) is a quasi-

isomorphism, which completes the proof of 6.2.

7. Log de Rham complexes: absolute and relative

In this section, we prove 4.2.2. Let the notation be as in Section 4.

7.1. We define a homomorphism sðYÞ : f log�1O log
0 ! Rp�C as the adjoint

of the homomorphism of the constant sheaves p�1f log�1O log
0 ¼ C

log t

2pi

h i
! C on

Y
log
y sending log t

2pi to 0. Note that sðYÞ is the pullback of sð0Þ in the sense that
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sðYÞ coincides with f log�1O log
0 ������!f log�1ðsð0ÞÞ

f log�1Rp�C ������!@
Rp�C, where the

last quasi-isomorphism is by the facts that Y log is a topological manifold and

that p : Y log
y ! Y log is locally trivial with discrete fibers. Note that we also

have Rp�C ¼ p�C on Y log by the same reason.

We will reduce 4.2.2 to the following:

Proposition 7.2. The composite

Rt�f
log�1O log

0 ! Rt�o
�; log
Y=0  

@
o�Y=0 ð28Þ

induced by the natural homomorphism f log�1O log
0 ! o

�; log
Y=0 coincides with the

composite

Rt�f
log�1O log

0 �����!Rt�ðsðYÞÞ
RðtpÞ�C �����!@

RðtpÞ�p�1o
�; log
Y

 �����@
o�Y ½u� �����!@

o�Y=0

ð29Þ

of the morphism Rt�ðsðYÞÞ and the morphism (4) in 4:2.

7.3. We prove 7.2 in several steps.

First, we introduce an extended log de Rham complex. Let u be an

indeterminate. Consider the complex o
�; log
Y ½u� on Y log whose component of

degree p is o
p; log
Y nC C½u�, where C½u� is the constant sheaf, and whose

derivation is defined by u 7! d log t
2pi A o

1; log
Y . Let e : f log�1O log

0 ! o
�; log
Y ½u� be

the morphism sending log t
2pi to log t

2pi � u. Then, the composite

f log�1O log
0 ��!e o

�; log
Y ½u� ��!u 7! 0

o
�; log
Y=0

is nothing but the natural map f log�1O log
0 ! o

�; log
Y=0 .

7.4. Next, we define a morphism of complexes

w : p�1o�; logY ½u� ! p�1o�; logY

on Y
log
y by sending u to log t

2pi A O
log
Y . The well-definedness is shown as follows.

For any p, let umh A p�1o p; log
Y ½u�, where h A p�1o p; log

Y . Then,

dðumhÞ ¼ mum�1 d log t

2pi
5hþ um dh:

On the other hand, wðumhÞ ¼ log t
2pi

� �m
h, and

d
log t

2pi

� �m
h

� �
¼ m

log t

2pi

� �m�1
d log t

2pi
5hþ log t

2pi

� �m
dh:

Hence, wdðumhÞ ¼ dwðumhÞ.
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The diagram

p�1f log�1O log
0 ���!p�1ðeÞ

p�1o�; logY ½u�???y
???yw

C p�1o�; logY ;��������!@

where the left vertical arrow is the morphism defined by log t
2pi 7! 0, and the

bottom quasi-isomorphism is by the log Poincaré lemma ([14, Theorem (3.8)]),

is commutative. This is seen by w ðp�1ðeÞÞ log t
2pi

� �� �
¼ w

log t
2pi � u

� �
¼ log t

2pi �
log t
2pi

¼ 0.

By taking the adjoint, we have a commutative diagram

f log�1O log
0 o

�; log
Y ½u�

sðY Þ

???y
???y

Rp�C ���!@ Rp�p
�1o�; logY :

���!e

7.5. The last commutativity implies that the morphism (29) in 7.2

coincides with

Rt�f
log�1O log

0 ���!Rt�ðeÞ
Rt�o

�; log½u� ���! RðtpÞ�p�1o
�; log
Y  ���@

o�Y ½u� ���!@ o�Y=0:

Hence the composite of the morphism (29) and the natural homomorphism

o�Y=0 !
@

Rt�o
�; log
Y=0 coincides with

Rt�f
log�1O log

0 ���!Rt�ðeÞ
Rt�o

�; log
Y ½u� ���! RðtpÞ�p�1o

�; log
Y  ���@

o�Y ½u�

���! Rt�o
�; log
Y ½u� ���!u 7! 0

Rt�o
�; log
Y=0 :

On the other hand, 7.3 implies that the first morphism

Rt�f
log�1O log

0 ! Rt�o
�; log
Y=0

in 7.2 coincides with the composite

Rt�f
log�1O log

0 ���!Rt�ðeÞ
Rt�o

�; log
Y ½u� ���!u 7! 0

Rt�o
�; log
Y=0 :

Therefore, 7.2 reduces to the statement that the composite

Rt�o
�; log
Y ½u� ! RðtpÞ�p�1o

�; log
Y  @ o�Y ½u� ! Rt�o

�; log
Y ½u�

is the identity.

7.6. We prove the last statement. By [7, Proposition (3.7) (3)], o�Y ½u� !
Rt�o

�; log
Y ½u� is a quasi-isomorphism. Hence, this statement is equivalent to that
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the composite

o�Y ½u� ! Rt�o
�; log
Y ½u� ! RðtpÞ�p�1o

�; log
Y  @ o�Y ½u�

is the identity. To see this, we consider the morphisms of complexes and

the statement is deduced from the following two properties of the quasi-

isomorphism o�Y ½u� !
@

RðtpÞ�p�1o
�; log
Y by [6, Lemma 3.3].

(i) It sends the indeterminate u to log t
2pi A O

log
Y .

(ii) The composite o�Y ! o�Y ½u� ! RðtpÞ�p�1o
�; log
Y is the one induced by

the adjoint map.

This completes the proof of 7.2.

Proposition 7.7. We have the following.

(i) The homomorphism

Rf�Rt�f
log�1O log

0 ! Rf�Rt�o
�; log
Y=0

is a quasi-isomorphism.

(ii) The homomorphism

Rf�Rt�ðsðYÞÞ : Rf�Rt�f log�1O log
0 ! Rf�RðtpÞ�C

is a quasi-isomorphism.

Proof. (i) By 6.2 (ii), we have

Rf log
� f log�1O log

0 !
@

Rf log
� o

�; log
Y=0 :

By sending this by Rt�, we obtain (i).

(ii) By (i), the image by Rf� of the morphism (28) in 7.2 is a quasi-

isomorphism. Hence, by 7.2, the image by Rf� of the morphism (29) in 7.2 is

also a quasi-isomorphism. This implies (ii).

7.8. We prove 4.2.2 by the above proposition 7.2.

First, we prove that the homomorphism induced from

O
log
0 nRf log

� C �!@ Rf log
� f log�1O log

0  �adj t�1Rt�Rf
log
� f log�1O log

0

¼ t�1Rf�Rt�f
log�1O log

0 �!@ t�1Rf�Rt�o
�; log
Y=0  �@ t�1Rf�o

�
Y=0

ð30Þ

by taking Hq, taking the stalk at z and specializing by log t
2pi 7! 0 coincides with

(2). Here the first arrow in the second line of (30) is a quasi-isomorphism by

7.7 (i).

By (20) and (21), the composite of the three quasi-isomorphisms in 2.3 (i)

coincides with the Hq of the homomorphism
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O
log
0 nRf log

� C @ O
log
0 nRt�ðO log

0 nRf log
� CÞ !@ O

log
0 nRt�Rf

log
� o

�; log
Y=0

¼ O
log
0 nRf�Rt�o

�; log
Y=0  

@
O

log
0 nRf�o

�
Y=0:

ð31Þ

Hence, (2) coincides with the homomorphism induced from

the stalk of ðO log
0 nRf log

� CÞ  Rt�ðO log
0 nRf log

� CÞ

!@ Rt�Rf
log
� f log�1O log

0 !
@

Rt�Rf
log
� o

�; log
Y=0 ¼ Rf�Rt�o

�; log
Y=0  

@
Rf�o

�
Y=0

ð32Þ

by taking Hq and specializing by log t
2pi 7! 0. Since it is clear that (30) and (32)

are compatible, we see that the homomorphism induced from (30) and (2)

coincide, as desired.

Since the stalk of Rf� of the composite RðtpÞ�C!
@

RðtpÞ�p�1o
�; log
Y  @

o�Y ½u� !
@

o�Y=0 in (29) in 7.2 coincides with (5), 7.2 reduces 4.2.2 to the

following claim.

Claim. The quasi-isomorphism

Rf�Rt�ðsðYÞÞ : Rf�RðtpÞ�C 
@

Rf�Rt�f
log�1O log

0

in 7.7 (ii) is compatible with the stalk of the homomorphism O
log
0 nRf log

� C �!@
Rf log
� f log�1O log

0  �adj t�1Rt�Rf
log
� f log�1O log

0 ¼ t�1Rf�Rt�f
log�1O log

0 :

To prove this claim, we use the following lemma.

Lemma 7.9. The diagram

f log�1O log
0 p�C???y

???y
ðpiÞ�ðpiÞ

�1
f log�1O log

0 ���! ðpiÞ�C

��������!

is commutative, where the upper arrow is induced by the homomorphism sðYÞ in
7:1, the vertical arrows are the adjoint morphisms, and the bottom arrow is ðpiÞ�
of the morphism of constant sheaves ðpiÞ�1f log�1O log

0 ! ðpiÞ�C on Yy defined by

sending
log t
2pi to 0.

Proof. By taking the adjoint, the commutativity is reduced to that of

p�1f log�1O log
0 C

adj

???y
???y

i�i
�1p�1f log�1O log

0 ���!
log t

2pi 7! 0

i�C:

������!log t

2pi 7! 0
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7.10. To prove the above claim, we consider the following commutative

diagram:

Rf log
� f log�1O log

0 t�1Rt�Rf
log
� f log�1O log

0 t�1Rt�Rf
log
� p�C???y

???y
???y

Rf log
� ðpiÞ�ðpiÞ

�1
f log�1O log

0  �adj t�1Rt�Rf
log
� ðpiÞ�ðpiÞ

�1
f log�1O log

0 �! t�1Rt�Rf
log
� ðpiÞ�C;

 ��������adj �����!@

where the right square is induced from the commutative diagram in 7.9. By

taking the stalk at z of this diagram, we get the following commutative

diagram:

RG Y log
z ;C log t

2pi

h i� �
 ����adj

RG Y log;C log t
2pi

h i� � ����!@
RGðY log

y ;CÞ

F

???y
???y

???yF

RG Y
log
y; z;C

log t
2pi

h i� �
 ���id

RG Y
log
y; z;C

log t
2pi

h i� � ���!
log t

2pi 7! 0

RGðY log
y; z;CÞ:

This implies the claim and completes the proof of 4.2.2.

Remark 7.11. It is plausible that the natural homomorphism

f log�1O log
0 ! o

�; log
Y=0

in 7.2 is a quasi-isomorphism, or more generally, that

f log�1O log
S ! o

�; log
P=S

in 6.2 is a quasi-isomorphism. If this is the case, it makes proofs in Sections

6–7 considerably simpler.

8. Proof of main theorem

In this section, we prove the main theorem 2.7.

8.1. Let f : Y ! 0 be as in 2.7. We claim that the data

ðHQ;WðNÞ;HO;F ;NÞ; ð33Þ

where F is the Hodge filtration and N is the monodromy logarithm on HQ, are

isomorphic to

ðHqðY ;KQÞ;W ½q�;HqðY ;KCÞ;F ;NKÞ ð34Þ

in Theorem 3.4. In fact, we have a filtered quasi-isomorphism (18)

ðoY=0;FÞ !
@ ðAC;F Þ;
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where F on the source is defined by o�br
Y=0, and the morphism AC ! KC in (15)

such that Theorem 5.21 and Theorem 5.29 in [5] enable us to identify

ðHO;F ÞF ðHqðY ;ACÞ;F ÞF ðHqðY ;KCÞ;FÞ ð35Þ

as filtered C-vector spaces. The Q-structures coincide by 4.1.1, which is now

proved by the results in Sections 5 and 7. The coincidence of N on HQ and

NK on HqðY ;KQÞ is proved in 5.17. Then the weight filtrations coincide

because they are the monodromy filtrations of the compatible operators N

and NK .

8.2. Now we prove the goodness as follows. By 6.1, the first condition

(i) of the goodness is always satisfied. The second condition is by the

coincidence of the Hodge filtration (35) and the fact that ðAC;FÞ is a part

of a CMHC ([5, Theorem 5.21]). The third condition of the goodness, that is,

that the data form an LH, is proved as follows. The Gri‰ths transversality

(2.1 (iii)) holds because the construction in [5] satisfies the Gri‰ths trans-

versality (a part of the definition of polarized MHS in [2, Definition (2.26)]).

Condition 2.1 (ii) also holds because the construction in [5] is a MHS. Then,

[2, Corollary (3.13)] implies Condition 2.1 (i).

9. Log Picard varieties and log Albanese varieties

In this section, we apply the main result 2.7 to the theory of log Picard

and log Albanese varieties.

9.1. First we recall the definition of log Picard variety and log Albanese

variety briefly. See [10] for the details.

Let S be an fs log analytic space. Let AS be the category of log complex

tori over S and let HS be the category of log Hodge structures H on S of

weight �1 satisfying F �1HO ¼ HO and F 1HO ¼ 0. Then we have a category

equivalence

HS FAS:

Let P! S be as in 6.2. Assume that it is good for H1 in the sense of

[10, 7.1]. Then the log Picard variety A�P=S is the log complex torus correspond-

ing to H1ðPÞð1Þ and the log Albanese variety AP=S is the log complex torus

corresponding to the dual log Hodge structure of H1ðPÞ. Here H1ðPÞ is the

log Hodge structure underlain by R1f log
� Z which is given by the definition of

the goodness.

9.2. We prove that a projective log deformation Y ! 0 is good even

in the sense of [10, 7.1] so that there are well-defined log complex tori A�Y=0

and AY=0.
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For this, we prove that our definition of goodness coincides with that in

[10]. As in 2.3, let Y ! 0 be a proper, separated and log smooth morphism

of fs log analytic spaces such that for any y A Y , the cokernel of M
gp
0 =O�0 !

M
gp
Y ;y=O

�
Y ;y is torsion-free.

We do not recall the definition of the goodness in [10] here, but recall that

its main di¤erence from the goodness in Section 2 of this paper lies in that, in

[10], the sheaves are all considered on the big sites.

Let f : P! S be as in 6.2. Then, any (fs) base change of f also satisfies

the assumption of 6.2 so that the conclusion of 6.2 is satisfied also for any base

changed morphism. This means that f satisfies the condition (i) in [10, 7.1].

(Actually, the modified one as explained in 2.4.)

Further, [11, Proposition 5.1] (the proper base change theorem in log Betti

cohomology) implies that the construction of Rqf logZ is compatible with any

base change. This means that the former part of the condition (iii) in [10, 7.1]

is satisfied.

Thus, in particular, Y ! 0 as above always satisfies (i) and the former part

of (iii) in [10, 7.1].

Next, in order to see that the condition (ii) for Y ! 0 in [10, 7.1] is

equivalent to our (ii) in 2.3, it is enough to show that the constructions of the

two maps in 2.3 (ii) are compatible with any base change. (Note that the

injection there is a split injection.) This is by the fact that the construction of

the relative di¤erential sheaf is compatible with any (fs) base change (cf. [12,

1.7 and 3.12]) and by the usual flat base change theorem.

Finally, the latter part of the condition (iii) in [10, 7.1] is the same as our

2.3 (ii). This completes the proof of the equivalence of our definition of

goodness and that in [10, 7.1]. In particular, our main theorem 2.7 implies

that a projective log deformation Y ! 0 is good even in the sense of [10, 7.1].

9.3. There is another definition of the goodness in [10, 7.2]. For an f as

in 6.2 (especially, for a projective log deformation), both goodness in [10, 7.1]

and in [10, 7.2] coincide and the quasi-isomorphisms given by the first condi-

tions in both definitions also coincide. This is a consequence of 6.2 (ii).

9.4. To discuss the applications, we further introduce notation.

Let ðfs=SÞ be the category of fs log analytic spaces over S endowed with

the usual topology. Recall that a log complex torus over S is a sheaf of

abelian groups on ðfs=SÞ.
Let ðfs=SÞ log be the site of pairs ðU ;TÞ, where T A ðfs=SÞ and U is an

open set of T log, defined in [9, 3.1.6] (cf. [10, 3.2]). For a sheaf F on ðfs=SÞ log,
we denote by t�F the sheaf on ðfs=SÞ defined by ðt�FÞðTÞ ¼ FððT log;TÞÞ for
T A ðfs=SÞ.

Let P A ðfs=SÞ and q A Z.
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For a sheaf F of abelian groups on ðfs=PÞ, let HqðP;FÞ be the

sheaf of abelian groups on ðfs=SÞ whose restriction on any T A ðfs=SÞ is

RqðP�S T ! TÞ�ðFP�STÞ. Here FP�ST is the restriction of F on the small site

of P�S T .

For a sheaf F of abelian groups on ðfs=PÞ log, let HqðP log;F Þ (denoted

by Hqðt�1ðPÞ;F Þ in [10]) be the sheaf of abelian groups on ðfs=SÞ log
whose restriction on the small site of ðT log;TÞ for any T A ðfs=SÞ is

RqðP�S T ! TÞ log� ðFðP�STÞ logÞ. Here FðP�STÞ log is the restriction of F on

the small site of ðP�S TÞ log.
Let Gm (resp. Gm; logÞ be the sheaf of abelian groups on ðfs=PÞ defined by

GmðTÞ ¼ GðT ;O�T Þ (resp. Gm; logðTÞ ¼ GðT ;M gp
T Þ) for T A ðfs=PÞ.

Now we apply Section 8 of [10] on log Picard varieties. Note that the

assumption 8.1 of [10] is satisfied (cf. the remark after it). Then, ibid. 8.2 and

8.3 imply the following.

Theorem 9.5. Let Y ! 0 be a projective log deformation.

(i) Let

H1ðY ;GmÞ0 ¼ KerðH1ðY ;GmÞ !H2ðY ;ZÞÞ;

H1ðY ;Gm; logÞ0 ¼ KerðH1ðY ;Gm; logÞ ! t�H
2ðY log;ZÞÞ:

Then we have canonical embeddings

H1ðY ;GmÞ0 HA�Y=0 HH1ðY ;Gm; logÞ0:

(ii) We have a canonical isomorphism

H1ðY ;Gm; logÞ=H1ðY ;Gm; logÞ0 FHomðZ;H2ðYÞð1ÞÞ:

Here H2ðYÞ is the log Hodge structure underlain by R2ðY log ! 0logÞ�Z which is

given by the definition of the goodness, and Hom is the Hom for log Hodge

structures.

We remark that in (i), more precisely, [10, Theorem 8.2] describes the

groups H1ðY ;GmÞ0, H1ðY ;Gm; logÞ0, and the quotients A�Y=0=H
1ðY ;GmÞ0 and

H1ðY ;Gm; logÞ0=A�Y=0 in terms of the log Hodge structure H1ðYÞð1Þ. We omit

here the details.

Corollary 9.6. We have an exact sequence

0! Ext1ðAY=0;Gm; logÞ !H1ðY ;Gm; logÞ ! t�H
2ðY log;ZÞ !H2ðY ;OY Þ:

Next, we apply Section 10 of [10] on log Albanese varieties.

261Geometric log Hodge structures

This document is provided by JAXA.



Proposition 9.7. Let Y ! 0 be a connected projective log deformation.

Then, for a log complex torus B over 0, the following sequence is exact.

0! Bð0Þ ! BðYÞ ! HomðAY=0;BÞ:

9.8. Finally we discuss some problems.

Problem 1. Prove that the last arrow BðYÞ ! HomðAY=0;BÞ is sur-

jective so that each section e of Y=0 induces the log Albanese map

ce : Y ! AY=0.

To prove this, it is enough to show that the extension ‘‘ceðaÞ’’ of log

Hodge structures in the page 177 of [10] is admissible.

Problem 2 (cf. [10, Problem 10.6]). Prove the following: Let Y=0 be a

projective log deformation. Then we have the inclusion

H1ðP;Gm; logÞ0 V ImageðH1ðP;GmÞ !H1ðP;Gm; logÞÞHA�Y=0:

When this statement is valid, the inclusion map should be called the log

Abel–Jacobi map.

More generally, we can ask the following.

Problem 3 (cf. [10, 10.7]). Define a log Abel–Jacobi map of degree r

whose target is the log intermediate Jacobian Ext1ðZ;H 2r�1ðYÞðrÞÞ of degree r,

where Ext1 is taken in the category of log mixed Hodge structures.

Problem 1 should be the case of Problem 3 where r ¼ dim Y , and Problem

2 is the case r ¼ 1.

Appendix

Because we could not find an appropriate reference, we give a sketch

of the proof of the following basic statement, though it is not used in the

text.

Theorem A.1. Let f : X ! S be a proper, separated, smooth and Kähler

morphism of complex analytic spaces. Then the triple

ðRqf�Z; ðRqf�WX=S;F Þ; iÞ

is a variation of Hodge structures of weight q for every integer q, where WX=S

denotes the relative de Rham complex, F the decreasing filtration induced by

the stupid filtration on WX=S, and i : Rqf�Z! Rqf�WX=S the morphism induced
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by the canonical morphism Z ,! OX ! WX=S. Moreover, the Hodge to de Rham

spectral sequence degenerates at E1-terms.

Proof. By the result of Siebenmann [19, Corollary 6.14] (cf. [14, Prop-

osition 3.5, Remark 3.5.1]) Rqf�Z is a locally constant abelian sheaf of finite

rank on S. By the relative Poincaré lemma [4, Théorème 2.23 (ii)] and by the

projection formula, the morphism i induces an isomorphism OS nRqf�Z!@

Rqf�WX=S. Thus Rqf�WX=S is a locally free OS-module of finite rank and

compatible with any base change.

Now we take a point s A S and set A ¼ OS; s for a while. We denote by m

the maximal ideal of A. By [1, Théorème 4.1] (cf. [17, Section 5]), there exists

a complex K of OS; s-modules satisfying the following:
� K is bounded from the above and the below.
� Kn is a free A-module of finite rank for every n.
� For a coherent OS-module F, we have a functorial isomorphism

Rf�ðW p

X=S n f �FÞs FKnFs

in the derived category.

Therefore we have

lA=m nþ1ðRqf�ðW p

X=S nA=mnþ1ÞsÞ

¼ lA=mnþ1ðHqðKnA=mnþ1ÞÞ

a lA=m nþ1ðA=mnþ1Þ dim HqðKnA=mÞ

¼ lA=mnþ1ðA=mnþ1Þ dim Rqf�ðWp

X=S nA=mÞs

ð36Þ

for every nb 0 by the case k ¼ 0 of [3, Corollaire (3.4)], where lA=mnþ1ð�Þ
denotes the lengths of the finite modules over A=mnþ1.

On the other hand, we have the isomorphism

A=mnþ1 n ðRqf�ZÞs FRqf�ðWX=S nA=mnþ1Þs

for every n, q by the relative Poincaré lemma and by the projection formula.

Thus we obtain

lA=mnþ1ðRqf�ðWX=S nA=mnþ1ÞsÞ ¼ lA=m nþ1ðA=mnþ1Þ dim Rqf�ðWX=S nA=mÞs

for every n, q. By considering the Hodge to de Rham spectral sequences for

A=mnþ1 and A=m, we conclude that the equality holds in (36) for every n, p, q

and that the Hodge to de Rham spectral sequences for A=mnþ1 and A=m
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degenerate at E1-terms as in [3, Section 5]. By [3, Corollaire (3.4), Remarque

(3.3.3)] again, HqðKÞ is a free A-module and the canonical morphism

HqðKÞnM ! HqðKnMÞ is an isomorphism for every A-module M and

for every q. Therefore Rqf�W
p

X=S is a locally free OS-module of finite rank and

compatible with any base change for every p, q. Moreover the Hodge to de

Rham spectral sequence degenerates at E1-terms by the local freeness and the

base change property of Rqf�W
p

X=S and Rqf�WX=S, and by the E1-degeneration

of the Hodge to de Rham spectral sequence for A=m. Once we know the base

change property above, it is easy to see that the pair

ððRqf�ZÞs; ðRqf�WX=S;FÞnCðsÞÞ

equipped with the isomorphism induced by i is a Hodge structure of weight q.

What remains to check is the Gri‰ths transversality. For this purpose,

we consider WX and WS. We denote by GrW
p
X the image of the morphism

Wr
S nW

p�r
X ! W

p
X induced by the wedge product. Then G defines a finite

decreasing filtration on WX . On the other hand, the stupid filtration on WS is

denoted by G for a while. By the smoothness of f , we have

grrG WX F f �Wr
S nWX=S½�r� ¼ f �1Wr

S nWX=S½�r�

for every r. Therefore the canonical morphism f �1WS ! WX is a filtered

quasi-isomorphism by the relative Poincaré lemma and by the flatness of W
p

X=S

over f �1OS. Then we have

W
p
S nRqf�CFRqf�f

�1Wp
S FE

p;q
1 ðRf�f �1WS;GÞ

FE
p;q
1 ðRf�WX ;GÞFW

p
S nRqf�WX=S

by the projection formula and by the base change property of Rqf�WX=S.

Moreover, the morphism of E1-terms

W
p
S nRqf�WX=S ! W

pþ1
S nRqf�WX=S

is identified with the morphism

dn id : W p
S nRqf�C! W

pþ1
S nRqf�C

under this identification. Thus we can check the Gri‰ths transversality in the

usual way.

Remark A.2. Note that S is not necessarily reduced in the theorem

above.
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[ 4 ] P. Deligne, Equations di¤érentielles à points singuliers réguliers, Lecture Notes in Math.

163, Springer-Verlag, Berlin, 1970.

[ 5 ] T. Fujisawa, Polarizations on limiting mixed Hodge structures, Journal of Singularities,

8 (2014), 146–193.

[ 6 ] T. Fujisawa and C. Nakayama, Mixed Hodge structures on log deformations, Rendiconti

del Seminario Matematico di Padova, 110 (2003), 221–268.

[ 7 ] L. Illusie, K. Kato and C. Nakayama, Quasi-unipotent logarithmic Riemann-Hilbert

correspondences, J. Math. Sci. Univ. Tokyo, 12 (2005), 1–66.

[ 8 ] B. Iversen, Cohomology of Sheaves, Universitext, Springer-Verlag, Berlin, 1986.

[ 9 ] T. Kajiwara, K. Kato and C. Nakayama, Logarithmic abelian varieties, Part I: Complex

analytic theory, J. Math. Sci. Univ. Tokyo, 15 (2008), 69–193.

[10] T. Kajiwara, K. Kato and C. Nakayama, Analytic log Picard varieties, Nagoya Math. J.,

191 (2008), 149–180.

[11] T. Kajiwara and C. Nakayama, Higher direct images of local systems in log Betti

cohomology, J. Math. Sci. Univ. Tokyo, 15 (2008), 291–323.

[12] K. Kato, Logarithmic structures of Fontaine-Illusie, in Algebraic Analysis, Geometry,

and Number Theory (Igusa, J.-I., ed.), Johns Hopkins University Press, Baltimore, 1989,

191–224.

[13] K. Kato, T. Matsubara and C. Nakayama, Log Cy-functions and degenerations of Hodge

structures, Advanced Studies in Pure Mathematics 36, Algebraic Geometry 2000, Azumino

(Ed. S. Usui, M. Green, L. Illusie, K. Kato, E. Looijenga, S. Mukai and S. Saito), 2002,

269–320.

[14] K. Kato and C. Nakayama, Log Betti cohomology, log étale cohomology, and log de Rham

cohomology of log schemes over C, Kodai Math. J., 22 (1999), 161–186.

[15] K. Kato and S. Usui, Classifying spaces of degenerating polarized Hodge structures, Ann.

of Math. Stud. 169, Princeton Univ. Press, Princeton, NJ, 2009.

[16] T. Matsubara, On log Hodge structures of higher direct images, Kodai Math. J., 21 (1998),

81–101.

[17] D. Mumford, Abelian Varieties, Oxford University Press, Oxford, 1970.

[18] C. Nakayama, Logarithmic étale cohomology, Math. Ann., 308 (1997), 365–404.

[19] L. C. Siebenmann, Deformation of homeomorphisms on stratified sets, Comm. Math.

Helv., 47 (1972), 123–163.

[20] J. H. M. Steenbrink, Limits of Hodge structures, Invent. Math., 31 (1976), 229–

257.

265Geometric log Hodge structures

This document is provided by JAXA.



[21] J. H. M. Steenbrink, Logarithmic embeddings of varieties with normal crossings and mixed

Hodge structures, Math. Ann., 301 (1995), 105–118.

Taro Fujisawa

Department of Mathematics

School of Engineering

Tokyo Denki University

5 Senju Asahi, Adachi, Tokyo 120-8551, Japan

E-mail: fujisawa@mail.dendai.ac.jp

Chikara Nakayama

Department of Economics

Hitotsubashi University

2-1 Naka, Kunitachi, Tokyo 186-8601, Japan

E-mail: c.nakayama@r.hit-u.ac.jp

266 Taro Fujisawa and Chikara Nakayama

This document is provided by JAXA.



Hiroshima Math. J.

45 (2015), 267–307

Nonautonomous di¤erential equations and Lipschitz evolution

operators in Banach spaces

Yoshikazu Kobayashi, Naoki Tanaka and Yukino Tomizawa

(Received February 9, 2015)

(Revised April 16, 2015)

Abstract. A new class of Lipschitz evolution operators is introduced and a charac-

terization of continuous infinitesimal generators of such evolution operators is given.

It is shown that a continuous mapping A from a subset W of ½a; bÞ � X into X , where

½a; bÞ is a real half-open interval and X is a real Banach space, is the infinitesimal

generator of a Lipschitz evolution operator if and only if it satisfies a sub-tangential

condition, a general type of quasi-dissipative condition with respect to a metric-like

functional and a connectedness condition. An application of the results to the initial

value problem for the quasilinear wave equation with dissipation is also given.

1. Introduction and main theorems

Throughout this paper, R denotes the set of all real numbers. Let X be a

real Banach space with norm k � k. For a subset Q of R� X , QðtÞ denotes the
section of Q at t A R; that is, QðtÞ ¼ fx A X ; ðt; xÞ A Qg.

Let ½a; bÞ be a subinterval of R and W a subset of ½a; bÞ � X such that

�y < a < bay and WðtÞ0q for t A ½a; bÞ. Let A be a continuous map-

ping from W to X . Given ðt; zÞ A W, we consider the following initial value

problem:

u 0ðtÞ ¼ Aðt; uðtÞÞ for ta t < b;

uðtÞ ¼ z:

�
ðIVP; t; zÞ

Suppose that the problem ðIVP; t; zÞ has a unique solution uð�Þ on ½t; bÞ for

every ðt; zÞ A W. Defining Uðt; tÞz ¼ uðtÞ, we have the following properties

from the uniqueness of solutions:

(E1) Uðt; tÞz ¼ z and Uðt; sÞUðs; tÞz ¼ Uðt; tÞz for z A WðtÞ and aa ta

sa t < b.
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Set D ¼ fðt; tÞ; aa ta t < bg. Usually, we have also the following prop-

erties from the continuous dependence of solutions on the initial data

ðt; zÞ A W:

(E2) Let ðt; tÞ A D, z A WðtÞ, ðtn; tnÞ A D and zn A WðtnÞ for n ¼ 1; 2; . . . .

If ðtn; tnÞ ! ðt; tÞ and zn ! z as n!y, then Uðtn; tnÞzn ! Uðt; tÞz
as n!y.

By an evolution operator on W, we mean a family fUðt; tÞgðt; tÞ AD of operators

Uðt; tÞ : WðtÞ ! WðtÞ satisfying (E1) and (E2). Such a family fUðt; tÞgðt; tÞ AD is

called a Lipschitz evolution operator on W, if the following additional condition

is satisfied:

(E3) There exist a number Lb 1 and a continuous function o : ½a; bÞ !
½0;yÞ such that

kUðt; tÞx�Uðt; tÞykaL exp

ð t
t

oðyÞdy
� �

kx� yk

for x; y A WðtÞ and ðt; tÞ A D.

The main purpose of this paper is to establish the conditions on the continuous

mapping A which are necessary and su‰cient to guarantee the existence of the

Lipschitz evolution operator associated with A. The obtained results extend

that of Kobayashi and Tanaka in [8] concerning the autonomous case where A

is independent of t. In particular, a type of generalized quasi-dissipativity

condition on A with respect to a metric-like functional is shown to be necessary

for the existence of the Lipschitz evolution operator. Su‰cient conditions on

A for the existence of evolution operators have been studied by many authors

and this paper is related with the works of Iwamiya [4], Kato [5], [6],

Kenmochi and Takahashi [7], Lakshmikantham, Mitchell and Mitchell [10],

Martin [11], [12], [13], Murakami [15], Pavel and Vrabie [19], Pavel [18] and

Cârjă, Necula and Vrabie [22]. Several types of generalized quasi-dissipativity

conditions on A are introduced and investigated in [15], [12], [10], [6], [20] and

[2]. Such a kind of generalized quasi-dissipativity conditions was first found

by Okamura [17] as a uniqueness criteria for ordinary di¤erential equations.

See [1] or [24]. Our results extend the most of them. As in [7], [6] and [4],

the domain W is allowed to be genuinely noncylindrical and the subtangential

condition, which was first found by Nagumo [16], is used to construct approx-

imate solutions to ðIVP; t; zÞ. The advantage of these assumptions is illus-

trated by an application of the results to the initial value problems for

nonlinear wave equations.

Let JH ½a; bÞ be a subinterval of the form ½t; c� or ½t; cÞ. An X -valued

continuous function u : J ! X is called a solution to ðIVP; t; zÞ on J, if

uðtÞ ¼ z, ðt; uðtÞÞ A W for t A J; u is di¤erentiable on J and u 0ðtÞ ¼ Aðt; uðtÞÞ
for t A J. A solution to ðIVP; t; zÞ on ½t; bÞ is called a global solution.
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Let dðx;DÞ denote the distance from x A X to DHX , i.e., dðx;DÞ ¼
inffkx� yk; y A Dg. We consider the following conditions.

ðW1Þ A is continuous on W.

ðW2Þ If ðtn; xnÞ A W, tn " t A ½a; bÞ in R and xn ! x in X as n!y, then

ðt; xÞ A W.

ðW3Þ lim infh#0 h
�1dðxþ hAðt; xÞ;Wðtþ hÞÞ ¼ 0 for ðt; xÞ A W.

ðW4Þ There exists a functional V : ½a; bÞ � X � X ! ½0;yÞ satisfying

the following properties ðV1Þ–ðV4Þ and a continuous function

o : ½a; bÞ ! ½0;yÞ such that

DþVðt; x; yÞðAðt; xÞ;Aðt; yÞÞaoðtÞVðt; x; yÞ

for x; y A WðtÞ and t A ½a; bÞ. Here, for ðt; x; yÞ A ½a; bÞ � X � X

and ðx; hÞ A X � X ,

DþVðt; x; yÞðx; hÞ ¼ lim inf
h#0

1

h
ðVðtþ h; xþ hx; yþ hhÞ � Vðt; x; yÞÞ;

where the values y and �y are not excluded.

ðV1Þ There exists a number L > 0 such that jVðt; x; yÞ � Vðt; x̂x; ŷyÞj
aLðkx� x̂xk þ ky� ŷykÞ for ðx; yÞ; ðx̂x; ŷyÞ A X � X and

t A ½a; bÞ.
ðV2Þ Vðt; x; xÞ ¼ 0 for t A ½a; bÞ and x A WðtÞ.
ðV3Þ If ftng is a sequence in ½a; bÞ and fðxn; ynÞg is a sequence in

X � X such that ðxn; ynÞ A WðtnÞ �WðtnÞ for nb 1, tn !
t A ½a; bÞ and ðxn; ynÞ ! ðx; yÞ A WðtÞ �WðtÞ as n!y, then

Vðt; x; yÞa lim infn!y Vðtn; xn; ynÞ.
ðV4Þ If ftng is a sequence in ½a; bÞ and fðxn; ynÞg is a sequence

in X � X such that ðxn; ynÞ A WðtnÞ �WðtnÞ for nb 1, tn !
t A ½a; bÞ and Vðtn; xn; ynÞ ! 0 as n!y, then kxn � ynk !
0 as n!y.

ðW5Þ For any ðt; zÞ A W, there exists a connected component C of W such

that ðt; zÞ A C and CðtÞ0q for t A ðt; bÞ.

Remark 1. Condition ðV1Þ with ðV2Þ implies the following:

jVðt; x; yÞjaLkx� yk for ðx; yÞ A WðtÞ �WðtÞ and t A ½a; bÞ:

The following are our main theorems.

Theorem 1. Let A be a mapping from W into X such that conditions

ðW1Þ–ðW4Þ are satisfied. Let C be a connected component of W and set d ¼
supft A ½a; bÞ;CðtÞ0qg. Then the following assertions hold true:

( i ) For ðt; zÞ A C, ðIVP; t; zÞ has a unique solution uðt; t; zÞ on ½t; dÞ and
the interval ½t; dÞ is the maximal interval of existence of solution.
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(ii) For z; ẑz A CðtÞ and t A ½t; dÞ,

Vðt; uðt; t; zÞ; uðt; t; ẑzÞÞa exp

ð t
t

oðyÞdy
� �

Vðt; z; ẑzÞ:

Theorem 2. Let A be a mapping from W into X such that ðW1Þ and ðW2Þ
are satisfied. Then there exists a Lipschitz evolution operator fUðt; tÞgðt; tÞ AD on

W such that uðtÞ :¼ Uðt; tÞz is a global solution to ðIVP; t; zÞ for any ðt; zÞ A W if

and only if conditions ðW3Þ–ðW5Þ are satisfied, where condition ðV4Þ is replaced

by the following condition:

ðV4Þ0 For any t A ½a; bÞ and x; y A WðtÞ, kx� ykaVðt; x; yÞ.

Theorem 1 consists of the uniqueness and local existence of solutions to

initial value problems ðIVP; t; zÞ and the global existence theorem as well as

the continuous dependence of solutions on initial data. They are discussed in

Sections 2 and 3 respectively. The proof of Theorem 2 is given in Section 4.

An application of our results to the initial value problem for quasi-linear wave

equations is given in Section 5.

2. Uniqueness and local existence of solutions

In this section, we construct the solutions to the initial value problem

ðIVP; t; zÞ. We assume that conditions ðW1Þ–ðW4Þ. The following proposi-

tion ensures the uniqueness of solutions.

Proposition 1. Let ½t; cÞH ½a; bÞ and zi A WðtÞ for i ¼ 1; 2. Let ui be

solutions to ðIVP; t; ziÞ on ½t; cÞ, for i ¼ 1; 2, respectively. Then

Vðt; u1ðtÞ; u2ðtÞÞa exp

ð t
t

oðsÞds
� �

Vðt; z1; z2Þ

for t A ½t; cÞ. In particular, if z1 ¼ z2, then u1ðtÞ ¼ u2ðtÞ for t A ½t; cÞ.

Proof. Set wðtÞ ¼ Vðt; u1ðtÞ; u2ðtÞÞ for t A ½t; cÞ. From ðV3Þ we see that

w is lower semi-continuous on ½t; cÞ. Let t A ½t; cÞ and h A ð0; c� tÞ. From

ðV1Þ it follows that

ðwðtþ hÞ � wðtÞÞ=h� ðVðtþ h; u1ðtÞ þ hAðt; u1ðtÞÞ; u2ðtÞ

þ hAðt; u2ðtÞÞÞ � Vðt; u1ðtÞ; u2ðtÞÞÞ=h

a jVðtþ h; u1ðtþ hÞ; u2ðtþ hÞÞ

� Vðtþ h; u1ðtÞ þ hAðt; u1ðtÞÞ; u2ðtÞ þ hAðt; u2ðtÞÞÞj=h
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aLðku1ðtþ hÞ � u1ðtÞ � hAðt; u1ðtÞÞk=h

þ ku2ðtþ hÞ � u2ðtÞ � hAðt; u2ðtÞÞk=hÞ:

Taking the inferior limit as h # 0 yields

lim inf
h#0
ðwðtþ hÞ � wðtÞÞ=haDþVðt; u1ðtÞ; u2ðtÞÞðAðt; u1ðtÞÞ;Aðt; u2ðtÞÞÞ:

From ðW4Þ we have DþwðtÞaoðtÞwðtÞ, where DþwðtÞ denotes the lower right

derivative of wðtÞ. Therefore, we see that the function

t! exp �
ð t
t

oðsÞds
� �

wðtÞ

is lower semicontinuous on ½t; cÞ and Dþðexpð�
Ð t
t
oðsÞdsÞwðtÞÞa 0 for t A ½t; cÞ.

By [3, Lemma 6.3], we have wðtÞa expð
Ð t
t
oðsÞdsÞwðtÞ for t A ½t; cÞ. Refer to

[9] or [21] for the same kind of di¤erential inequalities. r

For each ðt; xÞ A R� X and r > 0, we define Srðt; xÞ ¼ fðs; yÞ A R� X ;

js� tj < r; ky� xk < rg. We need the following lemmas which are proved in

[7] without using condition ðW4Þ.

Lemma 1 ([7, Lemma 1]). Let ðt; xÞ A W and h > 0. Let r > 0 be a

number such that kAðs; yÞ � Aðt; xÞka h for ðs; yÞ A WVSrðt; xÞ. Let M > 0

be a number such that kAðs; yÞkaM for ðs; yÞ A WVSrðt; xÞ. Set h0 ¼
minfr; r=M; b� tg. Then

dðxþ hAðt; xÞ;Wðtþ hÞÞa hh for h A ð0; h0Þ:

Lemma 2 ([7, Lemma 2]). Let ðt; xÞ A W and e A ð0; 1Þ. Let r > 0 and

M > 0 be numbers such that tþ r < b and such that kAðs; yÞ � Aðt; xÞka e=3

and kAðs; yÞkaM for ðs; yÞ A WVSrðt; xÞ. Let h A ð0; r=ðM þ 1Þ�. Let

fskgnk¼0 be a partition of ½t; tþ h� : t ¼ s0 < s1 < � � � < sn ¼ tþ h. Then there

exists a sequence fykgnk¼0 of elements in X such that

( i ) y0 ¼ x and ðsk; ykÞ A W for 0a ka n;

( ii ) kyk � xka ðM þ eÞðsk � tÞ for 0a ka n;

(iii) kyk�1 þ ðsk � sk�1ÞAðsk�1; yk�1Þ � ykka eðsk � sk�1Þ for 1a ka n.

We also need the following lemma.

Lemma 3. Let ðt; xÞ A W and e A ð0; 1Þ. Let r > 0 and M > 0 be numbers

such that tþ r < b and kAðs; yÞkaM for ðs; yÞ A WVSrðt; xÞ. Let s A
ð0; r=ðM þ 1Þ�. Then the following assertions hold true:
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( i ) If a sequence fðsi; yiÞgni¼0 in W satisfies

t ¼ s0 < s1 < � � � < sn a tþ s; ð2:1Þ

kyi�1 þ ðsi � si�1ÞAðsi�1; yi�1Þ � yika eðsi � si�1Þ

for 1a ia n; where y0 ¼ x; ð2:2Þ

then

kyi � yjka ðM þ eÞðsi � sjÞ for 0a ja ia n;

kAðsi; yiÞkaM for 0a ia n:

Moreover, if h > 0 and kAðs; yÞ � Aðt; xÞka h for ðs; yÞ A WVSrðt; xÞ,
then

kxþ ðsn � tÞAðt; xÞ � ynka ðeþ hÞðsn � tÞ: ð2:3Þ

(ii) Let h > 0 and kAðs; yÞ � Aðt; xÞka h for ðs; yÞ A WVSrðt; xÞ. If a

sequence fðsi; yiÞgyi¼0 in W satisfies

t ¼ s0 < s1 < � � � < si < � � � < tþ s and lim
i!y

si ¼ tþ s; ð2:4Þ

kyi�1 þ ðsi � si�1ÞAðsi�1; yi�1Þ � yika eðsi � si�1Þ

for ib 1; where y0 ¼ x; ð2:5Þ

then ŷy ¼ limi!y yi exists in X, ŷy A Wðtþ sÞ and

kxþ sAðt; xÞ � ŷyka ðeþ hÞs: ð2:6Þ

Proof. To prove (i), let fðsi; yiÞgni¼0 be a sequence in W satisfying (2.1)

and (2.2). We first show inductively that ðsi; yiÞ A Srðt; xÞ for 0a ia n. It is

obvious that ðs0; y0Þ A Srðt; xÞ. Let k be a nonnegative integer such that k < n

and assume that ðsi; yiÞ A Srðt; xÞ for 0a ia k. From (2.2) we obtain

kyi�1 � yika ðsi � si�1ÞkAðsi�1; yi�1Þk þ eðsi � si�1Þ

for 1a ia n. Since kAðsi; xiÞkaM for 0a ia k by assumption, we have

kyi � yi�1ka ðM þ eÞðsi � si�1Þ

for 1a ia k þ 1. Summing up this inequality from i ¼ 1 to i ¼ k þ 1, we find

that

kykþ1 � xka ðM þ eÞðskþ1 � tÞ < ðM þ 1Þsa r:

It is obvious that skþ1 � ta s < sðM þ 1Þa r. These mean that ðskþ1; ykþ1Þ A
Srðt; xÞ. Thus, we inductively prove that ðsi; yiÞ A Srðt; xÞ for 0a ia n.
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Since ðsk; ykÞ A Srðt; xÞ for 0a ka n, we have kAðsk; ykÞkaM for

0a ka n and kyk � yk�1ka ðM þ eÞðsk � sk�1Þ for 1a ka n. Therefore,

we find that

kyi � yjka ðM þ eÞðsi � sjÞ

for 0a ja ia n. To prove (2.3), let h > 0 and assume that

kAðs; yÞ � Aðt; xÞka h for ðs; yÞ A WVSrðt; xÞ. Since fðsi; yiÞ; 0a ia ngH
WVSrðt; xÞ, we have kAðsi; yiÞ � Aðt; xÞka h for 0a ia n. From (2.2) we

see that

kyi�1 þ ðsi � si�1ÞAðt; xÞ � yik

a kyi�1 þ ðsi � si�1ÞAðsi�1; yi�1Þ � yik

þ kðsi � si�1ÞðAðt; xÞ � Aðsi�1; yi�1ÞÞk

a eðsi � si�1Þ þ hðsi � si�1Þ ¼ ðeþ hÞðsi � si�1Þ

for 1a ia n. Hence

kxþ ðsn � tÞAðt; xÞ � ynka
Xn
i¼1
kyi�1 þ ðsi � si�1ÞAðt; xÞ � yik

a ðeþ hÞðsn � tÞ:

To prove (ii), let fðsi; yiÞgyi¼0 be a sequence in W satisfying (2.4) and (2.5).

From (i) we obtain kyi � yjka ðM þ eÞðsi � sjÞ for 0a ja i. This implies

that ŷy ¼ limi!y yi exists in X and is in Wðtþ sÞ by ðW2Þ. By (i) again, we

note that the inequality (2.3) holds for nb 0. Passing to the limit in (2.3) as

n!y, we obtain

kxþ sAðt; xÞ � ŷyk ¼ lim
n!y
kxþ ðsn � tÞAðt; xÞ � ynk

a lim
n!y
ðeþ hÞðsn � tÞ ¼ ðeþ hÞs;

namely, the desired inequality (2.6) is proved. r

The local existence of approximation solutions to ðIVP; t; zÞ is given by the

following proposition, which is essentially shown in [7] and [4]. We give the

proof for completeness.

Proposition 2. Let ðt; xÞ A W and e A ð0; 1Þ. Let r > 0 and M > 0 be

numbers such that tþ r < b and kAðs; yÞkaM for ðs; yÞ A WVSrðt; xÞ. Let

s A ð0; r=ðM þ 1Þ�. Then there exists a sequence fðsi; yiÞgyi¼0 in W such that

( i ) t ¼ s0 < s1 < � � � < si < � � � < tþ s and limi!y si ¼ tþ s;

( ii ) si � si�1 a e for ib 1;
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(iii) kyi�1 þ ðsi � si�1ÞAðsi�1; yi�1Þ � yika eðsi � si�1Þ=2 for ib 1, where

y0 ¼ x;

(iv) if ðs; yÞ A WVSðMþ1Þðsi�si�1Þðsi�1; yi�1Þ, then

kAðs; yÞ � Aðsi�1; yi�1Þka e=4 for ib 1:

Proof. Set ðs0; y0Þ ¼ ðt; xÞ. Let k be a positive integer and assume that

there exists a sequence fðsi; yiÞgk�1i¼0 in W which satisfies the first half of (i) and

(ii)–(iv) for 1a ia k � 1. We consider a nonnegative number ĥhk defined by

the supremum of h A ½0; e� such that h < tþ s� sk�1 and

kAðs; yÞ � Aðsk�1; yk�1Þka e=4 for ðs; yÞ A WVShðMþ1Þðsk�1; yk�1Þ:

By the continuity of A, we have ĥhk > 0. Thus there exists a number hk A ð0; e�
such that ĥhk=2 < hk < tþ s� sk�1 and

kAðs; yÞ � Aðsk�1; yk�1Þka e=4 for ðs; yÞ A WVSrk ðsk�1; yk�1Þ; ð2:7Þ

where rk ¼ hkðM þ 1Þ. Set sk ¼ sk�1 þ hk. Then sk�1 < sk < tþ s and con-

ditions (ii) and (iv) with i ¼ k are satisfied. By Lemma 3, kAðsi; yiÞkaM

for 0a ia k � 1. The inequality (2.7) implies that kAðs; yÞkaM þ e=4 for

ðs; yÞ A WVSrk ðsk�1; yk�1Þ. Hence, Lemma 1, with ðt; xÞ, r, M and h replaced

by ðsk�1; yk�1Þ, rk, M þ e=4 and e=4 respectively, implies that

dðyk�1 þ hkAðsk�1; yk�1Þ;WðskÞÞa ehk=4:

Thus there exists an element yk A WðskÞ satisfying (iii) with i ¼ k.

We shall show that limi!y si ¼ tþ s. Assume to the contrary that ŝs ¼
limi!y si < tþ s. By Lemma 3 (i) we obtain kyi � yjka ðM þ e=2Þðsi � sjÞ
for 0a ja i. Hence, limi!y yi exists in X , and we denote its limit by ŷy.

Since ðŝs; ŷyÞ ¼ limi!yðsi; yiÞ in R� X and ðsi; yiÞ A W for ib 1, we have

ðŝs; ŷyÞ A W by ðW2Þ. The continuity of A enables us to choose h A ð0; e�
such that

ha tþ s� ŝs and kAðs; yÞ � Aðŝs; ŷyÞka e=8 for ðs; yÞ A WVSr̂rðŝs; ŷyÞ;

where r̂r ¼ 2ðM þ 1Þh. Choose an integer i0 b 1 so that ŝs� si�1 a h

and k ŷy� yi�1ka ðM þ 1Þh for ib i0. Then, for ib i0 and ðs; yÞ A
SðMþ1Þhðsi�1; yi�1Þ, we have

js� ŝsja js� si�1j þ jsi�1 � ŝsj < ðM þ 1Þhþ ha 2ðM þ 1Þh;

ky� ŷyka ky� yi�1k þ kyi�1 � ŷyk < 2ðM þ 1Þh:

Hence SðMþ1Þhðsi�1; yi�1ÞHSr̂rðŝs; ŷyÞ for ib i0. By the choice of h, we see that

if ib i0, then
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kAðs; yÞ � Aðsi�1; yi�1Þka kAðs; yÞ � Aðŝs; ŷyÞk þ kAðŝs; ŷyÞ � Aðsi�1; yi�1Þk

a e=8þ e=8 ¼ e=4

for ðs; yÞ A WVSðMþ1Þhðsi�1; yi�1Þ. Since h < tþ s� si�1 for ib 1, the defini-

tion of ĥhi implies that ha ĥhi < 2hi ¼ 2ðsi � si�1Þ for ib i0 and the right-hand

side tends to zero as i!y. This contradicts the fact that h is positive.

r

In what follows, we write oð½âa; b̂b�Þ ¼ sups A ½âa; b̂b� oðsÞ for ½âa; b̂b�H ½a; bÞ. To

prove the convergence of the approximate solutions, we need the following

Propositions, which are the refinements of the results in [11], [10], [6] and [8].

Proposition 3. Let t A ½a; bÞ, ðx; x̂xÞ A WðtÞ �WðtÞ and h; ĥh A ð0; 1Þ. Let

r > 0 and M > 0 be numbers such that tþ r < b,

kAðs; zÞkaM and kAðs; zÞ � Aðt; xÞka h=4 for ðs; zÞ A WVSrðt; xÞ;

kAðs; ẑzÞkaM and kAðs; ẑzÞ � Aðt; x̂xÞka ĥh=4 for ðs; ẑzÞ A WVSrðt; x̂xÞ:

Let s A ð0; r=ðM þ 1Þ�. Then there exists a pair ðy; ŷyÞ A Wðtþ sÞ �Wðtþ sÞ
such that

kxþ sAðt; xÞ � yka hs; ð2:8Þ

kx̂xþ sAðt; x̂xÞ � ŷyka ĥhs; ð2:9Þ

Vðtþ s; y; ŷyÞa expðsoð½t; tþ s�ÞÞðVðt; x; x̂xÞ þ Lðhþ ĥhÞsÞ: ð2:10Þ

Proof. We shall show that there exist two sequences fðsj; zjÞgyj¼0 and

fðsj; ẑzjÞgyj¼0 in W such that

t ¼ s0 < s1 < � � � < sj < � � � < tþ s and lim
j!y

sj ¼ tþ s; ð2:11Þ

kzj�1 þ ðsj � sj�1ÞAðsj�1; zj�1Þ � zjka 3hðsj � sj�1Þ=4

for jb 1; where z0 ¼ x; ð2:12Þ

kẑzj�1 þ ðsj � sj�1ÞAðsj�1; ẑzj�1Þ � ẑzjka 3ĥhðsj � sj�1Þ=4

for jb 1; where ẑz0 ¼ x̂x; ð2:13Þ

ðVðsj; zj; ẑjzjÞ � Vðsj�1; zj�1; ẑzj�1ÞÞ=ðsj � sj�1Þ

aoðsj�1ÞVðsj�1; zj�1; ẑzj�1Þ þ Lðhþ ĥhÞ for jb 1: ð2:14Þ

Set ðs0; z0; ẑz0Þ ¼ ðt; x; x̂xÞ and assume that sequences fðsj; zjÞg i�1j¼0 and fðsj; ẑzjÞg i�1j¼0
in W with ib 1 satisfy the first half of (2.11) and (2.12)–(2.14) for 1a ja

i � 1. Then we need to show that there exist si A R, zi A WðsiÞ and ẑzi A WðsiÞ
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such that si�1 < si < tþ s and (2.12)–(2.14) with j ¼ i are satisfied. Let ĥhi
denote the supremum of all hb 0 such that h < tþ s� si�1 and

Vðsi�1 þ h; zi�1 þ hAðsi�1; zi�1Þ; ẑzi�1 þ hAðsi�1; ẑzi�1ÞÞ � Vðsi�1; zi�1; ẑzi�1Þ

a hðoðsi�1ÞVðsi�1; zi�1; ẑzi�1Þ þ ðhþ ĥhÞL=4Þ:

Since ĥhi > 0 by ðW4Þ, there exists a number hi > 0 such that ĥhi=2 < hi <

tþ s� si�1 and

Vðsi�1 þ h; zi�1 þ hAðsi�1; zi�1Þ; ẑzi�1 þ hAðsi�1; ẑzi�1ÞÞ � Vðsi�1; zi�1; ẑzi�1Þ

a hðoðsi�1ÞVðsi�1; zi�1; ẑzi�1Þ þ ðhþ ĥhÞL=4Þ: ð2:15Þ

Set si ¼ si�1 þ hi. It is obvious that si�1 < si < tþ s. To prove that

SðMþ1Þhiðsi�1; zi�1ÞHSrðt; xÞ, we note by Lemma 3 (i) with e ¼ 3h=4 that

kzi�1 � xka ðM þ 3h=4Þðsi�1 � tÞ < ðM þ 1Þðsi�1 � tÞ:

If ðs; zÞ A SðMþ1Þhiðsi�1; zi�1Þ, then

js� tja js� si�1j þ jsi�1 � tj < ðM þ 1Þðhi þ si�1 � tÞ

¼ ðM þ 1Þðsi � tÞa ðM þ 1Þsa r

and

kz� xka kz� zi�1k þ kzi�1 � xk < ðM þ 1Þðhi þ si�1 � tÞa r:

This means that SðMþ1Þhiðsi�1; zi�1ÞHSrðt; xÞ. By assumption, we have

kAðs; zÞkaM and kAðs; zÞ � Aðt; xÞka h=4 ð2:16Þ

for ðs; zÞ A WVSðMþ1Þhiðsi�1; zi�1Þ. From the second inequality of (2.16), we see

that if ðs; zÞ A WVSðMþ1Þhiðsi�1; zi�1Þ, then

kAðs; zÞ � Aðsi�1; zi�1Þka kAðs; zÞ � Aðt; xÞk þ kAðsi�1; zi�1Þ � Aðt; xÞk

a h=4þ h=4 ¼ h=2:

Hence, by Lemma 1 with r ¼ ðM þ 1Þhi, ðt; xÞ ¼ ðsi�1; zi�1Þ and h ¼ hi, we find

that

dðzi�1 þ hiAðsi�1; zi�1Þ;WðsiÞÞa hih=2 ¼ hðsi � si�1Þ=2:

This implies that there exists zi A WðsiÞ such that (2.12) holds true for j ¼ i.

Similarly, we can show that there exists ẑzi A WðsiÞ satisfying (2.13) with j ¼ i.

By ðV1Þ we obtain (2.14) with j ¼ i by the inequality (2.15) combined with

(2.12) and (2.13) with j ¼ i. Indeed, we have
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ðVðsi; zi; ẑiziÞ � Vðsi�1; zi�1; ẑzi�1ÞÞ=hi

¼ ðVðsi; zi; ẑiziÞ � Vðsi; zi�1 þ hiAðsi�1; zi�1Þ; ẑzi�1 þ hiAðsi�1; ẑzi�1ÞÞÞ=hi

þ ðVðsi; zi�1 þ hiAðsi�1; zi�1Þ; ẑzi�1 þ hiAðsi�1; ẑzi�1ÞÞ

� Vðsi�1; zi�1; ẑzi�1ÞÞ=hi

aLðkzi � ðzi�1 þ hiAðsi�1; zi�1ÞÞk þ kẑzi � ðẑzi�1 þ hiAðsi�1; ẑzi�1ÞÞkÞ=hi

þ oðsi�1ÞVðsi�1; zi�1; ẑzi�1Þ þ ðhþ ĥhÞL=4

a 3ðhþ ĥhÞL=4þ oðsi�1ÞVðsi�1; zi�1; ẑzi�1Þ þ ðhþ ĥhÞL=4

aoðsi�1ÞVðsi�1; zi�1; ẑzi�1Þ þ Lðhþ ĥhÞ:

It remains to prove the second half of (2.11). Assume to the contrary that

sy ¼ limj!y sj < tþ s. Lemma 3 (i) asserts that fzjg and fẑzjg are Cauchy

sequences in X , since

lim sup
i; j!y

kzi � zjka lim sup
i; j!y

ðM þ 3h=4Þðsi � sjÞ ¼ 0;

lim sup
i; j!y

kẑzi � ẑzjka lim sup
i; j!y

ðM þ 3ĥh=4Þðsi � sjÞ ¼ 0:

This implies that zy ¼ limj!y zj and ẑzy ¼ limj!y ẑzj exist in X and are in

WðsyÞ by ðW2Þ. By ðW4Þ, we choose a number h > 0 so that h < tþ s� sy
and

fVðsy þ h; zy þ hAðsy; zyÞ; ẑzy þ hAðsy; ẑzyÞÞ � Vðsy; zy; ẑzyÞg=h

aoðsyÞVðsy; zy; ẑzyÞ þ ðhþ ĥhÞL=8: ð2:17Þ

Let rj ¼ sy þ h� sj�1 for jb 1. Then we have rj < tþ s� sj�1 for jb 1 and

rj ! h as j !y. Since ĥhj < 2hj ¼ 2ðsj � sj�1Þ ! 0 as j !y, there exists an

integer j0 b 1 such that ĥhj < rj for jb j0. By the definition of ĥhj , we have

fVðsj�1 þ rj; zj�1 þ rjAðsj�1; zj�1Þ; ẑzj�1 þ rjAðsj�1; ẑzj�1ÞÞ � Vðsj�1; zj�1; ẑzj�1Þg=rj

> oðsj�1ÞVðsj�1; zj�1; ẑzj�1Þ þ ðhþ ĥhÞL=4

for jb j0. Since sj�1 ! sy, zj�1 ! zy, ẑzj�1 ! ẑzy and rj ! h as j !y and

sj�1 þ rj ¼ sy þ h for jb 1, from ðV1Þ and ðV3Þ we obtain

fVðsy þ h; zy þ hAðsy; zyÞ; ẑzy þ hAðsy; ẑzyÞÞ � Vðsy; zy; ẑzyÞg=h

boðsyÞVðsy; zy; ẑzyÞ þ ðhþ ĥhÞL=4;

which contradicts to (2.17).
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We now turn to the proof of the existence of pair ðy; ŷyÞ A WðtÞ �WðtÞ
satisfying (2.8)–(2.10). We apply Lemma 3 (ii) to show that y ¼ limj!y zj and

ŷy ¼ limj!y ẑzj exist in X and are in Wðtþ sÞ and that they satisfy (2.8) and

(2.9), that is,

kxþ sAðt; xÞ � yka ð3h=4þ h=4Þsa hs;

kx̂xþ sAðt; x̂xÞ � ŷyka ð3ĥh=4þ ĥh=4Þsa ĥhs:

We note here that 1þ ta e t for tb 0. We deduce from (2.14) that

Vðsj; zj; ẑzjÞa expðhjoð½t; tþ s�ÞÞðVðsj�1; zj�1; ẑzj�1Þ þ hjLðhþ ĥhÞÞ

for jb 1. Hence, we inductively show that

Vðsj; zj; ẑzjÞa expððsj � tÞoð½t; tþ s�ÞÞðVðt; x; x̂xÞ þ Lðhþ ĥhÞðsj � tÞÞ

for jb 0. Thus we obtain (2.10) by letting j !y. r

Proposition 4. Let ðt; zÞ A W and l; m A ð0; 1=2Þ. Let R > 0 and M > 0

be numbers such that tþ R < b and kAðs; yÞkaM for ðs; yÞ A WVSRðt; zÞ.
Let s A ð0;R=ðM þ 1Þ�. For each e A fl; mg, let fðtei ; x e

i Þg
y
i¼0 be a sequence in W

satisfying the following conditions:

( i ) t ¼ te0 < te1 < � � � < tei < � � � < tþ s and limi!y tei ¼ tþ s;

( ii ) tei � tei�1 a e for ib 1;

(iii) kxe
i�1 þ ðtei � tei�1ÞAðtei�1; xe

i�1Þ � x e
i ka eðtei � tei�1Þ=2 for ib 1, where

xe
0 ¼ z;

(iv) if ðs; yÞ A WVSðMþ1Þðt e
i
�t e

i�1Þðt
e
i�1; x

e
i�1Þ, then

kAðs; yÞ � Aðtei�1; xe
i�1Þka e=4 for ib 1:

Let fskgyk¼0 be a sequence such that sk < skþ1 for kb 0 and

fsk; k ¼ 0; 1; 2; . . .g ¼ ftli ; i ¼ 0; 1; 2; . . .gU ftmj ; j ¼ 0; 1; 2; . . .g:

Then there exists a sequence fðzlk ; z
m
k Þg

y
k¼0 in X � X such that ðzlk ; z

m
k Þ A

WðskÞ �WðskÞ for each kb 0 and the following three properties are satisfied:

(a) if sk ¼ tli , then zlk ¼ xl
i ; if sk ¼ t

m
j , then z

m
k ¼ x

m
j ;

(b) for each e ¼ l; m, we have

Xk
j¼q
kzej�1 þ ðsj � sj�1ÞAðsj�1; zej�1Þ � zej k

a 2eðsk � sq�1Þ þ 3e
X

t e
i
A fsq;...; skg

ðtei � tei�1Þ

for 1a qa k and kb 1;
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(c) for kb 0,

Vðsk; zlk ; z
m
k Þa expððsk � tÞoð½t; sk�ÞÞf2Lðlþ mÞðsk � tÞ þ hkðl; mÞg;

where

hkðl; mÞ ¼ 3L l
X

t l
i
A fs1;...; skg

ðtli � tli�1Þ þ m
X

t
m
j
A fs1;...; skg

ðtmj � t
m
j�1Þ

0
@

1
A:

Proof. Set ze0 ¼ z for each e ¼ l; m. Assume that sequences fðsk; zlkÞg
l�1
k¼0

and fðsk; zmk Þg
l�1
k¼0 in W with lb 1 satisfy properties (a)–(c) for 0a ka l � 1.

Let i and j be positive integers such that tli�1 < sl a tli and t
m
j�1 < sl a t

m
j ,

respectively. By Lemma 3 (i) with e ¼ l=2 we obtain kxl
i�1 � zka

ðM þ l=2Þðtli�1 � tÞ. If ðs; yÞ A SðMþ1Þðt l
i
�t l

i�1Þ
ðtli�1; xl

i�1Þ, then we get

js� tja js� tli�1j þ jtli�1 � tj < ðM þ 1Þðtli � tli�1Þ þ ðtli�1 � tÞ

a ðM þ 1ÞsaR

and

ky� zka ky� xl
i�1k þ kxl

i�1 � zk

< ðM þ 1Þðtli � tli�1Þ þ ðM þ l=2Þðtli�1 � tÞ < ðM þ 1ÞsaR:

Hence SðMþ1Þðt l
i
�t l

i�1Þ
ðtli�1; xl

i�1ÞHSRðt; zÞ. This implies that

kAðs; yÞkaM for ðs; yÞ A WVSðMþ1Þðt l
i
�t l

i�1Þ
ðtli�1; xl

i�1Þ: ð2:18Þ

We shall show that for each e ¼ l; m,

kAðs; yÞkaM and kAðs; yÞ � Aðsl�1; zel�1Þka e=2 ð2:19Þ

for ðs; yÞ A WVSðMþ1Þðsl�sl�1Þðsl�1; zel�1Þ. By the definition of fskg we observe

that

tli�1 a sl�1 < sl a tli ; t
m
j�1 a sl�1 < sl a t

m
j ;

tli�1 ¼ sp for some 0a pa l � 1; and

t
m
j�1 ¼ sq for some 0a qa l � 1:

By the hypothesis (a) of induction, we have zlp ¼ xl
i�1 and zmq ¼ x

m
j�1. If

0a p < l � 1, then the set fspþ1; . . . ; sl�1g contains no points tli . By the

hypothesis (b) of induction, we have

kzlk�1 þ ðsk � sk�1ÞAðsk�1; zlk�1Þ � zlkka 2lðsk � sk�1Þ ð2:20Þ
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for k ¼ pþ 1; . . . ; l � 1. By (2.18) and (2.20), we use Lemma 3 (i) with

ðt; xÞ ¼ ðtli�1; xl
i�1Þ ¼ ðsp; zlp Þ, e ¼ 2l and r ¼ ðM þ 1Þðtli � tli�1Þ to obtain

kzll�1 � zlpka ðM þ 2lÞðsl�1 � spÞ. This is valid for p ¼ l � 1. If ðs; yÞ A
SðMþ1Þðsl�sl�1Þðsl�1; zll�1Þ, then we get

js� tli�1ja js� sl�1j þ jsl�1 � tli�1j

< ðM þ 1Þðsl � sl�1Þ þ ðsl�1 � tli�1Þa ðM þ 1Þðtli � tli�1Þ;

ky� xl
i�1ka ky� zll�1k þ kzll�1 � xl

i�1k

< ðM þ 1Þðsl � sl�1Þ þ ðM þ 2lÞðsl�1 � spÞa ðM þ 1Þðtli � tli�1Þ:

This means that

SðMþ1Þðsl�sl�1Þðsl�1; zll�1ÞHSðMþ1Þðt l
i
�t l

i�1Þ
ðtli�1; xl

i�1Þ: ð2:21Þ

Thus, the claim (2.19) with e ¼ l follows from (2.18) and condition (iv).

Indeed,

kAðs; yÞ � Aðsl�1; zll�1Þk

a kAðs; yÞ � Aðtli�1; xl
i�1Þk þ kAðtli�1; xl

i�1Þ � Aðsl�1; zll�1Þk

a l=4þ l=4 ¼ l=2

for ðs; yÞ A WVSðMþ1Þðsl�sl�1Þðsl�1; zll�1Þ. We apply the above argument again,

with p and i replaced by q and j, to show that (2.19) holds true for e ¼ m.

By virtue of (2.19), we deduce from Proposition 3 with t ¼ sl�1, ðx; x̂xÞ ¼
ðzll�1; z

m
l�1Þ, h ¼ 2l, ĥh ¼ 2m and r ¼ ðM þ 1Þðsl � sl�1Þ that there exists a pair

ðyl
l ; y

m
l Þ A Wðsl�1 þ ðsl � sl�1ÞÞ �Wðsl�1 þ ðsl � sl�1ÞÞ ¼ WðslÞ �WðslÞ satisfying

kzel�1 þ ðsl � sl�1ÞAðsl�1; zel�1Þ � ye
l ka 2eðsl � sl�1Þ for e ¼ l; m; ð2:22Þ

Vðsl ; yl
l ; y

m
l Þa expððsl � sl�1Þoð½sl�1; sl �ÞÞ

� ðVðsl�1; zll�1; z
m
l�1Þ þ 2Lðlþ mÞðsl � sl�1ÞÞ: ð2:23Þ

We define ðzll ; z
m
l Þ A WðslÞ �WðslÞ by

zll ¼
yl
l for sl < tli ;

xl
i for sl ¼ tli

�
and z

m
l ¼

y
m
l for sl < t

m
j ;

x
m
j for sl ¼ t

m
j :

(

If sl ¼ tli , then by condition (iii) we have

kxl
i�1 þ ðsl � tli�1ÞAðtli�1; xl

i�1Þ � zll ka ðsl � tli�1Þl=2;
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while in view of (2.18) and (iv) we find, by applying Lemma 3 (i), with e ¼ 2l,

h ¼ l=4, r ¼ ðM þ 1Þðtli � tli�1Þ and ðt; xÞ ¼ ðtli�1; xl
i�1Þ, to (2.20) and (2.22),

that

kxl
i�1 þ ðsl � tli�1ÞAðtli�1; xl

i�1Þ � yl
l ka ð2lþ l=4Þðsl � tli�1Þ:

These inequalities together yield

kzll � yl
l ka kxl

i�1 þ ðsl � tli�1ÞAðtli�1; xl
i�1Þ � yl

l k

þ kxl
i�1 þ ðsl � tli�1ÞAðtli�1; xl

i�1Þ � zll k

a ð9=4þ 1=2Þlðsl � tli�1Þa 3l
X
t l
i
¼sl

ðtli � tli�1Þ: ð2:24Þ

Similarly, we get

kzml � y
m
l ka 3m

X
t
m
j
¼sl

ðtmj � t
m
j�1Þ: ð2:25Þ

Combining (2.24) and (2.25) with (2.22), and adding the resulting inequality

to the inequality (b) with k ¼ l � 1, we conclude that the desired property (b)

holds true for k ¼ l.

Finally, we show that (c) is true for k ¼ l. Using (2.24), (2.25) and ðV1Þ
we have

jVðsl ; zll ; z
m
l Þ � Vðsl ; yl

l ; y
m
l ÞjaLðkzll � yl

l k þ kz
m
l � y

m
l kÞ

a 3L l
X
t l
i
¼sl

ðtli � tli�1Þ þ m
X
t
m
j
¼sl

ðtmj � t
m
j�1Þ

0
@

1
A:

Combining this and (2.23), we obtain

Vðsl ; zll ; z
m
l ÞaVðsl ; yl

l ; y
m
l Þ þ 3L l

X
t l
i
¼sl

ðtli � tli�1Þ þ m
X
t
m
j
¼sl

ðtmj � t
m
j�1Þ

0
@

1
A

a expððsl � sl�1Þoð½sl�1; sl �ÞÞðVðsl�1; zll�1; z
m
l�1Þ

þ 2Lðlþ mÞðsl � sl�1ÞÞ

þ 3L l
X
t l
i
¼sl

ðtli � tli�1Þ þ m
X
t
m
j
¼sl

ðtmj � t
m
j�1Þ

0
@

1
A
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a expððsl � tÞoð½t; sl �ÞÞð2Lðlþ mÞðsl � tÞ þ hl�1ðl; mÞÞ

þ 3L l
X
t l
i
¼sl

ðtli � tli�1Þ þ m
X
t
m
j
¼sl

ðtmj � t
m
j�1Þ

0
@

1
A

a expððsl � tÞoð½t; sl �ÞÞð2Lðlþ mÞðsl � tÞ þ hlðl; mÞÞ:

This means that (c) is true for k ¼ l, and the proof is completed. r

The following is a local existence theorem of solutions to ðIVP; t; zÞ.

Theorem 3. Let ðt; zÞ A W. Let R > 0 and M > 0 be numbers such that

tþ R < b and kAðs; yÞkaM for ðs; yÞ A WVSRðt; zÞ. Let s A ð0;R=ðM þ 1Þ�.
Then there exists a solution u to ðIVP; t; zÞ on ½t; tþ s� such that

kuðtÞ � uðsÞkaMjt� sj for t; s A ½t; tþ s�:

Proof. Let e A ð0; 1=2Þ. Then, by Proposition 2, there exists a sequence

fðtei ; xe
i Þg

y
i¼0 in W satisfying (i)–(iv) of Proposition 4. Let u e : ½t; tþ sÞ ! X be

the function defined by ueðtÞ ¼ x e
i for t A ½tei ; teiþ1Þ and ib 0. We want to prove

that the family fueg converges in X uniformly on ½t; tþ sÞ as e # 0.
Let l; m A ð0; 1=2Þ and let fskgyk¼0 be a sequence defined as in Proposition

4. Then there exists a sequence fðzlk ; z
m
k Þg in X � X satisfying ðzlk ; z

m
k Þ A

WðskÞ �WðskÞ for kb 0 and (a)–(c) of Proposition 4. We first prove that

sup
kb0

kzlk � z
m
kk ! 0 as l; m # 0: ð2:26Þ

Assume to the contrary that there exist e0 > 0, two null sequences flng and

fmng of positive numbers, and a sequence fkng of nonnegative integers such

that

kzlnkn � z
mn
kn
kb e0 for nb 1: ð2:27Þ

Since the sequence fskng is bounded as n!y, it has a convergent subsequence

fsknl g. Since ðzlnlknl
; z

mnl
knl
Þ A Wðsknl Þ �Wðsknl Þ for lb 1, and since

Vðsknl ; z
lnl
knl
; z

mnl
knl
Þa 5L expðsoð½t; tþ s�ÞÞðlnl þ mnl Þs for lb 1

by Proposition 4 (c), we deduce from condition ðV4Þ that liml!ykz
lnl
knl
� z

mnl
knl
k

¼ 0. This is a contradiction to (2.27).

Let t A ½t; tþ sÞ. Let kb 1 be an integer such that t A ½sk�1; skÞ. Let

i and j be positive integers such that tli�1 a sk�1 < sk a tli and t
m
j�1 a
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sk�1 < sk a t
m
j , respectively. Then we have, in a similar way to the deriva-

tion of (2.21), kzlk�1 � xl
i�1ka ðM þ 1Þðtli � tli�1Þ and kzmk�1 � x

m
j�1ka

ðM þ 1Þðtmj � t
m
j�1Þ. Since

kulðtÞ � umðtÞka kxl
i�1 � zlk�1k þ kzlk�1 � z

m
k�1k þ kz

m
k�1 � x

m
j�1k

a ðM þ 1Þðlþ mÞ þ kzlk�1 � z
m
k�1k;

we observe from (2.26) that the family fu eðtÞg is uniformly Cauchy on

½t; tþ sÞ. By Lemma 3 (i) we obtain

kueðtÞ � ueðsÞka ðM þ e=2Þðjt� sj þ 2eÞ for t; s A ½t; tþ sÞ

and e A ð0; 1=2Þ. These facts imply that there exists a continuous function u

defined on ½t; tþ s� such that supt A ½t;tþsÞku eðtÞ � uðtÞk ! 0 as e # 0. It is clear

that uðtÞ ¼ z and kuðtÞ � uðsÞkaMjt� sj for t; s A ½t; tþ s�. Let te : ½t; tþ sÞ
! R be the function defined by teðtÞ ¼ tei for t A ½tei ; teiþ1Þ and ib 0. Then

ta teðtÞa t < tþ s and lime#0 t
eðtÞ ¼ t for t A ½t; tþ sÞ. From Proposition 4

(iii) we deduce that

ueðtei Þ � u eð0Þ �
ð t e

i

t

AðteðsÞ; ueðsÞÞds
����

����a eðtei � tÞ=2a es=2 ð2:28Þ

for ib 0. Since ðteðtÞ; ueðtÞÞ A W and kAðteðtÞ; ueðtÞÞkaM for t A ½t; tþ sÞ
and since ðteðtÞ; u eðtÞÞ ! ðt; uðtÞÞ, we have ðt; uðtÞÞ A W and AðteðtÞ; ueðtÞÞ !
Aðt; uðtÞÞ for t A ½t; tþ sÞ as e # 0, by ðW2Þ and ðW1Þ respectively. From (2.28)

we obtain

uðtÞ � uð0Þ ¼
ð t
t

Aðs; uðsÞÞds

for t A ½t; tþ sÞ. Since t! Aðt; uðtÞÞ is continuous on ½t; tþ s�, u is a solution

to ðIVP; t; zÞ on ½t; tþ s�. Since the uniqueness follows from Proposition 1,

the proof is completed. r

3. Global existence of solutions

In this section we investigate the intervals where the solutions to ðIVP; t; zÞ
exist under assumptions ðW1Þ–ðW4Þ. We follow the arguments in [4], [6] and

[7].

Proposition 5. Let ðt; zÞ A W. Then there exists c0 A ðt; bÞ such that for

any c A ðt; c0Þ, the following properties are satisfied:

( i ) ðIVP; t; zÞ has a solution u on ½t; c�.
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(ii) For any e > 0, there exists a number r A ð0; c� tÞ which satisfies the

following:

(a) ðIVP; t; xÞ has a solution v on ½t; c� for any ðt; xÞ A WVSrðt; zÞ,
(b) if ðt; xÞ; ðt̂t; x̂xÞ A WVSrðt; zÞ, v and v̂v are solutions to ðIVP; t; xÞ on

½t; c� and ðIVP; t̂t; x̂xÞ on ½t̂t; c� respectively, then Vðs; vðsÞ; v̂vðsÞÞ < e

for s A ½t; c�V ½t̂t; c�.

Proof. Let R > 0 and M > 0 be numbers such that tþ R < b and

kAðt; xÞkaM for ðt; xÞ A WVSRðt; zÞ, and set c0 ¼ tþ R=ðM þ 1Þ. We shall

show that for any number c A ðt; c0Þ, the desired properties are satisfied. The

first property (i) follows from Theorem 3.

We shall show that such a number c has the second property (ii). Let

e > 0. We take d > 0 so that expð
Ð s
t
oðyÞdyÞd < e for any s A ½a; c�. Next, we

choose r > 0 so small that tþ r < ca tþ ðR� rÞ=ðM þ 1Þ � r and

2LðM þ 1Þra exp

ð s
t

oðyÞdy
� �

d ð3:1Þ

for s A ½t� r; tþ r�V ½a; bÞ. To prove (a), let ðt; xÞ A WVSrðt; zÞ. Set r̂r ¼
R� r. Since tþ r < c < tþ R=ðM þ 1Þ < tþ R, we have r̂r > 0. Moreover,

we have tþ r̂r ¼ ðt� tÞ þ tþ r̂ra rþ tþ r̂r ¼ tþ R < b. For ðs; yÞ A Sr̂rðt; xÞ,
we have

js� tja js� tj þ jt� tj < r̂rþ r ¼ R

and

ky� zka ky� xk þ kx� zk < r̂rþ r ¼ R:

Thus Sr̂rðt; xÞHSRðt; zÞ. Since kAðs; yÞkaM for ðs; yÞ A WVSr̂rðt; xÞ and

tþ r̂r < b, ðIVP; t; xÞ has a solution v on ½t; tþ r̂r=ðM þ 1Þ� by Theorem 3.

Since tþ r̂r=ðM þ 1Þ > t� rþ ðR� rÞ=ðM þ 1Þb c, we certainly infer that v is

defined on ½t; c�.
To prove (b), let v̂v be a solution to ðIVP; t̂t; x̂xÞ on ½t̂t; c� with ðt̂t; x̂xÞ A

WVSrðt; zÞ. Assume that t̂ta t without loss of generality. Then

kv̂vðtÞ � vðtÞk ¼ kv̂vðtÞ � xka kv̂vðtÞ � x̂xk þ kx̂x� zk þ kz� xk

a kv̂vðtÞ � v̂vðt̂tÞk þ 2raMðt� t̂tÞ þ 2r

¼Mððt� tÞ þ ðt� t̂tÞÞ þ 2ra 2ðM þ 1Þr:

By Remark 1 and (3.1), we have

Vðt; vðtÞ; v̂vðtÞÞa 2LðM þ 1Þra exp

ð t
t

oðyÞdy
� �

d:
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Thus, by Proposition 1, we obtain

Vðs; vðsÞ; v̂vðsÞÞa exp

ð s
t

oðyÞdy
� �

Vðt; vðtÞ; v̂vðtÞÞa exp

ð s
t

oðyÞdy
� �

d < e

for s A ½t; c�. r

Let ðt; zÞ A W and let u be a solution to ðIVP; t; zÞ which is noncontinuable

to the right. We denote its final time by Tðt; zÞ. It is clear that t < Tðt; zÞa
b and u is a solution to ðIVP; t; zÞ on ½t;Tðt; zÞÞ. Since ðIVP; t; zÞ has a

unique solution, Tðt; zÞ A ðt; b� is well-defined for every ðt; zÞ A W. We con-

sider T as a function from the metric space W into the extended real line

RU fyg endowed with the usual topology.

Proposition 6. Let ðt; zÞ A W and let d be a number such that t < d <

Tðt; zÞ. Then there exists a number r > 0 with tþ r < b such that Tðt; xÞ > d

for any ðt; xÞ A WVSrðt; zÞ.

Proof. Let ðt; zÞ A W and let d be a number such that t < d < Tðt; zÞ.
Let u be a solution to ðIVP; t; zÞ on ½t; d �. Since the set fðs; uðsÞÞ; s A ½t; d �g is

compact in W and A is continuous on W, there exists a number M > 0 such

that kAðs; uðsÞÞk < M for s A ½t; d �.
We first prove that there exists a number R > 0 such that kAðs; xÞkaM

for any s A ½t; d � and x A WðsÞ satisfying Vðs; x; uðsÞÞ < R. Assume to the

contrary that for any nb 1 there exist sn A ½t; d � and xn A WðsnÞ such that

Vðsn; xn; uðsnÞÞ < 1=n and kAðsn; xnÞk > M. Since the sequence fsng is

bounded, there exists a convergent subsequence fsnkg converging to some

number s A ½t; d �. Since Vðsnk ; xnk ; uðsnk ÞÞ ! 0 as k !y, we have

kxnk � uðsnk Þk ! 0 as k !y by ðV4Þ. Since uðsnk Þ ! uðsÞ as k !y, we

have ðsnk ; xnk Þ ! ðs; uðsÞÞ as k !y. Thus, by ðW1Þ, we have kAðs; uðsÞÞkb
M. This contradicts to the definition of M.

By Proposition 5, we can choose a number c such that t < c < d and

properties (i) and (ii) in Proposition 5 are satisfied for ðt; zÞ. Let e > 0 be

a number such that e expð
Ð s
c
oðyÞdyÞaR for s A ½c; d �, and then choose r > 0

so that tþ r < c and Proposition 5 (ii) is satisfied for the number e.

Let ðt; xÞ A WVSrðt; zÞ. We want to show that d < Tðt; xÞ. To this end,

assume to the contrary that Tðt; xÞa d and let v be a noncontinuable solu-

tion to ðIVP; t; xÞ. Note by Proposition 5 (ii) that ½t; c�H ½t;Tðt; xÞÞ and

Vðc; vðcÞ; uðcÞÞ < e. By Proposition 1, we have

Vðs; vðsÞ; uðsÞÞaVðc; vðcÞ; uðcÞÞ exp
ð s
c

oðyÞdy
� �

< e exp

ð s
c

oðyÞdy
� �

aR
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for s A ½c;Tðt; xÞÞ. From the fact proved first, we observe that kAðs; vðsÞÞka
M for s A ½c;Tðt; xÞÞ. Thus kvðtÞ � vðsÞkaMjt� sj for t; s A ½c;Tðt; xÞÞ.
Therefore, w ¼ lims"Tðt;xÞ vðsÞ exists in X and ðTðt; xÞ;wÞ A W by ðW2Þ. In

view of Theorem 3, this contradicts the fact that v is noncontinuable to the

right of Tðt; xÞ. Hence Tðt; xÞ > d. r

Proposition 7. Let ðt; zÞ A W and let fðtn; znÞgnb1 be a sequence in W

converging to ðt; zÞ as n!y. For nb 1, let un be a noncontinuable solution

to ðIVP; tn; znÞ, and let u be a noncontinuable solution to ðIVP; t; zÞ. Assume

that d A ðt; bÞ satisfies d < Tðtn; znÞ for nb 1. Then the following assertions

hold:

( i ) d < Tðt; zÞ.
(ii) For any s A ðt; dÞ, the sequence fung converges to u uniformly on ½s; d �

as n!y.

Proof. Let c A ðt; dÞ be a number with the properties (i) and (ii) in

Proposition 5, and let t < s < c. We may assume that tn < s < c < d <

Tðtn; znÞ for nb 1, because limn!y tn ¼ t < d. Let e > 0. Let r A ð0; c� tÞ
be a number with the property (ii) in Proposition 5 for the number e. Since

ðtn; znÞ ! ðt; zÞ as n!y, there exists an integer n0 b 1 such that ðtn; znÞ A
WVSrðt; zÞ for nb n0. By Proposition 5 (ii-b) we observe that if n;mb n0,

then Vðs; umðsÞ; unðsÞÞa e for s A ½s; c� and

Vðt; umðtÞ; unðtÞÞa exp

ð t
c

oðyÞdy
� �

Vðc; umðcÞ; unðcÞÞ

a e expððd � cÞoð½c; d �ÞÞ

for t A ½c; d �. By ðV4Þ, the sequence fung is uniformly Cauchy on ½s; d �.
Define ûuðtÞ ¼ limn!y unðtÞ for t A ½s; d �. Then we observe that ûu 0ðtÞ ¼
Aðt; ûuðtÞÞ for t A ½s; d �. By Proposition 5, we observe that if nb n0, then

Vðs; unðsÞ; uðsÞÞa e for s A ½s; c�. Thus, we have ûuðsÞ ¼ limn!y unðsÞ ¼ uðsÞ.
Hence ûu is a solution to ðIVP; s; uðsÞÞ on ½s; d �. Note that u is a solution to

ðIVP; t; zÞ on ½t; s�. Since the function v : ½t; d � ! X defined by vðtÞ ¼ uðtÞ for
t A ½t; s� and vðtÞ ¼ ûuðtÞ for t A ½s; d � is a solution to ðIVP; t; zÞ on ½t; d �, we

have Tðt; zÞ > d. Since vðtÞ ¼ uðtÞ for t A ½t; d � by uniqueness, we observe that

the sequence fung converges to u uniformly on ½s; d � as n!y. r

Proposition 8. T is a continuous function from W into RU fyg.

Proof. Let ðt; zÞ A W and let fðtn; xnÞgnb1 be a sequence in W con-

verging to ðt; zÞ. Let t < d < Tðt; zÞ. Since limn!yðtn; xnÞ ¼ ðt; zÞ, we de-

duce from Proposition 6 that d < Tðtn; xnÞ for su‰ciently large integers
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n. Thus da lim infn!y Tðtn; xnÞ. Since d is arbitrary, we obtain Tðt; zÞa
lim infn!y Tðtn; xnÞ. Note that

t < Tðt; zÞa lim inf
n!y

Tðtn; xnÞa lim sup
n!y

Tðtn; xnÞ;

and let d satisfy t < d < lim supn!y Tðtn; xnÞ. Then there exists a subsequence

fðtnk ; xnk Þgkb1 of fðtn; xnÞgnb1 such that d < Tðtnk ; xnk Þ for kb 1. Since

ðtnk ; xnk Þ ! ðt; zÞ as k !y, it follows from Proposition 7 that d < Tðt; zÞ.
Since d is arbitrary chosen, we conclude that lim supn!y Tðtn; xnÞaTðt; zÞ.
Hence, we obtain limn!y Tðtn; xnÞ ¼ Tðt; zÞ. r

A global existence theorem is given as follows.

Theorem 4. Let C be a connected component of W and set d ¼
supft A ½a; bÞ;CðtÞ0qg. Then for each ðt; zÞ A C, ðIVP; t; zÞ has a unique

solution on ½t; dÞ and the interval ½t; dÞ is the maximal interval of existence of

solution. In particular, if W is connected, then for ðt; zÞ A W, ðIVP; t; zÞ has a

unique solution on ½t; bÞ.

Proof. We shall show that T : W! RU fyg takes the constant value d

on C. To prove that TðCÞ is a singleton set, let c; ĉc A TðCÞ ¼ fTðt; xÞ;
ðt; xÞ A Cg. Without loss of generality, we assume that ca ĉc, and set

C1 ¼ fðt; xÞ A C;Tðt; xÞa cg and C2 ¼ fðt; xÞ A C;Tðt; xÞ > cg:

If C ¼ C1, then ĉca c, and so TðCÞ is a singleton set fcg. To prove that

C ¼ C1, we have only to prove that C2 ¼q because C1 and C2 are disjoint.

To this end, assume to the contrary that C2 is nonempty. Since T is

continuous on C by Proposition 8, C2 is an open subset of C. Let

fðtn; xnÞgnb1 be a sequence in C2 converging to ðt; xÞ A C. By the definition

of C2, we have c < Tðtn; xnÞ for nb 1. Proposition 7 asserts that c < Tðt; xÞ.
This implies that C2 is a closed subset of C. It follows that C ¼ C1 UC2, and

C1 and C2 are disjoint, nonempty and open in C. This is impossible because

C is connected, and so we conclude that C2 ¼q.

Since TðCÞ is a singleton set, we can write TðCÞ ¼ fcg for some c A
RU fyg. Since t < Tðt; xÞ ¼ c for ðt; xÞ A C, we obtain d ¼ supft;CðtÞ0qg
a c. On the other hand, let s < c. Note that c ¼ Tðt; xÞ for some ðt; xÞ A C.

If t < s then a noncontinuable solution u to ðIVP; t; xÞ satisfies ðs; uðsÞÞ A C,

and so CðsÞ0q. This implies that sa d. If sa t then sa ta d because

CðtÞ0q. Since s is arbitrarily chosen such that s < c, we have ca d. Con-

sequently, we get TðCÞ ¼ fdg. r

Theorem 1 is a consequence of Proposition 1 and Theorems 3 and 4.
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4. Proof of Theorem 2

Proof of the necessity part. Let ðt; zÞ A W and uðtÞ ¼ Uðt; tÞz for t A ½t; bÞ.
Let C be a connected component of W such that ðt; zÞ A C. Since fðt; uðtÞÞ;
t A ½t; bÞg is a connected set in W containing ðt; zÞ, we have ðt; uðtÞÞ A C for

t A ½t; bÞ by the maximality of C; hence CðtÞ0q for t A ½t; bÞ. This means

that ðW5Þ holds true. Since uðtþ hÞ A Wðtþ hÞ for h A ð0; b� tÞ, we have

h�1dðzþ hAðt; zÞ;Wðtþ hÞÞa h�1kzþ hAðt; zÞ � uðtþ hÞk

¼ kAðt; uðtÞÞ � h�1ðuðtþ hÞ � uðtÞÞk

! kAðt; uðtÞÞ � u 0ðtÞk ¼ 0

as h # 0. Thus, ðW3Þ also holds true. It remains to show that ðW4Þ holds

true. We set

V0ðt; x; yÞ ¼ sup
s A ½t;bÞ

exp �
ð s
t

oðyÞdy
� �

kUðs; tÞx�Uðs; tÞyk
� �

for t A ½a; bÞ and x; y A WðtÞ. From ðE1Þ and ðE3Þ we see that

kx� ykaV0ðt; x; yÞaLkx� yk for t A ½a; bÞ and x; y A WðtÞ: ð4:1Þ

For any x; y A X , t A ½a; bÞ and x 0; y 0 A WðtÞ, we have

V0ðt; x 0; y 0Þ � Lðkx� x 0k þ ky� y 0kÞ

aLkx 0 � y 0k � Lðkx� x 0k þ ky� y 0kÞaLkx� yk:

Thus, we can define V : ½a; bÞ � X � X ! ½0;yÞ by

Vðt; x; yÞ ¼ sup
ðx 0;y 0Þ AWðtÞ�WðtÞ

fmaxð0;V0ðt; x 0; y 0Þ � Lðkx� x 0k þ ky� y 0kÞÞg

for ðt; x; yÞ A ½a; bÞ � X � X . Since

V0ðt; x 0; y 0ÞaV0ðt; x 0; xÞ þ V0ðt; x; yÞ þ V0ðt; y; y 0Þ

aV0ðt; x; yÞ þ Lðkx� x 0k þ ky� y 0kÞ

for t A ½a; bÞ and ðx; yÞ; ðx 0; y 0Þ A WðtÞ �WðtÞ, we have Vðt; x; yÞaV0ðt; x; yÞ
for t A ½a; bÞ and ðx; yÞ A WðtÞ �WðtÞ. The converse inequality follows readily

from the definition of V . Thus Vðt; x; yÞ ¼ V0ðt; x; yÞ for t A ½a; bÞ and ðx; yÞ A
WðtÞ �WðtÞ. This combined with (4.1) implies that the functional V satisfies

ðV4Þ0 and ðV2Þ.
Let ðx; yÞ; ðx̂x; ŷyÞ A X � X and t A ½a; bÞ. For any ðx 0; y 0Þ A WðtÞ �WðtÞ, we

have
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V0ðt; x 0; y 0Þ � Lðkx� x 0k þ ky� y 0kÞ

� ðV0ðt; x 0; y 0Þ � Lðkx̂x� x 0k þ k ŷy� y 0kÞÞ

¼ Lðkx̂x� x 0k þ k ŷy� y 0kÞ � Lðkx� x 0k þ ky� y 0kÞ

aLðkx̂x� xk þ k ŷy� ykÞ;

which implies that

V0ðt; x 0; y 0Þ � Lðkx� x 0k þ ky� y 0kÞaVðt; x̂x; ŷyÞ þ Lðkx̂x� xk þ k ŷy� ykÞ

and

Vðt; x; yÞaVðt; x̂x; ŷyÞ þ Lðkx̂x� xk þ k ŷy� ykÞ:

Thus, we obtain ðV1Þ.
To prove ðV3Þ, let tn A ½a; bÞ with tn ! t A ½a; bÞ as n!y and let

ðxn; ynÞ A WðtnÞ �WðtnÞ with ðxn; ynÞ ! ðx; yÞ A WðtÞ �WðtÞ as n!y. Let

s A ðt; bÞ and N a number such that s > tn for nbN. Then we have

V0ðtn; xn; ynÞb exp �
ð s
tn

oðyÞdy
� �

kUðs; tnÞxn �Uðs; tnÞynk for nbN:

Taking the inferior limit as n!y, we have

lim inf
n!y

V0ðtn; xn; ynÞb exp �
ð s
t

oðyÞdy
� �

kUðs; tÞx�Uðs; tÞyk:

By (4.1), we have V0ðtn; xn; ynÞb kxn � ynk for nb 1. Taking the inferior

limit as n!y, we see that the above inequality is also valid for s ¼ t. Thus,

we have

lim inf
n!y

V0ðtn; xn; ynÞbV0ðt; x; yÞ:

Finally, we prove the dissipativity condition

DþVðt; x; yÞðAðt; xÞ;Aðt; yÞÞaoðtÞVðt; x; yÞ for x; y A WðtÞ and t A ½a; bÞ:

For this purpose, let t A ½a; bÞ and x; y A WðtÞ. Since

kUðs; tþ hÞUðtþ h; tÞx�Uðs; tþ hÞUðtþ h; tÞyk

¼ exp

ð s
t

oðyÞdy
� �

� exp �
ð s
t

oðyÞdy
� �

kUðs; tÞx�Uðs; tÞyk

a exp

ð s
t

oðyÞdy
� �

V0ðt; x; yÞ

¼ exp

ð tþh
t

oðyÞdy
� �

� exp
ð s
tþh

oðyÞdy
� �

V0ðt; x; yÞ
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for h A ð0; b� tÞ and s A ½tþ h; bÞ, we have

V0ðtþ h;Uðtþ h; tÞx;Uðtþ h; tÞyÞa exp

ð tþh
t

oðyÞdy
� �

V0ðt; x; yÞ ð4:2Þ

for h A ð0; b� tÞ. Since Vðt; x; yÞ ¼ V0ðt; x; yÞ for t A ½a; bÞ and x; y A WðtÞ and
since Vðt; � ; �Þ is Lipschitz continuous on X � X with Lipschitz constant L, by

(4.2) we have

ðVðtþ h; xþ hAðt; xÞ; yþ hAðt; yÞÞ � Vðt; x; yÞÞ=h

a ðVðtþ h;Uðtþ h; tÞx;Uðtþ h; tÞyÞ � Vðt; x; yÞÞ=h

þ Lðkxþ hAðt; xÞ �Uðtþ h; tÞxk þ kyþ hAðt; yÞ �Uðtþ h; tÞykÞ=h

a
1

h
exp

ð tþh
t

oðyÞdy
� �

� 1

� �
Vðt; x; yÞ

þ Lðkxþ hAðt; xÞ �Uðtþ h; tÞxk þ kyþ hAðt; yÞ �Uðtþ h; tÞykÞ=h

! oðtÞVðt; x; yÞ as h # 0:

This means that the desired dissipativity condition holds true. r

Proof of the su‰ciency part. By condition ðW5Þ, Theorem 4 asserts

that for any ðt; zÞ A W, there exists a unique global solution u ¼ uð�; t; zÞ to

ðIVP; t; zÞ on ½t; bÞ. Define fUðt; tÞgðt; tÞ AD by Uðt; tÞz ¼ uðt; t; zÞ for ðt; zÞ A W

and t A ½t; bÞ. Then we see that for each ðt; tÞ A D, Uðt; tÞ maps WðtÞ to WðtÞ.
We immediately obtain ðE1Þ from the uniqueness of solutions to initial value

problem ðIVP; t; zÞ. By Proposition 1, we find, noting ðV4Þ0, that

kUðt; tÞz�Uðt; tÞẑzkaVðt;Uðt; tÞz;Uðt; tÞẑzÞ

a exp

ð t
t

oðyÞdy
� �

Vðt; z; ẑzÞaL exp

ð t
t

oðyÞdy
� �

kz� ẑzk

for z; ẑz A WðtÞ and ðt; tÞ A D, namely, ðE3Þ holds true.

It remains to show that ðE2Þ holds true. Let ðtn; tnÞ; ðt; tÞ A D, zn A WðtnÞ
and z A WðtÞ and suppose that ðtn; tnÞ ! ðt; tÞ and zn ! z as n!y. We have

to show that uðtn; tn; znÞ ¼ Uðtn; tnÞzn ! uðt; t; zÞ ¼ Uðt; tÞz as n!y. First,

we assume that t > t. Let d A ðt; bÞ be a number such that t < d and take

s A ðt; tÞ. Since tn ! t as n!y, we may assume that tn A ½s; d � for nb 1.

Then, we deduce from Proposition 7 that limn!y uð�; tn; znÞ ¼ uð�; t; zÞ uni-

formly on ½s; d �, and hence uðtn; tn; znÞ ! uðt; t; zÞ as n!y. Next, we

assume that t ¼ t. Since uðt; t; zÞ ¼ Uðt; tÞz ¼ z, we need to show that
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uðtn; tn; znÞ ! z as n!y. To this end, let M > 0 and R > 0 be numbers such

that tþ R < b and kAðs; yÞkaM for ðs; yÞ A WVSRðt; zÞ. Since

ðtn; znÞ ! ðt; zÞ as n!y, there exists an integer Nb 1 such that tn þ R=2

< b and ðtn; znÞ A SR=2ðt; zÞ for nbN. Take r ¼ R=2. Thus, we observe

that if nbN, then Srðtn; znÞHSRðt; zÞ and kAðs; yÞkaM for ðs; yÞ A WV
Srðtn; znÞ. Let s A ð0; r=ðM þ 1ÞÞ. Thus, we deduce from Theorem 3 that if

nbN then

kuðs; tn; znÞ � uðŝs; tn; znÞkaMjs� ŝsj

for s; ŝs A ½tn; tn þ s�. Since tn ! t and tn ! t ¼ t as n!y, we find that tn A
½tn; tn þ s� for su‰cient large n, and so the above inequality implies that

kuðtn; tn; znÞ � znkaMjtn � tnj

for su‰cient large n. Since zn ! z as n!y, we conclude that uðtn; tn; znÞ !
z as n!y. r

5. Application to wave equations

In this section, we apply Theorem 1 to the initial value problem for non-

linear wave equation with dissipation:

qtu ¼ qxv; qtv ¼ qxsðt; uÞ � gv;

uð0; xÞ ¼ u0ðxÞ; vð0; xÞ ¼ v0ðxÞ for x A R and t A ½0;yÞ:

�
ð5:1Þ

Here g is a positive constant and sð� ; �Þ a real-valued smooth function on

½0;yÞ � R satisfying sðt; 0Þ ¼ 0 for t A ½0;yÞ. We make the following assump-

tions on the function s.

( i ) There exists a positive constant d0 such that srðt; rÞb d0 for ðt; rÞ A
½0;yÞ � R.

( ii ) There exists a constant L0 > 0 such that

ksrðt; �ÞkLy aL0; ksrrðt; �ÞkLy aL0

and ksrrrðt; �ÞkLy aL0 for t A ½0;yÞ:

(iii) There exists a continuous integrable function h : ½0;yÞ ! ½0;yÞ such
that

kstrðt; �ÞkLy a hðtÞ for t A ½0;yÞ:

Let X ¼ L2ðRÞ � L2ðRÞ with the standard norm kðu; vÞk ¼
ðkuk2L2 þ kvk2L2Þ1=2, and define H : ½0;yÞ �H 2ðRÞ �H 2ðRÞ ! R by
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Hðt; u; vÞ ¼ H ð0Þðt; u; vÞ þH ð1Þðt; u; vÞ þH ð2Þðt; u; vÞ

¼
ðy
�y

ð u
0

sðt; rÞdrþ 1

2
v2

� �
dx

þ 1

2

ðy
�y
ðsrðt; uÞðqxuÞ2 þ ðguþ qxvÞ2Þdx

þ 1

2

ðy
�y
ðsrðt; uÞðq2xuÞ

2 þ ðgqxuþ q2xvÞ
2Þdx

for ðu; vÞ A H 2ðRÞ �H 2ðRÞ and t A ½0;yÞ. The assumptions imply that there

exist constants C0 b c0 > 0 such that

c0kðu; vÞk2H 2�H 2 aHðt; u; vÞaC0kðu; vÞk2H 2�H 2 ð5:2Þ

for ðu; vÞ A H 2ðRÞ �H 2ðRÞ and t A ½0;yÞ. The following proposition will be

used in order to convert the problem (5.1) into the initial value problem for a

continuous mapping A : W ðH ½0;yÞ � XÞ ! X .

Proposition 9. Let t A ½0;yÞ and ðu0; v0Þ A H 2ðRÞ �H 2ðRÞ. Then there

exists l0 > 0 such that for any l A ð0; l0�, the problem

ðul � u0Þ=l ¼ qxvl; ð5:3Þ

ðvl � v0Þ=l ¼ srðt; u0Þqxul � gvl ð5:4Þ

has a solution ðul; vlÞ A H 3ðRÞ �H 3ðRÞ satisfying the following properties:

( i ) The family fðul; vlÞg converges to ðu0; v0Þ in H 2ðRÞ �H 2ðRÞ as l # 0.
(ii) There exists a nondecreasing continuous function g : ½0;yÞ ! ½0;yÞ

with gð0Þ ¼ 0, depending only g and sð� ; �Þ, such that

1

l
ðHðtþ l; ul; vlÞ �Hðt; u0; v0ÞÞ

a
1

2l

ð tþl
t

hðsÞds
� �

kulk2H 2 � gd0kqxulk2H 1

þ ð1þ l2Þgðkðu0; v0ÞkH 2�H 24kðul; vlÞkH 2�H 2Þ

� ðkqxu0kH 14kqxulkH 1Þ2 ð5:5Þ

for l A ð0; l0�.
Here and subsequently, we use notation a4b ¼ maxfa; bg for a; b A R.

Proof. Let t A ½0;yÞ and ðu0; v0Þ A H 2ðRÞ �H 2ðRÞ. Define DðLðtÞÞ ¼
H 1ðRÞ �H 1ðRÞ and

LðtÞðu; vÞ ¼ ðqxv; srðt; u0Þqxu� gvÞ
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for ðu; vÞ A DðLðtÞÞ. Let b0 be a positive number such that b0 b

L0kqxu0kLy=ð2
ffiffiffiffiffi
d0
p
Þ. Since

kqxðsrðt; u0ÞÞkLy

2
ffiffiffiffiffi
d0
p ¼ ksrrðt; u0Þqxu0kLy

2
ffiffiffiffiffi
d0
p a b0;

we deduce from [8, Proposition 5.7] that LðtÞ � b0I is m-dissipative in X ¼
L2ðRÞ � L2ðRÞ with inner product ððu; vÞ; ðûu; v̂vÞÞ ¼ ð

Ðy
�y srðt; u0Þuûuþ vv̂v dxÞ1=2

for ðu; vÞ; ðûu; v̂vÞ A X . Choose l0 > 0 so that l0b0 < 1. Then, for l A ð0; l0�,
ðul; vlÞ :¼ ðI � lLðtÞÞ�1ðu0; v0Þ satisfies (5.3) and (5.4). Note that DðLðtÞkÞ ¼
HkðRÞ �HkðRÞ for k ¼ 2; 3. It follows from the proof of [8, Proposition

5.7] that ðul; vlÞ A DðLðtÞ3Þ and LðtÞkðul; vlÞ ¼ ðI � lLðtÞÞ�1LðtÞkðu0; v0Þ for

k ¼ 0; 1; 2 and that the family fLðtÞkðul; vlÞg converges to LðtÞkðu0; v0Þ in X as

l # 0, for k ¼ 0; 1; 2. Hence the family fðul; vlÞg converges to ðu0; v0Þ in

H 2ðRÞ �H 2ðRÞ as l # 0.
We shall show (ii). Since sðt; 0Þ ¼ 0, we have sðt; ulÞ A H 1ðRÞ and

qxsðt; ulÞ ¼ srðt; ulÞqxul. By (5.4), we get

1

l
ðvl � v0Þ ¼ qxsðt; ulÞ � gvl þ ðsrðt; u0Þ � srðt; ulÞÞqxul:

We multiply this equality and (5.3) by vl and sðt; ulÞ, respectively. The sum

of these two equations gives us

1

l
sðt; ulÞðul � u0Þ þ

1

l
vlðvl � v0Þ

¼ qxðvlsðt; ulÞÞ � gv2l þ vlðsrðt; u0Þ � srðt; ulÞÞqxul:

Integrating this equality, we have

1

l

ðy
�y

sðt; ulÞðul � u0Þdxþ
1

l

ðy
�y

vlðvl � v0Þdx

¼ �g
ðy
�y

v2l dxþ
ðy
�y

vlðsrðt; u0Þ � srðt; ulÞÞqxul dx

a
1

4g

ðy
�y
ðsrðt; u0Þ � srðt; ulÞÞ2ðqxulÞ2dx

a
L2
0

4g

ðy
�y
ðu0 � ulÞ2ðqxulÞ2dx ¼

l2L2
0

4g

ðy
�y
ðqxvlÞ2ðqxulÞ2dx

a
l2L2

0

4g
kqxvlk2H 1

ðy
�y
ðqxulÞ2dx:
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Since the function r! sðt; rÞ is nondecreasing, we have

1

l

ðy
�y

ð ul
u0

sðt; rÞdr
� �

dxþ 1

2l

ðy
�y
ðv2l � v20Þdx

a
l2L2

0

4g
kqxvlk2H 1

ðy
�y
ðqxulÞ2dx;

or

1

l
ðH ð0Þðtþ l; ul; vlÞ �H ð0Þðt; u0; v0ÞÞ

a
1

l

ðy
�y

ð ul
0

ðsðtþ l; rÞ � sðt; rÞÞdr
� �

dx

þ l2L2
0

4g
kqxvlk2H 1

ðy
�y
ðqxulÞ2dx:

The first term on the right-hand side is estimated as follows:

1

l

ðy
�y

ð ul
0

ðsðtþ l; rÞ � sðt; rÞÞdr
� �

dx

¼ 1

l

ð tþl
t

ðy
�y

ð ul
0

stðs; rÞdr
� �

dx

� �
ds

¼ 1

l

ð tþl
t

ðy
�y

ð ul
0

ð1
0

strðs; yrÞdy
� �

r dr

� �
dx

� �
ds

a
1

2l

ð tþl
t

hðsÞds
� �

kulk2L2 :

Hence

1

l
ðH ð0Þðtþ l; ul; vlÞ �H ð0Þðt; u0; v0ÞÞ

a
1

2l

ð tþl
t

hðsÞds
� �

kulk2L2 þ
l2

4g
L2
0kqxvlk

2
H 1kqxulk2L2 : ð5:6Þ

Di¤erentiating (5.3) and (5.4), we have

1

l
ðqxul � qxu0Þ ¼ qxðqxvlÞ; ð5:7Þ

1

l
ððgul þ qxvlÞ � ðgu0 þ qxv0ÞÞ ¼ qxðsrðt; u0ÞqxulÞ: ð5:8Þ
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We multiply (5.7) and (5.8) by srðt; u0Þqxul and gul þ qxvl, respectively. The

sum of these two equations gives us

1

2l
srðt; u0ÞððqxulÞ2 � ðqxu0Þ2Þ þ

1

2l
ððgul þ qxvlÞ2 � ðgu0 þ qxv0Þ2Þ

a qxðsrðt; u0ÞqxulqxvlÞ þ gulqxðsrðt; u0ÞqxulÞ:

Integrating this equality, we have

1

2l

ðy
�y

srðt; u0ÞððqxulÞ2 � ðqxu0Þ2Þdx

þ 1

2l

ðy
�y
ððgul þ qxvlÞ2 � ðgu0 þ qxv0Þ2Þdx

a�g
ðy
�y
ðqxulÞðsrðt; u0ÞqxulÞdx:

Thus

1

l
ðH ð1Þðtþ l; ul; vlÞ �H ð1Þðt; u0; v0ÞÞ

a
1

2l

ðy
�y
ðsrðtþ l; ulÞ � srðt; u0ÞÞðqxulÞ2dx� g

ðy
�y

srðt; u0ÞðqxulÞ2dx:

Since

jsrðtþ l; ulÞ � srðt; u0Þja jsrðtþ l; ulÞ � srðt; ulÞj þ jsrðt; ulÞ � srðt; u0Þj

a

ð tþl
t

strðs; ulÞds
����

����þ L0jul � u0ja
ð tþl
t

hðsÞdsþ lL0jqxvlj; ð5:9Þ

we have

1

l
ðH ð1Þðtþ l; ul; vlÞ �H ð1Þðt; u0; v0ÞÞ

a
1

2l

ð tþl
t

hðsÞds
� �

kqxulk2L2 þ
1

2
L0kqxvlkH 1kqxulk2L2

� gd0kqxulk2L2 : ð5:10Þ

Di¤erentiating (5.7) and (5.8), we have

1

l
ðq2xul � q2xu0Þ ¼ qxðq2xvlÞ; ð5:11Þ
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1

l
ððgqxul þ q2xvlÞ � ðgqxu0 þ q2xv0ÞÞ

¼ qxðsrrðt; u0Þqxu0qxul þ srðt; u0Þq2xulÞ: ð5:12Þ

We multiply (5.11) and (5.12) by srðt; u0Þq2xul and gqxul þ q2xvl, respectively.

The sum of these two equations gives us

1

2l
srðt; u0Þððq2xulÞ

2 � ðq2xu0Þ
2Þ þ 1

2l
ððgqxul þ q2xvlÞ

2 � ðgqxu0 þ q2xv0Þ
2Þ

a qxðsrðt; u0Þq2xulq2xvlÞ þ gqxulqxðsrðt; u0Þq2xulÞ

þ ðq2xvl þ gqxulÞqxðsrrðt; u0Þqxu0qxulÞ:

Integrating this equality, we have

1

2l

ðy
�y

srðt; u0Þððq2xulÞ
2 � ðq2xu0Þ

2Þdx

þ 1

2l

ðy
�y
ððgqxul þ q2xvlÞ

2 � ðgqxu0 þ q2xv0Þ
2Þdx

a�g
ðy
�y

srðt; u0Þðq2xulÞ
2
dxþ

ðy
�y
ðgqxul þ q2xvlÞqxðsrrðt; u0Þqxu0qxulÞdx

¼ �g
ðy
�y

srðt; u0Þðq2xulÞ
2
dx� g

ðy
�y

q2xulðsrrðt; u0Þqxu0qxulÞdx

þ
ðy
�y
ðq2xvlÞqxðsrrðt; u0Þqxu0qxulÞdx:

Hence

1

l
ðH ð2Þðtþ l; ul; vlÞ �H ð2Þðt; u0; v0ÞÞ

a
1

2l

ðy
�y
ðsrðtþ l; ulÞ � srðt; u0ÞÞðq2xulÞ

2
dx� g

ðy
�y

srðt; u0Þðq2xulÞ
2
dx

� g

ðy
�y

q2xulðsrrðt; u0Þðqxu0ÞqxulÞdx

þ
ðy
�y
ðq2xvlÞqxðsrrðt; u0Þqxu0qxulÞdx: ð5:13Þ

The third term on the right-hand side is estimated by
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�g
ðy
�y

q2xulðsrrðt; u0Þðqxu0ÞqxulÞdx

a gL0kq2xulkL2kqxu0kLykqxulkL2 a gL0ku0kH 2kqxulk2H 1 :

Since

qxðsrrðt; u0Þqxu0qxulÞ

¼ srrrðt; u0Þðqxu0Þ2qxul þ srrðt; u0Þq2xu0qxul þ srrðt; u0Þqxu0q2xul;

we have

ðy
�y
ðq2xvlÞqxðsrrðt; u0Þqxu0qxulÞdx

aL0kq2xvlkL2ðkqxu0k2LykqxulkL2

þ kq2xu0kL2kqxulkLy þ kqxu0kLykq2xulkL2Þ

aL0kvlkH 2ðku0kH 2kqxu0kH 1kqxulkL2

þ kqxu0kH 1kqxulkH 1 þ kqxu0kH 1kq2xulkL2Þ

aL0kvlkH 2ðku0kH 2 þ 2Þkqxu0kH 1kqxulkH 1 :

We estimate the first term on the right-hand side of (5.13) by (5.9), and com-

bine the resulting inequality and the inequalities obtained above. This yields

1

l
ðH ð2Þðtþ l; ul; vlÞ �H ð2Þðt; u0; v0ÞÞ

a
1

2l

ð tþl
t

hðsÞds
� �

kq2xulk
2
L2 þ

L0

2
kqxvlkH 1kq2xulk

2
L2 � gd0kq2xulk

2
L2

þ L0ðgku0kH 2 þ kvlkH 2ðku0kH 2 þ 2ÞÞðkqxu0kH 14kqxulkH 1Þ2:

Combining this inequality with (5.6) and (5.10) we observe that the desired

inequality (5.5) is satisfied for the function

gðrÞ ¼ L0r
L0r

4g

� �
4ð3þ gþ rÞ

� �
for rb 0: r

Let c0 be the constant in (5.2), and define ĤH : ½0;yÞ �H 2ðRÞ �H 2ðRÞ !
R by

ĤHðt; u; vÞ ¼ exp � 1

c0

ð t
0

hðsÞds
� �

Hðt; u; vÞ
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for ðt; u; vÞ A ½0;yÞ �H 2ðRÞ �H 2ðRÞ. Then we have

ĤHðt; u; vÞaHðt; u; vÞa exp
1

c0

ðy
0

hðsÞds
� �

ĤHðt; u; vÞ ð5:14Þ

for ðt; u; vÞ A ½0;yÞ �H 2ðRÞ �H 2ðRÞ. Since g is continuous and gð0Þ ¼ 0, we

choose a number R0 > 0 so small that

if rb 0 and r2 a
R0

c0
exp

1

c0

ðy
0

hðsÞds
� �

then gðrÞ < gd0; ð5:15Þ

and define a subset W of ½0;yÞ � X by

W ¼ fðt; ðu; vÞÞ A ½0;yÞ � ðH 2ðRÞ �H 2ðRÞÞ; ĤHðt; u; vÞaR0g:

Let r0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R0=C0

p
, where C0 is the constant in (5.2). Then, by (5.2) we

have

S0 :¼ fðu; vÞ A H 2ðRÞ �H 2ðRÞ; kðu; vÞkH 2�H 2 a r0gHWðtÞ ð5:16Þ

for any t A ½0;yÞ, and there exists a connected component C of W such

that ½0;yÞ � S0 HCHW. Let R 00 be the positive number such that ðR 00Þ
2 ¼

R0

c0
exp

1

c0

Ðy
0 hðsÞds

� �
. Then, by (5.2) and (5.14) we have

WðtÞHS 00 :¼ fðu; vÞ A H 2ðRÞ �H 2ðRÞ; kðu; vÞkH 2�H 2 aR 00g ð5:17Þ

for any t A ½0;yÞ. Let V be the functional on ½0;yÞ � X � X defined by

Vðt; ðu; vÞ; ðûu; v̂vÞÞ ¼
ðy
�y
ðv̂v� vÞ2 þ

ð ûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
dr

� �2
dx

 !1=2

for ðu; vÞ; ðûu; v̂vÞ A X and t A ½0;yÞ. It is easily seen that conditions ðV1Þ–ðV4Þ
are satisfied. In particular, we see that for each t A ½0;yÞ, Vðt; � ; �Þ is a metric

on X and

minf1;
ffiffiffiffiffi
d0

p
gkðu; vÞ � ðûu; v̂vÞkaVðt; ðu; vÞ; ðûu; v̂vÞÞ

a ð14
ffiffiffiffiffiffi
L0

p
Þkðu; vÞ � ðûu; v̂vÞk

for ðu; vÞ; ðûu; v̂vÞ A X . Consider the operator A : W! X defined by

Aðt; ðu; vÞÞ ¼ ðqxv; qxsðt; uÞ � gvÞ

for ðt; ðu; vÞÞ A W. Then the nonlinear wave equation with dissipation (5.1) is

converted into the initial value problem for A. We can prove that the initial

value problem for A is globally well-posed, by Theorem 1 combined with the

following theorem which will be proved by a sequence of propositions.
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Theorem 5. The operator A satisfies ðW1Þ–ðW4Þ.

In view of (5.16) and (5.17), we are in a position to state the global

solvability of the nonlinear wave equation with dissipation (5.1).

Corollary 1. For any ðu0; v0Þ such that kðu0; v0ÞkH 2�H 2 a r0, there exists

a unique time global solution ðuð�Þ; vð�ÞÞ to (5.1) such that

ðuð�Þ; vð�ÞÞ A C1ð½0;yÞ;L2ðRÞ � L2ðRÞÞVLyð0;y;H 2ðRÞ �H 2ðRÞÞ:

Remark 2. Similar results are obtained in Yamada [23] and Matsumura

[14].

For the proof of Theorem 5 we follow the argument in [8]. We note here

that

kqxwk2L2 a kwkL2kq2xwkL2 for w A H 2ðRÞ: ð5:18Þ

Proposition 10. The operator A is continuous on W.

Proof. Let ðt; ðu; vÞÞ; ðt̂t; ðûu; v̂vÞÞ A W. Since sðt; 0Þ ¼ 0, we have

sðt; uðxÞÞ � sðt̂t; uðxÞÞ ¼ uðxÞ
ð1
0

ðsrðt; ŷyuðxÞÞ � srðt̂t; ŷyuðxÞÞÞdŷy

and

ksðt; uÞ � sðt̂t; uÞk2L2

¼
ðy
�y

ðt� t̂tÞuðxÞ
ð1
0

ð1
0

strðt̂tþ yðt� t̂tÞ; ŷyuðxÞÞdydŷy
� �2

dx

a

ðy
�y

jt� t̂tj � juðxÞj
ð1
0

hðt̂tþ yðt� t̂tÞÞdy
� �2

dx

¼
ð t
t̂t

hðsÞds
� �2

kuk2L2 :

Since kukL2 aR 00 by (5.17) and ksrðt̂t; �ÞkLy aL0, we get

ksðt; uÞ � sðt̂t; ûuÞkL2 a ksðt; uÞ � sðt̂t; uÞkL2 þ ksðt̂t; uÞ � sðt̂t; ûuÞkL2

a

ð t
t̂t

hðsÞds
����

���� kukL2 þ L0ku� ûukL2

aR 00

ð t
t̂t

hðsÞds
����

����þ L0ku� ûukL2 :
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By (5.17) we have kq2xðv� v̂vÞkL2 a kq2xvkL2 þ kq2xv̂vkL2 a 2R 00. Since

q2xsðt; uðxÞÞ ¼ qxðsrðt; uðxÞÞqxuðxÞÞ

¼ srrðt; uðxÞÞðqxuðxÞÞ2 þ srðt; uðxÞÞq2xuðxÞ;

we get, by using the inequality kwkLy a kwkH 1 for w A H 1ðRÞ,

kq2xðsðt; uÞ � sðt̂t; ûuÞÞkL2 a kq2xsðt; uÞkL2 þ kq2xsðt̂t; ûuÞkL2

aL0ðkðqxuÞ2kL2 þ kðqxûuÞ2kL2Þ þ L0ðkq2xukL2 þ kq2xûukL2Þ

aL0ðkqxukLykqxukL2 þ kqxûukLykqxûukL2Þ þ 2L0R
0
0

a 2L0ðR 00Þ
2 þ 2L0R

0
0:

Thus, using (5.18), we have

kAðt; ðu; vÞÞ � Aðt̂t; ðûu; v̂vÞÞk2

a kqxðv� v̂vÞk2L2 þ kqxðsðt; uÞ � sðt̂t; ûuÞÞ � gðv� v̂vÞk2L2

a kqxðv� v̂vÞk2L2 þ 2kqxðsðt; uÞ � sðt̂t; ûuÞÞk2L2 þ 2g2kv� v̂vk2L2

a kv� v̂vkL2kq2xðv� v̂vÞkL2 þ 2g2kv� v̂vk2L2

þ 2ksðt; uÞ � sðt̂t; ûuÞkL2kq2xðsðt; uÞ � sðt̂t; ûuÞÞkL2

a 2R 00kv� v̂vkL2 þ 2g2kv� v̂vk2L2

þ 4L0R
0
0ð1þ R 00Þ R 00

ð t
t̂t

hðsÞds
����

����þ L0ku� ûukL2

� �
;

which implies the continuity of A on W. r

Proposition 11. Condition ðW2Þ is satisfied for the set W.

Proof. Let tn A ½0;yÞ with tn " t A ½0;yÞ as n!y. Let ðu; vÞ A X and

let fðun; vnÞg be a sequence in X such that ðun; vnÞ A WðtnÞ for nb 1 and

ðun; vnÞ ! ðu; vÞ in X as n!y. We have to show that ðu; vÞ A WðtÞ. Since

the sequence fðun; vnÞg is bounded in H 2ðRÞ �H 2ðRÞ it follows that ðu; vÞ A
H 2ðRÞ �H 2ðRÞ and the sequence fðun; vnÞg converges weakly to ðu; vÞ in

H 2ðRÞ �H 2ðRÞ as n!y. By (5.18), we see that the sequence fðun; vnÞg
converges to ðu; vÞ in H 1ðRÞ �H 1ðRÞ as n!y. Moreover, fðun; vnÞg con-

verges to ðu; vÞ in LyðRÞ � LyðRÞ as n!y. Since ĤHðtn; un; vnÞaR0 for

nb 1, we have
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R0 exp
1

c0

ð tn
0

hðsÞds
� �

b

ðy
�y

ð un
0

sðtn; rÞdrþ
1

2
v2n

� �
dx

þ 1

2

ðy
�y
ðsrðtn; unÞðqxunÞ2 þ ðgun þ qxvnÞ2Þdx

þ 1

2

ðy
�y
ðsrðtn; unÞðq2xunÞ

2 þ ðgqxun þ q2xvnÞ
2Þdx

¼
ðy
�y

ð un
0

sðt; rÞdrþ 1

2
v2n

� �
dx

þ 1

2

ðy
�y
fsrðt; uÞððqxunÞ2 þ ðq2xunÞ

2Þ þ ðgun þ qxvnÞ2 þ ðgqxun þ q2xvnÞ
2gdx

þ
ðy
�y

ð un
0

ðsðtn; rÞ � sðt; rÞÞdr
� �

dx

þ 1

2

ðy
�y
fðsrðtn; unÞ � srðt; uÞÞððqxunÞ2 þ ðq2xunÞ

2Þg for nb 1: ð5:19Þ

Since

ðy
�y

ð un
0

ðsðtn; rÞ � sðt; rÞÞdr
� �

dx

����
����

¼
ðy
�y
ðtn � tÞ

ð un
0

ð1
0

ð1
0

strðtþ yðtn � tÞ; ŷyrÞdydŷy
� �

r dr

� �
dx

����
����

a

ðy
�y
ðtn � tÞ

ð un
0

ð 1
0

hðtþ yðtn � tÞÞdy
� �

r dr

� �
dx

����
����

¼ kunk
2
L2

2

ð tn
t

hðsÞds
����

����
and

jsrðtn; unÞ � srðt; uÞja jsrðtn; unÞ � srðtn; uÞj þ jsrðtn; uÞ � srðt; uÞj

aL0kun � ukLy þ
ð tn
t

hðsÞds
����

����
for nb 1, we have R0 b ĤHðt; u; vÞ by taking the inferior limit in (5.19) as

n!y. r
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Proposition 12. There exists a real-valued continuous function o defined

on ½0;yÞ such that

DþVðt; ðu; vÞ; ðûu; v̂vÞÞðAðt; ðu; vÞÞ;Aðt; ðûu; v̂vÞÞaoðtÞVðt; ðu; vÞ; ðûu; v̂vÞÞ

for ðu; vÞ; ðûu; v̂vÞ A WðtÞ and t A ½0;yÞ.

Proof. Let ðu; vÞ; ðûu; v̂vÞ A WðtÞ for t A ½0;yÞ. Let ðx; hÞ; ðx̂x; ĥhÞ A X . Then

we get

2DþVðt; ðu; vÞ; ðûu; v̂vÞÞððx; hÞ; ðx̂x; ĥhÞÞVðt; ðu; vÞ; ðûu; v̂vÞÞ

¼ lim inf
h#0

1

h
ðVðtþ h; ðu; vÞ þ hðx; hÞ; ðûu; v̂vÞ þ hðx̂x; ĥhÞÞ2 � Vðt; ðu; vÞ; ðûu; v̂vÞÞ2Þ

¼ lim inf
h#0

1

h

8<
:
ðy
�y
ððv̂vþ hĥh� ðvþ hhÞÞ2 � ðv̂v� vÞ2Þdx

þ
ðy
�y

ðûuþhx̂x
uþhx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðtþ h; rÞ

p
dr

 !2
�

ðûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
dr

� �20
@

1
Adx

9=
;

¼
ðy
�y

 
2ðv̂v� vÞðĥh� hÞ þ 2

ðûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
dr

(
ðx̂x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; ûuÞ

p
� x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; uÞ

p
Þ

þ
ðûu
u

strðt; rÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p dr

)!
dx: ð5:20Þ

Substituting ðx; hÞ ¼ Aðt; ðu; vÞÞ and ðx̂x; ĥhÞ ¼ Aðt; ðûu; v̂vÞÞ into (5.20) yields

DþVðt; ðu; vÞ; ðûu; v̂vÞÞðAðt; ðu; vÞÞ;Aðt; ðûu; v̂vÞÞVðt; ðu; vÞ; ðûu; v̂vÞÞ

¼
ðy
�y

 
ðv̂v� vÞðqxðsðt; ûuÞ � sðt; uÞÞ � gðv̂v� vÞÞ

þ
ðûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
dr

 
ðqxv̂v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; ûuÞ

p
� qxv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; uÞ

p
Þ

þ
ðûu
u

strðt; rÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p dr

!!
dx

¼ �g
ðy
�y
ðv̂v� vÞ2dx�

ðy
�y

qxðv̂v� vÞðsðt; ûuÞ � sðt; uÞÞdx
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þ
ðy
�y

ð ûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
drððqxv̂v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; ûuÞ

p
� qxv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; uÞ

p
ÞÞ

� �
dx

þ
ðy
�y

ðûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
dr

ðûu
u

strðt; rÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p dr

 !
dx

¼ �g
ðy
�y
ðv̂v� vÞ2dxþ

ðy
�y

ðûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
dr

ðûu
u

strðt; rÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p dr

 !
dx

þ
ðy
�y

qxv̂v

ðûu
u

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; ûuÞ

p
� srðt; rÞÞdrdx

þ
ðy
�y

qxv

ð u
ûu

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; uÞ

p
� srðt; rÞÞdrdx:

The second term on the right-hand side is estimated as follows:

ðy
�y

ð ûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
dr

ðûu
u

strðt; rÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p dr

 !
dx

�����
�����a

ffiffiffiffiffiffi
L0

p
hðtÞ

2
ffiffiffiffiffi
d0
p

ðy
�y
ðûu� uÞ2dx:

The third and fourth terms are estimated as follows:

ðy
�y

qxv̂v

ðûu
u

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; ûuÞ

p
� srðt; rÞÞdrdx

����
����

a kqxv̂vkLy

ðy
�y

ð ûu
u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p
ðsrðt; ûuÞ � srðt; rÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi

srðt; ûuÞ
p

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p dr

�����
�����dx

aL0kv̂vkH 2

ðy
�y

ðûu
u

jûu� rjdr
����

����dx ¼ L0kv̂vkH 2kûu� uk2=2

and

ðy
�y

qxv

ð u
ûu

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; rÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
srðt; uÞ

p
� srðt; rÞÞdrdx

����
����aL0kvkH 2kûu� uk2=2:

Setting oðtÞ ¼ C 00ð1þ hðtÞÞ for a suitable positive number C 00, we conclude that

DþVðt; ðu; vÞ; ðûu; v̂vÞÞðAðt; ðu; vÞÞ;Aðt; ðûu; v̂vÞÞÞaoðtÞVðt; ðu; vÞ; ðûu; v̂vÞÞ

for ðu; vÞ; ðûu; v̂vÞ A WðtÞ and t A ½0;yÞ. r

Proposition 13. For any t A ½0;yÞ and ðu0; v0Þ A WðtÞ,

lim inf
l#0

1

l
dððu0; v0Þ þ lAðt; ðu0; v0ÞÞ;Wðtþ lÞÞ ¼ 0: ð5:21Þ
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Proof. Let t A ½0;yÞ and ðu0; v0Þ A WðtÞ. By (5.15) and (5.17), we note

that

�gd0 þ gðkðu0; v0ÞkH 2�H 2Þ < 0: ð5:22Þ

By Proposition 9, there exists l0 > 0 such that for any l A ð0; l0�, the problem

ðul � u0Þ=l ¼ qxvl;

ðvl � v0Þ=l ¼ srðt; u0Þqxul � gvl

�

has a solution ðul; vlÞ A H 3ðRÞ �H 3ðRÞ satisfying the properties (i) and (ii)

in Proposition 9. If it is proved that ðul; vlÞ A Wðtþ lÞ for su‰ciently small

l > 0, then the subtangential condition (5.21) is shown to be satisfied by using

the property (i) in Proposition 9.

We shall prove that ðul; vlÞ A Wðtþ lÞ for su‰ciently small l > 0. By

(5.2) and (5.5), we have

1

l
1� 1

2c0

ð tþl
t

hðsÞds
� �

Hðtþ l; ul; vlÞ �Hðt; u0; v0Þ
� �

a ð1þ l2Þgðkðu0; v0ÞkH 2�H 24kðul; vlÞkH 2�H 2Þðkqxu0kH 14kqxulkH 1Þ2

� gd0kqxulk2H 1 ð5:23Þ

for l A ð0; l0�. Choose l1 A ð0; l0� so that
1

c0

ð tþl
t

hðsÞdsa 1 for l A ð0; l1�

and t A ½0;yÞ. Noting that e�2r a 1� r for 0a ra 1=2, we have

exp � 1

c0

ð tþl
t

hðsÞds
� �

a 1� 1

2c0

ð tþl
t

hðsÞds

for l A ð0; l1�. Hence

1

l
ðĤHðtþ l; ul; vlÞ � ĤHðt; u0; v0ÞÞ

a exp � 1

c0

ð t
0

hðsÞds
� �

ð�gd0kqxulk2H 1 þ ð1þ l2Þgðkðu0; v0ÞkH 2�H 2

4kðul; vlÞkH 2�H 2Þðkqxu0kH 14kqxulkH 1Þ2Þ ð5:24Þ

for l A ð0; l1�. Since ðul; vlÞ ! ðu0; v0Þ in H 2ðRÞ �H 2ðRÞ as l # 0, we have

lim sup
l#0

1

l
ðĤHðtþ l; ul; vlÞ � ĤHðt; u0; v0ÞÞ

a exp � 1

c0

ð t
0

hðsÞds
� �

ð�gd0 þ gðkðu0; v0ÞkH 2�H 2ÞÞkqxu0k2H 1 : ð5:25Þ
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If kqxu0kH 1 0 0, then we have ð�gd0 þ gðkðu0; v0ÞkH 2�H 2ÞÞkqxu0kH 2 < 0 by

(5.22). Hence (5.25) implies that ĤHðtþ l; ul; vlÞ < ĤHðt; u0; v0ÞaR0 and

ðul; vlÞ A Wðtþ lÞ for su‰ciently small l > 0. If kqxu0kH 1 ¼ 0, then (5.24)

implies that

1

l
ðĤHðtþ l; ul; vlÞ � ĤHðt; u0; v0ÞÞ

a exp � 1

c0

ð t
0

hðsÞds
� �

� ð�gd0 þ ð1þ l2Þgðkðu0; v0ÞkH 2�H 24kðul; vlÞkH 2�H 2ÞÞkqxulk2H 1

for l A ð0; l1�. Since

lim
l#0
ð�gd0 þ ð1þ l2Þgðkðu0; v0ÞkH 2�H 24kðul; vlÞkH 2�H 2ÞÞ

¼ �gd0 þ gðkðu0; v0ÞkH 2�H 2Þ < 0;

the right-hand side of the above inequality is less than or equal to zero for

su‰cient small l > 0; hence ĤHðtþ l; ul; vlÞa ĤHðt; u0; v0ÞaR0 and ðul; vlÞ A
Wðtþ lÞ for su‰cient small l > 0. r
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Abstract. We classify all spherical monohedral (kite/dart/rhombus)-faced tilings, as

follows: The set of spherical monohedral rhombus-faced tilings consists of (1) the

central projection of the rhombic dodecahedron, (2) the central projection of the

rhombic triacontahedron, (3) a series of non-isohedral tilings, and (4) a series of tilings

which are topologically trapezohedra (here a trapezohedron is the dual of an antiprism.).

The set of spherical tilings by congruent kites consists of (1) the central projection

T of the tetragonal icosikaitetrahedron, (2) the central projection of the tetragonal

hexacontahedron, (3) a non-isohedral tiling obtained from T by gliding a hemisphere

of T with p=4 radian, and (4) a continuously deformable series of tilings which are

topologically trapezohedra. The set of spherical tilings by congruent darts is a contin-

uously deformable series of tilings which are topologically trapezohedra. In the above

explanation, unless otherwise stated, the tilings we have enumerated are isohedral and

admit no continuous deformation. We prove that if a spherical (kite/dart/rhombus)

admits an edge-to-edge spherical monohedral tiling, then it also does a spherical

isohedral tiling. We also prove that the set of anisohedral, spherical triangles (i.e.,

spherical triangles admitting spherical monohedral triangular tilings but not any

spherical isohedral triangular tilings) consists of a certain, infinite series of isosceles

triangles I , and an infinite series of right scalene triangles which are the bisections

of I .

1. Introduction

Ueno-Agaoka [16] classified all spherical tilings by congruent triangles.

Here, by a tiling, we mean an edge-to-edge tiling without two-valent vertices.

This paper presents two applications of their classification.

As the first application, we prove that the set of anisohedral, spherical

triangles consists of an infinite series of spherical isosceles triangles AIn
(50 nb 4) and an infinite series of spherical right scalene triangles ARSm

(mb 4), each of which is the bisection of AIm. See Figure 7 and Theorem

1. Here a tile T of a monohedral tiling is said to be anisohedral, provided that

2010 Mathematics Subject Classification. Primary 52C20; Secondary 05B45, 51M20.

Key words and phrases. anisohedral tile, continuous deformation, Archimedean dual, isohedral

tiling, glide, spherical monohedral deltoidal tiling, spherical monohedral rhombus-faced tiling.
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for every monohedral tiling T with the tile being congruent to T , T is not

isohedral. A tiling on a constant curvature space is said to be monohedral,

if the tiling consists of congruent tiles, while a tiling is said to be isohedral

(or tile-transitive), if the symmetry group of the tiling acts transitively on the set

of tiles. Monohedral tilings of the Euclidean space Rd have long been studied

(see [10] for the survey). In his famous eighteenth problem, Hilbert posed

three problems. The second problem of the three is

(y) ‘‘are there any anisohedral tile of the Euclidean space R3?’’ [12, 3].

As for the problem with the Euclidean space replaced by the two-dimensional

sphere, the answer is yes. That is, there are anisohedral, spherical triangles,

and they are the following: Recall that any spherical triangle is determined

uniquely modulo congruence by the three inner angles [2, p. 62].

Theorem 1. The set of anisohedral, spherical triangles consists of

(1) an infinite series of isosceles triangles AIn such that the list of three

inner angles is

p
1

2
� 1

2n

� �
; p

1

2
� 1

2n

� �
;
2p

n

� �
ð50 nb 4Þ; and

(2) an infinite series of right scalene triangles ARSm, which is the bisection

of AIm. The list of three inner angles of ARSm is

p

2
; p

1

2
� 1

2m

� �
;
p

m

� �
ðmb 4Þ:

The second application of Ueno-Agaoka’s complete classification [16] of

spherical monohedral triangular tilings is a complete classification (Theorem 2)

of all spherical tilings by congruent kites, all spherical tilings by congruent

darts, and all spherical tilings by congruent rhombi. Here, by a kite (dart,

resp.), we mean a convex (non-convex, resp.) quadrangle such that the cyclic

list of edge-lengths is aabb (a0 b). Figure 1 is the list of all spherical

monohedral (kite/dart/rhombus)-faced tilings. Each tiling in a square frame

is an instance of a continuously deformable tiling, while the other tilings admit

no continuous deformation. The tilings left to the double strokes are sporadic,

and the others are instances of series. All the tilings in Figure 1 are isohedral

except a spherical monohedral kite-faced tiling gK24 (see the image in the

topmost leftmost oval frame in Figure 1) and a spherical monohedral rhombus-

faced tiling gTR4nþ2 (nb 2; see the image in the bottom rightmost oval frame

in Figure 1). However, the tile of the spherical monohedral, non-isohedral

kite-faced tiling gK24 is congruent to the tile of a spherical isohedral kite-faced

tiling K24 (see the image next to the image of gK24 in Figure 1), and the tile of
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the other spherical monohedral, non-isohedral rhombus-faced tiling gTR4nþ2 is

congruent to the tile of a spherical isohedral rhombus-faced tiling TR
2n=ð2nþ1Þ
4nþ2

(see the image next to the image of gTR4nþ2 in Figure 1). The definitions and

the symbols for the tilings are given in the next section.

The consequences of the classification of spherical monohedral (kite/dart/

rhombus)-faced tilings are: (1) none of spherical kites, spherical darts, and

spherical rhombi is anisohedral. This is a slight refinement of the a‰rmative

solution (Theorem 1) of Hilbert’s question (y) on an anisohedral tile in his

eighteenth problem adapted for the two-dimensional sphere. (2) In order to

classify all spherical monohedral quadrangular tilings, it is enough to classify

those consisting of congruent quadrangles such that the cyclic list of edge-

lengths of the tile is aaab or aabc (a, b, c are mutually unequal), because of

Ueno-Agaoka [15]:

Proposition 1. In any spherical tilings consisting of congruent quadrangles,

the tile necessarily has at least two equilateral adjacent edges.

For an attempt to classify such spherical tilings, see [1].

The organization of this paper is as follows: In the next section, for each

spherical monohedral (kite/dart/rhombus)-faced tilings appearing in Table 1,

we give an explicit construction of it. Some constructions correspond to be

‘‘kis’’ing [4, Chapter 21] for spherical tilings. This helps to show the isohe-

drality of spherical monohedral triangular tilings in Section 4. In Section 3,

we state our main classification result (Theorem 2 including Table 1 and Figure

1). In Subsection 3.1 (Subsection 3.2, resp.), we prove that (1) Table 1 lists all

Fig. 1. The first line consists of spherical monohedral kite-faced tilings gK24, K24, K60 and

TR0:55
8 . The second line is a spherical monohedral dart-faced tiling TR0:45

8 . The third line consists

of spherical monohedral rhombus-faced tilings R12, R30, TR
6=7
14 , and gTR14. See Section 2 for the

constructions of the tilings, and see Theorem 2 for the cyclic list of inner angles, the Schönflies

symbol and the list of vertex types of each tiling.
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spherical monohedral (kite/dart)-faced (rhombus-faced, resp.) tilings, and (2)

for each spherical monohedral (kite/dart)-faced (rhombus-faced, resp.) tiling Q,

we provide values to each inner angle of the graph, represent the symmetry of

Q by a Schönflies symbol [5, p. 41], and decide whether the spherical (kite/dart)-

faced (rhombus-faced, resp.) tiling Q is isohedral or not. In Subsection 3.2,

we also determine the spherical coordinates of the vertices and the length of

the edges of the spherical non-isohedral monohedral rhombus-faced tiling. In

Section 4, we identify all the anisohedral, spherical triangles by using Prop-

osition 2, and prove that there are no anisohedral, spherical (kites/darts/

rhombi).

By the sphere, we mean the unit sphere fðx; y; zÞ A R3 j x2 þ y2 þ z2 ¼ 1g.
Unless otherwise stated, the unit for inner angles is p radian, while that for

edge-length is radian. Ueno-Agaoka’s classification (Table of [16]) of all

spherical monohedral triangular tilings is included and is referred to as Table

2. The subscript of the name of a tiling indicates the number of the tiles,

and the names of spherical monohedral triangular tilings are from Table 2. A

spherical monohedral triangular tiling H20 in Table 2 is the central projection

of the regular icosahedron to the sphere [16, p. 485]. Let O8 (D12, resp.) be the

central projection of the regular octahedron (the regular dodecahedron, resp.)

to the sphere.

2. Explicit constructions of the spherical monohedral

(kite/dart/rhombus)-faced tilings

We will explicitly construct
� three spherical monohedral kite-faced tilings K60, K24, gK24,
� a deformable spherical monohedral (kite/dart/rhombus)-faced tiling TRa

2n

(nb 3) (1=ð2nÞ < a < 1� 1=ð2nÞ, a0 1=2), and
� three spherical monohedral rhombus-faced tilings R12, R30, gTR4nþ2

(nb 2).

We will construct the two spherical monohedral kite-faced tilings K60 and

K24, from two spherical tilings F120 and F48 by congruent right scalene triangles,

and will construct the two spherical monohedral rhombus-faced tilings R12

and R30, from two spherical tilings F24 and F I
60 by congruent isosceles

triangles. Here F120, F48, F24 and F I
60 are listed in Ueno-Agaoka’s complete

classification ([16, Table], included as Table 2). According to [16, Figure 17

and p. 484], F24 is kisðO8Þ and F I
60 is kisðH20Þ where kis is the following

construction.

Definition 1. Let T be a spherical tiling. The ‘‘kis’’ing of T is a

spherical tiling by triangles obtained from T by joining the center of each
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tile to each vertex of that tile. The resulting tiling is denoted by kisðTÞ.
If T is a spherical tiling by n congruent rhombi, then kisðTÞ is a spherical

tiling by 4n congruent right scalene triangles. If T is a spherical tiling by n

regular p-gons, then kisðTÞ is a spherical tiling by pn congruent isosceles

triangles.

The ‘‘kis’’ing construction of spherical monohedral triangular tilings corre-

sponds to the ‘‘kis’’ing construction [4, Chapter 21] of Archimedean duals. In

[4, Chapter 21], each Archimedean dual obtained via the ‘‘kis’’ing of a Platonic

solid or another Archimedean dual is named ‘‘kis. . . .’’

According to Ueno-Agaoka [16, Figure 21], a spherical tiling F120 (F48,

resp.) by congruent right scalene triangles, listed in Table 2, is constructed from

D12 (O8, resp.), by ðHÞ joining each center c of each face F of D12 (O8, resp.)

to each vertex v of the face F, and ðCÞ joining c to the midpoint m of each

edge of F. Each edge ðHÞ is the hypotenuse of the right scalene triangle of

F120 (F48, resp.). F120 (F48, resp.) is a barycentric subdivision [8] (or also the

chamber system) of D12 (O8, resp.).

2.1. K60 and K24. A spherical monohedral kite-faced tiling K60 (K24, resp.) is

constructed from the spherical monohedral triangular tiling F120 (F48, resp.), by

deleting the hypotenuse (cf. ðHÞ) of each right scalene triangular tile. In other

words, K60 (K24, resp.) is constructed from D12 (O8, resp.) by joining each

center to the midpoints of the surrounding edges.

K24 is indeed a spherical monohedral kite-faced tiling, because of the

following argument: All hypotenuses of the tiles of F48 are of equal length

and bisect the inner angles 2=3 between two adjacent edges obtained by ðCÞ,
as well as an inner angle 1=2 of O8. Hence, deleting the hypotenuses of the

tiles of F48 results in a spherical monohedral tiling. The tile of K24 is a kite,

because the tile has a pair ð2=3; 1=2Þ as opposite inner angles on the two

vertices of the edge ðHÞ. However, the other pair of opposite inner angles is

ð1=2; 1=2Þ.
K60 is a spherical monohedral kite-faced tiling, by a similar argument.

We will prove that the symmetry of K24 is that of the regular octahedron,

in order to assure that a construction (Subsection 2.2) of a spherical mono-

hedral kite-faced tiling gK24 is well-defined. The symmetry of the regular

octahedron (the regular icosahedron, resp.) is represented by a Schönflies

symbol Oh (Ih, resp.) [5, p. 48 (p. 49, resp.)].

Lemma 1. The Schönflies symbol of K24 (K60, resp.) is Oh (Ih, resp.).

Proof. Every symmetry operation s of O8 (D12, resp.) preserves the

triangular (pentagonal, resp.) tiles, the centers of the triangular (pentagonal,
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resp.) tiles and the midpoints of the edges of O8 (D12, resp.). Hence the

Schönflies symbol of K24 (K60, resp.) is Oh (Ih, resp.), by [5, p. 50]. r

2.2. gK24. A spherical monohedral tiling gK24 is constructed as follows:

K24 has three mutually perpendicular, great circles. Each great circle consists

of eight edges of K24 and is the intersection of K24 and some mirror plane

of K24. Choose one of the three great circles, and then a hemisphere N of

K24 determined by the chosen great circle. Any choice of N results in a

congruent spherical figure. It is because any great circle of K24 is trans-

formed to any other great circle of K24 by some symmetry operation of K24,

by Lemma 1. Glide the hemisphere N by p=4 radian against the other

hemisphere. Let the resulting spherical figure be gK24. Because the bound-

ary of the hemisphere N is equally subdivided into eight edges of K24, the

p=4 radian rotation keeps the tiling being edge-to-edge. See Figure 2. gK24

is a spherical monohedral kite-faced tiling, since the tiles are not changed by

this gliding.

2.3. TRa
2n. A spherical monohedral tiling TRa

2n ðnb 3Þ is constructed as in

Figure 3 so that each pole is shared by n tiles. TRa
2n is topologically the so-

called n-gonal trapezohedron of 2n faces [11]. Here an n-gonal trapezohedron

is the dual of an n-gonal antiprism. Let the cyclic list of four inner angles of

the tile of TRa
2n be ða; b; a; dÞ such that b ¼ 2=n and d ¼ 2� 2a, as in Figure 3

(left, right). Note a0 1=2. Otherwise, d ¼ 1 and thus the tile of TRa
2n is a

triangle.

Fig. 2. The left is a graph of the spherical monohedral kite-faced tiling gK24 by 24 congruent kites

(thick and dotted). The set of the thick, dotted, and thin edges represents a graph of the spherical

monohedral triangular tiling TF48. Cf. [16, Figure 88]. In gK24, the inner angles between thick

edges (thick edge and dotted edge, dotted edges, resp.) are b ¼ 2B (a ¼ A, d ¼ 2C, resp.). The

right is the view of gK24 from a two-fold axis of rotation. See Subsection 2.2.
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Lemma 2. Let n be an integer greater than or equal to three. Then

TRa
2n exists and the tile is a rhombus, a ¼ 1� 1

n
: ð1Þ

TRa
2n exists and the tile is a dart, 1

2n
< a <

1

2
: ð2Þ

TRa
2n exists and the tile is a kite, 1

2
< a < 1� 1

2n
and a0 1� 1

n
: ð3Þ

Proof. First we prove that TRa
2n exists as a spherical monohedral

quadrangular tiling if and only if 1=ð2nÞ < a < 1� 1=ð2nÞ and a0 1=2.

Let T be obtained from TRa
2n by drawing the meridian diagonal segment

of each quadrangular tile Q of TRa
2n. Then TRa

2n exists as a spherical mono-

hedral quadrangular tiling, if and only if T exists as a spherical mono-

hedral triangular tiling. By Ueno-Agaoka’s classification ([16, Table], included

as Table 2) of all spherical monohedral triangular tilings and [16, Figure 4],

the tiling T exists as a spherical monohedral triangular tiling, if and only

if T is a spherical monohedral triangular tiling G4n of Table 2 such that

the list of inner angles of the triangular tile of G4n is ðA;B;CÞ ¼ ða; d=2; b=2Þ,
if and only if 1=ð2nÞ < a < 1� 1=ð2nÞ. Thus we have the desired conse-

quence.

The equivalence (1) follows because b ¼ d if and only if the tile is a

rhombus. The equivalence (3) follows because the tile is a kite if and only if

all the inner angles a, b and d are less than 1 and b0 d. The equivalence (2)

follows because d ¼ 2� 2a > 1 if and only if the tile is a dart. r

Fact 1. TR
2=3
6 is the central projection of the regular hexahedron to the

sphere.

Fig. 3. The left figure is an explicit construction of a spherical monohedral kite-faced tiling TRa
2n

(1=2 < a < 1� 1=ð2nÞ, a0 1� 1=n, nb 3), and the right figure is an explicit construction of a

spherical monohedral dart-faced tiling TRa
2n (1=ð2nÞ < a < 1=2, nb 3). The number of the tile is

2n. The inner angle b is 2=n.
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Proof. In TR
2=3
6 , the four inner angles of a tile Q are equal, and the

horizontal diagonal segment of a tile and the vertical diagonal segment of the

tile both bisect the inner angles of Q. Hence, the horizontal diagonal segment

of Q subdivides Q into two congruent isosceles triangles T and the vertical

diagonal segment of Q subdivides the tile into two isosceles triangles congruent

to T . Thus the vertical diagonal segment and the horizontal diagonal segment

are of the same length. Therefore Q is a regular square. r

2.4. R12 and R30. A spherical monohedral rhombus-faced tiling R12 (R30,

resp.) is constructed from the spherical monohedral triangular tiling F24 (F I
60,

resp.) mentioned in the beginning of this Section, by deleting the base edge

of each isosceles triangular tile. Roughly speaking, R12 (R30, resp.) is obtained

from O8 (H20, resp.) by replacing each edge with a rhombus.

2.5. gTR4nþ2 (nb 2). We construct a spherical monohedral rhombus-faced

tiling gTR4nþ2 (nb 2), as follows: Consider TR
2n=ð2nþ1Þ
4nþ2 (white edges, the top

left image of Figure 4), and choose a hemisphere W (‘‘western hemisphere’’)

such that on the boundary of the hemisphere W, from the north pole N,

we see a meridian edge, a meridian diagonal segment, another meridian edge

and another meridian diagonal segment of TR
2n=ð2nþ1Þ
4nþ2 (the second image

of Figure 4). Every such choice results in a congruent hemisphere, because

the polar axis of the tiling TR
2n=ð2nþ1Þ
4nþ2 is a ð2nþ 1Þ-fold axis of rotation.

Consider the copy of the hemisphere W, rotate it around the polar axis

by p radian (the third image of Figure 4). Let the resulting hemisphere

be W 0.

Let h be the horizontal axis which passes through the center of the

boundary of W 0 and is normal to the plane spanned by the boundary of W 0.

Rotate W 0 around the axis h in the length of a meridian edge of TR
2n=ð2nþ1Þ
4nþ2 .

Let E be the resulting hemisphere (‘‘eastern hemisphere’’). On the boundary of

E, we see meridian edges, and meridian diagonal segments, alternatingly. So

the boundary of E corresponds to that of W. Hence gluing W to E produces

a spherical monohedral rhombus-faced tiling. Let the resulting tiling be

gTR4nþ2 (the white edges of the fourth image of Figure 4).

gTR4nþ2 with n ¼ 1 is TR
2=3
6 (cf. Fact 1).

Remark 1. The K24, K60, R12 and R30 we have constructed are exactly

the quadrangle-faced Archimedean duals, topologically. In the terminology

of [4, Chapter 21], the corresponding quadrangle-faced Archimedean duals are

the tetragonal icosikaitetrahedron, the tetragonal hexacontahedron, the rhombic

dodecahedron and the rhombic triacontahedron. The last two Archimedean

duals are studied deeply in [6, Sect. 4.7].
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The spherical monohedral kite-faced tiling gK24 has the same skeleton as

the dual of the elongated square gyrobicupola (or pseudorhombicuboctahedron).

The pseudorhombicuboctahedron is the 37-th Johnson solids [13], [18] con-

sisting of the eight regular triangles and the 18 regular squares. The vertex

figures of this solid are the same, but the action of the symmetry group of the

solid on the vertices is not transitive [14, p. 114]1.

gTR4nþ2 (nb 2) appears in [16, Figure 15]. gTR10 is the rightmost figure

of the first line of [16, Figure 15].

1For every Archimedean solid, the faces are regular and the symmetry group acts transitively on

the vertices. Prof. M. Deza let the second author know that a nickname of the pseudorhombi-

cuboctahedron is the ‘‘14-th’’ Archimedean solid and he suggested that the nickname is due to

Grünbaum [9].

Fig. 4. The first column explains an explicit construction of a spherical monohedral rhombus-

faced tiling gTR4nþ2 (the white edges of the bottom image) from TR
2n=ð2nþ1Þ
4nþ2 (the white edges of the

top image), for n ¼ 2. The western hemisphere W and the hemisphere W 0 mentioned in Sub-

section 2.5 are the second and the third image of the first column. The second column is a graph

of gTR4nþ2 (nb 2) for n ¼ 4, where the inner angles designated by black circles are b ¼ 2=ð2nþ 1Þ,
and the other inner angles are a ¼ 2n=ð2nþ 1Þ. In the bottom image, we see two pairs of

antipodal vertices of type aþ ðnþ 1Þb. One is the pair of the north pole u0 and the south

pole u2nþ1, and the other is the pair of the vertex v0 (the front black vertex) and the vertex v2nþ1
(the back black vertex).
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3. Classification of spherical monohedral (kite/dart/rhombus)-faced tilings

We say a vertex of the tiling has type n1aþ n2b þ n3d, if around the vertex

there are n1 copies of the inner angle a, n2 copies of the inner angle b, and n3
copies of the inner angle d.

Theorem 2. (1) The first column of Table 1 is the list of spherical

monohedral kite-faced tilings, spherical monohedral dart-faced tilings,

and spherical monohedral rhombus-faced tilings.

(2) The non-isohedral tilings in Table 1 are gK24 and gTR4nþ2 ðnb 2Þ.
For each spherical tiling listed in the first column of Table 1, the

cyclic list of inner angles of the tile, the symmetry (Schönflies symbol)

and the vertex types of the tiling are described in the second, the third,

and the fourth columns, respectively.

(3) The tilings appearing in Table 1 are non-congruent to each other.

Name of spherical tiling

The cyclic list ða; b; a; dÞ
of inner angles of the

tile [p radian]

Symmetry

(Schönflies

symbol)

Vertex types

[the number]

K24 a ¼ d ¼ 1
2 , b ¼ 2

3 Oh 4a [12], 4d [6], 3b [8]

gK24 a ¼ d ¼ 1
2 , b ¼ 2

3 D4d
4a ½8�; 3b ½8�;
2aþ 2d ½8�; 4d ½2�

�

K60 a ¼ 1
2 , b ¼ 2

3 , d ¼ 2
5 Ih

4a ½30�; 3b ½20�;
5d ½12�

�

TRa
2n

�
1
2 < a < 1� 1

2n

a0 1� 1
n

�
ðnb 3Þ b ¼ 2

n
, 2aþ d ¼ 2 Dnd

2aþ d ½2n�;
nb ½2�

�

TRa
2n

1
2n < a < 1

2

� �
ðnb 3Þ b ¼ 2

n
, 2aþ d ¼ 2 Dnd

2aþ d ½2n�;
nb ½2�

�

R12 a ¼ 1
2 , b ¼ 2

3 Oh 4a [6], 3b [8]

R30 a ¼ 2
5 , b ¼ 2

3 Ih 3b ½20�, 5a ½12�

TR
1�1=n
2n ðnb 3Þ a ¼ n�1

n
;

b ¼ 2
n

� Oh

ðn ¼ 3Þ
Dnd

ðn > 3Þ

8>>><
>>>:

2aþ b ½2n�;
nb ½2�

�

gTR4nþ2 ðnb 2Þ
a ¼ 2n

2nþ1 ;

b ¼ 2
2nþ1

(
D2

aþ ðnþ 1Þb ½4�
2aþ b ½4n�

�

Table 1. A complete table of the spherical monohedral tilings consisting of (kites/darts/rhombi)

(from top to bottom). The three parts are separated by double horizontal lines. The subscript

of each tiling indicates the number of tiles. The spherical monohedral kite-faced tiling TRa
2n and

the spherical monohedral dart-faced tiling TRa
2n are continuously deformable, and the tilings gK24

and gTR4nþ2 are non-isohedral. For the Schönflies symbols D2 (Dnd , Oh, Ih, resp.), see pp. 41–42

(p. 43, p. 48, p. 49, resp.) in [5]. The tilings appearing in the table are non-congruent to each

other. See Theorem 2.
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The rest of this section is devoted to the proof of Theorem 2.

As for Theorem 2 (1), the first column of Table 1 are exactly spherical

monohedral (kite/dart/rhombus)-faced tilings which are constructed in Section

2. To show that Table 1 is the list of spherical monohedral (kite/dart/

rhombus)-faced tilings, we combine Lemma 3, with Ueno-Agaoka’s complete

classification ([16, Table], included as Table 2) of spherical monohedral

triangular tilings.

Definition 2. We say a spherical monohedral triangular tiling T yields a

spherical monohedral quadrangular tiling Q, if T has twice as many tiles as Q,

and the deletion of some edges of T results in Q.

Then we have the following:

Lemma 3. (1) For every spherical tiling Q by congruent kites or by

congruent darts, there is a spherical tiling T by F congruent non-

equilateral isosceles triangles or by F congruent scalene triangles, such

that T yields Q and F b 12.

(2) For every spherical monohedral rhombus-faced tiling R, there is some

spherical tiling T by F b 12 congruent isosceles triangles T, such that

T yields R and the two base inner angles of the triangle T is smaller

than the other inner angle of T.

Proof. The number F of tiles of T is an even number greater than or

equal to 12, because Q has more than six tiles by Euler’s theorem (see the first

part of the proof of [15, Proposition 1]).

(1) Each tile Q of the tiling Q has a vertex u incident to two edges

of length a and a vertex v incident to two edges of length b such that

a0 b, because the tile Q is a kite or a dart. The diagonal segment between u

and v subdivides Q into two congruent triangles T . T is a non-equilateral

isosceles triangle or a scalene triangle, because T has an edge of length a

and an edge of length b such that a0 b. Hence, subdividing each tile Q

of the tiling Q results in a spherical tiling by congruent non-equilateral isosceles

triangles T or by congruent scalene triangles T . (2) Assume otherwise. Then

there is a spherical monohedral rhombus-faced tiling R with the following

condition: whenever a spherical tiling T by congruent isosceles triangles T

yields R, the two base angles of the isosceles triangle T is greater than or

equal to the other inner angle. Now let the cyclic list of four inner angles of

the rhombic tile R be ða; b; a; bÞ. A subdivision of R results in an isosceles

triangle such that the list of inner angles is ða; b=2; b=2Þ or ðb; a=2; a=2Þ.
Moreover, b=2b a and a=2b b. This implies a ¼ b ¼ 0, which is a con-

tradiction. r
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Name V E inner angles A, B, C [p rad] vertex type [number]

r F4 4 6 Aþ Bþ C ¼ 2,

1=2 < A;B;C < 1

Aþ Bþ C [4]

F I
12 8 18 A ¼ 2=3, B ¼ C ¼ 1=3 3A [4], 6B [4]

F II
12 8 18 A ¼ 2=3, B ¼ C ¼ 1=3

3A ½2�; 2Aþ 2B ½2�
Aþ 4B ½2�; 6B ½2�

�

F III
12 8 18 A ¼ 2=3, B ¼ C ¼ 1=3

3A ½1�; 2Aþ 2B ½3�
Aþ 4B ½3�; 6B ½1�

�

F24 14 36 A ¼ 2=3, B ¼ C ¼ 1=4 3A [8], 8B [6]

F48 26 72 A ¼ 1=2, B ¼ 1=3, C ¼ 1=4
4A ½12�; 6B ½8�
8C ½6�

�

TF48 26 72 A ¼ 1=2, B ¼ 1=3, C ¼ 1=4
4A ½8�; 6B ½8�
8C ½2�; 2Aþ 4C ½8�

�

F I
60 32 90 A ¼ 2=3, B ¼ C ¼ 1=5 3A [20], 10B [12]

F II
60 32 90 A ¼ 2=5, B ¼ C ¼ 1=3 5A [12], 6B [20]

F120 62 180 A ¼ 1=2, B ¼ 1=3, C ¼ 1=5
4A ½30�; 6B ½20�
10C ½12�

�

r G4n ðnb 2Þ 2nþ 2 6n
Aþ B ¼ 1, C ¼ 1=n,
1
2n < A;B < 2n�1

2n

2Aþ 2B ½2n�
2nC ½2�

�

G4nþ2 ðnb 1Þ 2nþ 3 6nþ 3 A ¼ B ¼ 1=2, C ¼ 2
2nþ1

4A ½2nþ 1�
ð2nþ 1ÞC ½2�

�

TG8n ðnb 2Þ 4nþ 2 12n A ¼ B ¼ 1=2, C ¼ 1
2n

4A ½4n� 2�
2Aþ 2nC ½4�

�

r TG8nþ4 ðnb 1Þ 4nþ 4 12nþ 6
Aþ B ¼ 1, C ¼ 1

2nþ1 ,
1

4nþ2 < A;B < 4nþ1
4nþ2

Aþ Bþ ð2nþ 1ÞC ½4�
2Aþ 2B ½4n�

�

MTGI
8nþ4 ðnb 1Þ 4nþ 4 12nþ 6 A ¼ nþ1

2nþ1 , B ¼ n
2nþ1 , C ¼ 1

2nþ1

Aþ Bþ ð2nþ 1ÞC ½2�
Aþ 3Bþ C ½2�
2Aþ 2B ½4n� 2�
2Aþ 2nC ½2�

8>>><
>>>:

MTGII
8nþ4 ðnb 2Þ 4nþ 4 12nþ 6 A ¼ nþ1

2nþ1 , B ¼ n
2nþ1 , C ¼ 1

2nþ1

Aþ 3Bþ C ½4�
2Aþ 2B ½4n� 4�
2Aþ 2nC ½4�

8<
:

H4n ðnb 3Þ 2nþ 2 6n A ¼ B ¼ n�1
2n , C ¼ 2=n 4Aþ C ½2n�, nC [2]

TH8nþ4 ðnb 3Þ 4nþ 4 12nþ 6 A ¼ B ¼ n
2nþ1 , C ¼ 2

2nþ1
4Aþ C ½4n�
2Aþ ðnþ 1ÞC ½4�

�

I8n ðnb 3Þ 4nþ 2 12n A ¼ 1=2, B ¼ n�1
2n , C ¼ 1=n

4A ½2n�
4Bþ 2C ½2n�
2nC ½2�

8<
:

TI16nþ8 ðnb 2Þ 8nþ 6 24nþ 12 A ¼ 1=2, B ¼ n
2nþ1 , C ¼ 1

2nþ1

4A ½4nþ 2�
4Bþ 2C ½4n�
2Bþ ð2nþ 2ÞC ½4�

8<
:

Table 2. The classification of the spherical monohedral triangular tilings [16, Table]. The first

column lists the names. The explicit constructions of the tilings are explained in [16, Section 2].

There are ten sporadic tilings (above the horizontal line) and ten series (below the horizontal

line). The mark r indicates that the tiling is continuously deformable. None of these tilings are

isomorphic to each other except the trivial case given by the exchange of Aþ Bþ C ¼ 2 ðF4Þ,
Aþ B ¼ 1 ðG4n;TG8nþ4Þ.
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We will prove all spherical monohedral (kite/dart)-faced (rhombus-faced,

resp.) tilings appear in Table 1, by exhausting the pairs ðT;QÞ of Lemma 3 (1)

(Lemma 3 (2), resp.) in Lemma 5 (Lemma 7, resp.), with Lemma 4 (Lemma 4

(I), resp.).

Lemma 4. Let F b 12 be an even number. Let T be a spherical tiling

by F congruent isosceles triangles T. In Ueno-Agaoka’s complete classification

([16, Table], included as Table 2) of spherical monohedral triangular tilings, the

following two assertions hold: Inside ‘‘f� � �g’’, the greatest and the smallest inner

angles of the triangular tile T are given.

( I ) If the two base angles of the spherical isosceles triangle T are smaller

than the other inner angle of T, then the spherical monohedral

triangular tiling T is one the following:
� F I

12, F
II
12 , F

III
12 , F24, F

I
60, F

II
60 ,

� G4n ðnb 3Þ f1� 1=n; 1=ng,
� TG8nþ4 ðnb 1Þ f2n=ð2nþ 1Þ; 1=ð2nþ 1Þg,
� MTGI

12 f2=3; 1=3g,
� I24 f1=2; 1=3g,
� H12 f2=3; 1=3g, H16 f1=2; 3=8g.

(II) If the two base angles of the spherical isosceles triangle T are greater

than the other inner angle, then the spherical monohedral triangular

tiling T is one of the following:
� G4nþ2 ðnb 3Þ f1=2; 2=ð2nþ 1Þg,
� TG8n ðnb 2Þ f1=2; 1=ð2nÞg,
� H4n ðnb 6Þ, TH8nþ4 ðnb 3Þ,
� G4n ðnb 3Þ f1=2; 1=ng,
� TG8nþ4 ðnb 1Þ f1=2; 1=ð2nþ 1Þg.

Proof. The lemma is [16, Proposition 6] where the number F is greater

than or equal to 12. r

In Subsubsection 3.1.2, to prove Theorem 2 (2), we will use the following:

Fact 2. Let T be a spherical tiling by congruent triangles such that the

list of three inner angles is ðA;B;CÞ, and let Q be a spherical monohedral (kite/

dart)-faced (rhombus-faced, resp.) tiling such that the cyclic list of four inner

angles of the tile is

ða; b; a; dÞ ðða; b; a; bÞ; resp:Þ:

If T yields Q and ða; b; a; dÞ ¼ ðA; 2B;A; 2CÞ (ða; b; a; bÞ ¼ ð2B;A; 2B;AÞ,
resp.), then the vertex types of Q are exactly obtained from those of T by

applying a substitution ðA :¼ a;B ¼ b=2;C ¼ d=2Þ (ðA :¼ b;B :¼ a=2Þ, resp.).
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Theorem 2 (3) follows from Theorem 2 (2), because spherical mono-

hedral tilings in Table 1 are not congruent to each other by the form of the

tiles (i.e., kites, darts, rhombi), by the symmetry, or by the number of the

tiles.

3.1. A complete classification of spherical monohedral (kite/dart)-faced tilings.

3.1.1. The completeness (Theorem 2 (1)).

Lemma 5. Let T be a spherical tiling by congruent non-equilateral

triangles T, and Q be a spherical kite-faced or dart-faced monohedral tiling.

Then if T yields Q, then ðT;QÞ is ðF48;K24Þ, ðTF48; gK24Þ, ðF120;K60Þ or

ðG4n;TR
a
2nÞ for some integer nb 3 and some a A ð1=ð2nÞ; 1� 1=ð2nÞÞnf1=2;

1� 1=ng.

To prove the previous lemma, we will use the following ‘‘uniqueness’’

lemma:

Lemma 6. Assume that T is a spherical tiling by congruent triangles T, Q

is a spherical tiling by congruent quadrangles Q, and T yields Q in a manner

that Q is a kite or a dart. Then the following two assertions hold:

(1) T is none of entries TG8nþ4 ðnb 1Þ, MTGI
8nþ4 ðnb 2Þ, and MTGII

8nþ4
ðnb 2Þ of Table 2.

(2) When T is a non-equilateral isosceles triangle, T is not rectangular.

Moreover, the quadrangular tile Q is unique modulo congruence for the

given spherical monohedral triangular tiling T.

Proof. From the assumption, T yields Q in a manner that Q is a kite

or a dart. So, the tile Q of Q has a pair ð2X ; 2YÞ of opposite inner angles

for some inner angles X , Y of the triangular tile T . It is because we must

glue two copies of the triangular tile T of T at the edges of the same length,

to obtain the quadrangular tile Q of Q. Thus there is an inner angle X

of T such that the number of occurrences of X is even for any vertex type

of T.

According to Table 2, however, if T is TG8nþ4 ðnb 1Þ or MTGI
8nþ4

ðnb 2Þ, then for every inner angle X A fA;B;Cg, the number of occurrences

of X is odd in a vertex type Aþ Bþ ð2nþ 1ÞC of T. So TG8nþ4 ðnb 1Þ
and MTGI

8nþ4 ðnb 2Þ are impossible. Similarly, for MTGII
8nþ4 ðnb 2Þ, for

every X A fA;B;Cg, the number of occurrences of X is odd in a vertex type

Aþ 3Bþ C of MTGII
8nþ4. So MTGII

8nþ4 ðnb 2Þ is impossible too. Thus the

assertion (1) follows.

The first part of the assertion (2) is proved as follows. The list of three

inner angles of the isosceles triangular tile T is ðX ;X ;YÞ without loss of
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generality. Because the quadrangular tile Q is not a rhombus, the cyclic list of

the four inner angles is ðX ; 2Y ;X ; 2Y Þ. If X or Y is p=2 radian, then some

inner angle of Q is p radian, which is a contradiction. Hence, the triangular

tile of T is not rectangular. This argument proves the second part of the

assertion (2), as well. This completes the proof of the assertion (2) and thus

Lemma 6. r

Proof of Lemma 5. We use Lemma 3 (1). The non-equilateral trian-

gular tile T is either a scalene triangle (Case 1) or a non-equilateral isosceles

triangle (Case 2).

Case 1. The tile T is a scalene triangle.

By Lemma 6 (1), the spherical tiling T by F b 12 congruent scalene

triangles is one of the following entries of Table 2 (Ueno-Agaoka’s complete

classification [16, Table] of the spherical monohedral triangular tilings):

F48;TF48;F120;G4n ðnb 3Þ; I8n ðnb 4Þ; or; TI16nþ8 ðnb 2Þ:

The case T ¼ I8n ðnb 4Þ or TI16nþ8 ðnb 2Þ is impossible, by Table 2.

Indeed, T has a vertex of type 4A and 4Bþ 2C. Here ðA;B;CÞ is the list of

three inner angles of the triangular tile of T. By A ¼ 1=2 and Proposition 1,

the cyclic list of four inner angles of the tile Q of Q is ða; b; a; dÞ ¼
ðA; 2B;A; 2CÞ. Hence, some T-vertex of type 4Bþ 2C causes some Q-vertex

v of type 2b þ d. So the T-edge CA and the T-edge BA are both Q-edges and

should match, but this is impossible because the triangular tile ABC of T is

scalene.

Therefore the remaining cases are T ¼ F48;TF48;F120;G4n (nb 3).

Case 1.1. T ¼ F48;F120 or TF48.

If a spherical tiling T ¼ F48 (F120, resp.) by congruent right scalene

triangles yields a spherical monohedral quadrangular tiling Q, then Q is K24

(K60, resp.), by the construction (Subsection 2.1) of K24 (K60, resp.) and the

following:

Fact 3. Every spherical tiling T by congruent right scalene triangles

T yields at most one spherical monohedral quadrangular tiling Q, modulo

congruence.

Proof. By Proposition 1, the tile Q of Q cannot be a parallelogram. If

T yields another spherical monohedral quadrangular tiling, we must remove a

cathetus of T , so some inner angle of Q should be 1. This is a contradiction.

r

A spherical monohedral triangular tiling TF48 yields gK24. It is proved

as follows: For each tile of gK24, draw a diagonal segment between opposite
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vertices having unequal inner angles. This subdivision of the tiles results in

a spherical tiling Q 0 consisting of 48 congruent right scalene triangles having

inner angles 1=3 and 1=4. It is because K24 has the same tile by the construc-

tion of gK24. According to Table 2, Q 0 is either F48 or TF48. F48 yields K24

but not gK24 by Fact 3. So TF48 yields gK24.

Case 1.2. T ¼ G4n ðnb 3Þ.
Let the three inner angles A, B, C of the triangular tile T of T ¼ G4n

satisfy that Aþ B ¼ 1, C ¼ 1=n, and 1=ð2nÞ < A;B < ð2n� 1Þ=ð2nÞ as in Table

2. Since the triangular tile T is scalene, none of A and B is C ¼ 1=n, and we

can assume A > B, without loss of generality. Hence

1� 1

2n
> 1� B ¼ A >

1

2
> B >

1

2n
and B0

1

n
: ð4Þ

The Mollweide-like projection of G4n is given by the thick edges and the thin

edges of Figure 5, according to [16, Figure 4, p. 471]. Let the spherical

monohedral triangular tiling T ¼ G4n yield a tiling Q consisting of 2n con-

gruent quadrangles Q. If Q is obtained by gluing two copies of the triangular

Fig. 5. The set of the thick edges and thin edges represents the Mollweide-like projection of G4n,

according to [16, Figure 4, p. 471]. The marks �, � in the figure stand for the angles A, C, while

the other inner angles are B. Identify the leftmost thin (thick, resp.) edge with the rightmost thin

(thick, resp.) edge. The tiling TRA
2n by congruent kites is determined by the set of the thin edges

(NA’s and SA’s) and the horizontal thick edges (AB’s), and the tiling TRB
2n by congruent darts is

determined by the thick edges (NB’s, SB’s, and AB’s). Here we suppose the inner angles satisfy

Aþ B ¼ 1, C ¼ 1=n;A > B. See Case 1.2.

324 Yudai Sakano and Yohji Akama

This document is provided by JAXA.



tile T of T at their edges AB, then the tile Q becomes a lune (i.e, a digon) but

not a quadrangle because Aþ B ¼ 1. Hence the tile Q is obtained either by

gluing two copies of tile T (Case (i)) at the edges AC (thin edges in Figure 5)

or (Case (ii)) at the edges BC.

Case (i). The graph of Q is given by the thick edges of Figure 5, and is

of the form Figure 3 (right). The cyclic list of four inner angles of Q is

ðB; 2A;B; 2CÞ. The tile Q is a dart, because Lemma 2 (2) and the above (4).

Thus the tiling Q is listed as TRB
2n ð1=ð2nÞ < B < 1=2;B0 1=nÞ in the fifth entry

of Table 1 with ða; b; a; dÞ ¼ ðB; 2C;B; 2AÞ.
Case (ii). The graph of Q is given by the thin edges of Figure 5 and

the horizontal thick edges (the ‘‘equator.’’) The cyclic list of four inner

angles of Q is ðA; 2B;A; 2CÞ. By above (4), the angle A ranges over

ð1=2; 1� 1=ð2nÞÞnf1� 1=ng. By Lemma 2 (3), the tiling Q is TRA
2n of the

form Figure 3 (left).

Applying the same argument of Case (i) and Case (ii) to the case A < B,

we obtain TRA
2n where A A ð1=ð2nÞ; 1� 1=ð2nÞÞnf1=2; 1� 1=n; 1=ng.

Case 2. T is a spherical tiling by F b 12 congruent non-equilateral

isosceles triangles T .

Let B and C be the two base angles of T and A ð0B ¼ CÞ be the other

inner angle of the triangular tile T . If a kite or a dart is obtained from

gluing two copies of the isosceles triangle T , it has inner angle 2A. Actually,

the cyclic list of the four inner angles is ð2A;B; 2C;BÞ, ð2A;C; 2B;CÞ, or

ð2A;B;C þ B;CÞ. Thus T cannot have a vertex type where A occurs odd

times. So T is none of F I
12, F II

12 , F III
12 , F24, F I

60, F II
60 , H4n (50 nb 3) and

TH8nþ4 (nb 3). (In Table 2, the non-base inner angle of the non-equilateral

isosceles triangular tile of H4n (50 nb 3) (TH8nþ4 (nb 3)) is C.) Thus if

B ¼ C > A, then no tiling is possible, by Lemma 4 (II) and Lemma 6 (2).

Hence, the tiling T amounts to be G4n (nb 3) where A ¼ 1� 1=n and B ¼
C ¼ 1=n, by the previous two sentences, Lemma 4 (I), and Lemma 6 (1), since

Lemma 6 (2) implies T0 I24.

From [16, Figure 11], we observe that the Mollweide-like projection of

G4n (A ¼ 1� 1=n > B ¼ C ¼ 1=n, nb 3) is given by the thick edges (NC’s,

SC’s, and AC’s) and the thin edges (NA’s and SA’s) of Figure 6. Here the

upper leftmost thin (thick, resp.) edge is identified with the upper rightmost thin

(thick, resp.) edge. In Figure 6, the Mollweide-like projection of the spherical

monohedral dart-faced tiling Q is determined by the thick edges (NC’s, SC’s,

and AC’s). Note that the set of the thin edges (NA’s and SA’s) and the

horizontal thick edges (CA’s) determines the Mollweide-like projection of a

spherical monohedral rhombus-faced tiling by B ¼ C.

The cyclic list ða; b; a; dÞ of inner angles of the quadrangular tile of Q

is ðC; 2B;C; 2AÞ ¼ ð1=n; 2=n; 1=n; 2� 2=nÞ. So the tiling is indeed a dart-
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faced TR
1=n
2n by Lemma 2 (2) and nb 3. This completes the proof of

Lemma 5. r

By Lemma 5 and Lemma 3 (1), we have verified Theorem 2 (1) for the

case the tile is a kite or a dart. r

3.1.2. Theorem 2 (2). By using a procedure [5, p. 55 and Figure 3.10 (p. 56)],

we will prove Theorem 2 (2) for spherical monohedral kite-faced tilings (1) K24

and K60, (2) gK24 and (3) TRa
2n (1=2 < a < 1� 1=ð2nÞ, a0 1� 1=n, nb 3).

Then we will prove Theorem 2 (2) for the spherical monohedral dart-faced

tiling (4) TRa
2n (1=ð2nÞ < a < 1=2, nb 3).

(1) K24 (K60, resp.) is isohedral. It is proved by Lemma 1 as follows:

Each triangular (pentagonal, resp.) tile F of O8 (D12, resp.) can be transformed

to another tile F 0 of O8 (D12, resp.) by the symmetry of O8 (D12, resp.).

Within the tile F, any tile of K24 (K60, resp.) can be transformed to any other

tile of K24 (K60, resp.), due to the following:

Fact 4. Let P be the central projection of a Platonic solid with the faces

being p-gons to the sphere. Then for each tile T of P, a p-fold axis of rotation

of P is through the center of T.

Proof. See [5, p. 47] for P being the central projection of the regular

tetrahedron, [5, p. 49] for P ¼ D12 and H20, and [5, p. 48] for the other P.

r

Fig. 6. The Mollweide-like projection of G4n is given by the thick and the thin edges, and that of

TR
1=n
2n is given by the thick edges. The marks �, � stand for the inner angles A, C, while the other

inner angles are B. See Case 2 of the proof of Lemma 5 and Subsubsection 3.1.2 (4).
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Hence any tile of K24 (K60, resp.) can be transformed to any other tile of

K24 (K60, resp.), as desired.

The cyclic list of inner angles of the tile and the list of vertex types of K24

(K60, resp.) are as in Table 1. It is due to Fact 2, since according to Lemma 5,

the graph of K24 (K60, resp.) is obtained from that of F48 (F120, resp.), by

deleting all the hypotenuses of the triangular tiles joining the vertex B and

vertex C.

(2) The list of inner angles of the tile of gK24 is the list of inner angles of

the tile of K24, by the construction (Subsection 2.2).

The Schönflies symbol of gK24 is D4d . We prove it according to the

procedure [5, p. 55 and Figure 3.10 (p. 56)], as follows:

The polar axis is the only four-fold rotation axis of gK24. The polar

axis of gK24 is a four-fold axis of rotation, because gK24 is obtained from K24

by gliding the northern hemisphere around the four-fold, polar axis of K24.

Assume r is another four-fold axis of rotation. Then r is not through a tile, as

the tile is not regular. The four-fold axis r of rotation is not through a vertex,

because every four-valent vertex other than the pole is incident to edges of

di¤erent length.

gK24 has no three-fold axis of rotation. Assume r is a three-fold axis

of rotation. Then r is through neither a quadrangular tile nor a four-valent

vertex. If r is through a three-valent vertex, then the antipodal point is strictly

between edges (or is a four-valent vertex), according to the image (Figure 2

(right)).

By the same image, the tiling gK24 has (i) four two-fold axes of rotation

perpendicular to the four-fold axis of rotation, and (ii) four mirror planes

passing between two-fold axes of rotation. Each mirror plane contains exactly

six consecutive edges. Thus the Schönflies symbol of gK24 is D4d , as desired.

The tiling gK24 is not isohedral, because the number 24 of the tiles does

not divide the order 16 of the symmetry group D4d .

The cyclic list of inner angles of the tile and the list of vertex types of gK24

are as in Table 1. It is due to Fact 2 and Lemma 5, because, as in Figure 2

(left), we can obtain the graph (thick edges and dotted edges) of gK24 from

the graph (thin edges, thick edges and dotted edges) of TF48 by deleting each

hypotenuse joining a vertex of the inner angle B and a vertex of the inner angle

C ð0BÞ.
(3) In Figure 3 (left), for the cyclic list of inner angles ða; b; a; dÞ of TRa

2n,

we see the type of each pole is nb and the type of each non-pole vertex is

2aþ d. Hence, the inner angles and the vertex types are as in Table 1.

The tile is a kite, by Lemma 2 (3) and the condition on the inner angle a.

Thus the length a of each meridian edge is not equal to the length b of each

non-meridian edge, in the tiling.

327Anisohedral spherical triangles, kites, darts and rhombi

This document is provided by JAXA.



We prove that the Schönflies symbol of TRa
2n is Dnd , by the procedure

[5, p. 55 and Figure 3.10 (p. 56)], as follows:

If TRa
2n has a three-fold or four-fold axis of rotation passing through a

vertex, then the axis is the polar axis. It is verified as follows: Every non-

pole vertex is three-valent and incident to an edge of length a and to two

edges of length b ð0 aÞ. A three-fold axis of rotation is not through an inner

point of a tile T , because T is a non-regular quadrangle. Obviously, a three-

fold or four-fold axis of rotation cannot pass through a point of an edge

of TRa
2n.

Clearly, TRa
2n has an n-fold axis r of rotation through the poles.

TRa
2n has 2n two-fold axes of rotation, perpendicular to r. It is

because TRa
2n has 2n points where the equator and the non-meridian edges

intersect, and has 2n vertical mirror planes which pass between the horizontal

two-fold axes of rotation. So the Schönflies symbol of TRa
2n is Dnd , as

desired.

TRa
2n is isohedral. Indeed, if two quadrangular tiles T and T 0 of the tiling

share a meridian edge of the tiling, then T is rotated to T 0 around the vertical

n-fold axis of rotation. If T and T 0 share a non-meridian edge of the tiling

TRa
2n, then T is rotated to T 0 around a horizontal two-fold axis of rotation.

(4) It is proved as in the previous assertion (3).

This completes the proof of Theorem 2 (1) and (2) for the case where the

tile is a kite or a dart. r

3.2. A complete classification of spherical monohedral rhombus-faced tilings.

3.2.1. The completeness (Theorem 2 (1)).

Lemma 7. Suppose R is a spherical monohedral rhombus-faced tiling and

suppose that T is a spherical tiling by congruent non-equilateral isosceles

triangles T such that the list of inner angles A, B, C of T satisfy A > B ¼ C.

Then if T yields R, then one of the following holds:

(1) R is TR
2=3
6 while T is F I

12, F
II
12 , F

III
12 , MTGI

12, H12, TG12 ðA ¼ 2=3;

B ¼ C ¼ 1=3Þ, or G12 ðA ¼ 2=3;B ¼ C ¼ 1=3Þ;
(2) R is R12 while T is F24 or I24;

(3) R is R30 while T is F I
60 or F II

60 ;

(4) R is TR
3=4
8 while T is H16 (A ¼ 1=2, B ¼ C ¼ 3=8. In the entry

of H16 of Table 2, we read A ¼ B ¼ 3=8 < C ¼ 1=2) or T is G16

ðA ¼ 3=4;B ¼ C ¼ 1=4Þ;
(5) R is TR

1�1=n
2n and T is G4n with A ¼ 1� 1=n, B ¼ C ¼ 1=n for nb 5;

or

(6) R is gTR4nþ2 and T is TG8nþ4 with A ¼ 2n=ð2nþ 1Þ, B ¼ C ¼
1=ð2nþ 1Þ for nb 2.
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We will prove the previous lemma by using Lemma 3 (2) and the

following ‘‘uniqueness’’ lemma:

Lemma 8. Every spherical tiling T by congruent non-equilateral isosceles

triangles T yields a spherical monohedral rhombus-faced tiling R uniquely

modulo congruence. If the list of inner angles of T is ðA;B;CÞ and A0
B ¼ C, then the cyclic list of inner angles of the rhombic tile of R is

ðA; 2B;A; 2CÞ.

Proof. By removing the base edges of T, we obtain a spherical

monohedral rhombus-faced tiling. If T yields another spherical monohedral

quadrangular tiling, then the cyclic list of inner angles of Q should be

ð2B;C; 2A;CÞ. Since A0B, the tile Q is a kite or a dart. r

Proposition 2. (1) For any nb 3, the spherical monohedral triangular

tiling G4n ðA ¼ 1� 1=n;B ¼ C ¼ 1=nÞ (H4n, resp.) is obtained from

the spherical monohedral rhombus-faced tiling TR
1�1=n
2n by drawing the

meridian (the ‘‘horizontal,’’ resp.) diagonal segment of each tile.

I8n ¼ kisðTR1�1=n
2n Þ ðnb 3Þ.

(2) The spherical monohedral triangular tiling TH8nþ4 ðnb 3Þ is obtained

from the spherical monohedral rhombus-faced tiling gTR4nþ2 by draw-

ing the shorter diagonal segment of each tile. TI16nþ8 ¼ kisðgTR4nþ2Þ
ðnb 2Þ.

Proof. (1) See Figure 11, Figure 12, Figure 14, Figure 20, and Figure 21

of [16]. (2) See [16, Figure 21]. r

The proof of Lemma 7. We use Lemma 3 (2). Let T be one of

spherical monohedral triangular tilings listed in Lemma 4 (I).

Case 1. T is F I
12, F

II
12 , F

III
12 , MTGI

12, H12, G12 ðA ¼ 2=3;B ¼ C ¼ 1=3Þ, or
TG12 ðA ¼ 2=3;B ¼ C ¼ 1=3Þ.

We draw one diagonal segment in each square tile of TR
2=3
6 . Then the

resulting tiling is exactly a tiling T. Combinatorially, there exist just seven

tilings, which are exactly the tilings T of this case, according to [16, pp. 481–

482]. So T yields TR
2=3
6 .

Case 2. T is F24 or I24.

By the construction (Subsection 2.4) of R12, the spherical tiling F24 by

congruent right, non-equilateral isosceles triangles yields R12.

The spherical tiling I24 by congruent non-equilateral isosceles triangles

yields R12, too. It is verified as follows: According to Subsection 2.4, R12 is

constructed from F24 ¼ kisðO8Þ by deleting the 12 edges of O8. By recalling

the image [16, Figure 20] of R12 and the duality between TR
2=3
6 and O8, we can

construct R12 from I24 ¼ kisðTR2=3
6 Þ by deleting the 12 edges of TR

2=3
6 .
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Case 3. T is F I
60 or F II

60 .

By the construction (Subsection 2.4) of R30, spherical monohedral trian-

gular tiling F I
60 yields R30. Moreover, F II

60 yields R30, by [16, Figure 36].

Case 4. T is H16 or G4n ðA ¼ 1� 1=n;B ¼ C ¼ 1=n; nb 4Þ.
Proposition 2 (1) implies the assertion (4) and the assertion (5) of

Lemma 7.

Case 5. T is TG8nþ4 ðA ¼ 2n=ð2nþ 1Þ;B ¼ C ¼ 1=ð2nþ 1Þ; nb 2Þ.
Then T yields gTR4nþ2. It is proved as follows: subdivide each rhombic

tile of gTR4nþ2 into two congruent non-equilateral isosceles triangles, by

drawing the longer diagonal segment. This results in a spherical monohedral

tilings T 0 consisting of 8nþ 4 non-equilateral isosceles triangles. The cyclic

list of inner angles of the rhombic tile of gTR4nþ2 and the cyclic list of inner

angles of the rhombic tile of TR
2n=ð2nþ1Þ
4nþ2 are both ð2n=ð2nþ 1Þ; 2=ð2nþ 1Þ;

2n=ð2nþ 1Þ; 2=ð2nþ 1ÞÞ, by the construction of gTR4nþ2. So, the cyclic list of

inner angles of the isosceles triangular tile of T 0 are ð2n=ð2nþ 1Þ; 1=ð2nþ 1Þ;
1=ð2nþ 1ÞÞ.

Owing to Ueno-Agaoka’s classification (Table 2) of all spherical mono-

hedral triangular tilings, the spherical monohedral triangular tiling T 0 is either

G8nþ4 or TG8nþ4. Here we have verified that G8nþ4 yields TR
2n=ð2nþ1Þ
4nþ2 , in the

previous Case 4. By Lemma 8, a spherical monohedral, isosceles triangular

tiling TG8nþ4 yields gTR4nþ2. This completes the proof of Lemma 7. r

By Lemma 7 and Lemma 3 (2), we established Theorem 2 (1) for the case

the tile is a rhombus. r

3.2.2. Theorem 2 (2).

Lemma 9. gTR4nþ2 ðnb 2Þ is the spherical monohedral, non-isohedral

rhombus-faced tiling by the tiles of spherical monohedral tiling TR
2n=ð2nþ1Þ
4nþ2 .

The smallest inner angle b and the largest inner angle a of the rhombic tile

are

b ¼ 2

2nþ 1
; a ¼ 2n

2nþ 1
:

The Schönflies symbol of gTR4nþ2 is D2. The vertex types of gTR4nþ2 are as

in Table 1.

Actually, the edges of gTR4nþ2 have length

a ¼ arccos cos
pb

2

�
1þ cos

pb

2

� �� �
0

p

2
: ð5Þ

The vertices vi, ui ð0a ia 2nþ 1Þ have the following cartesian coordinates:
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vi ¼ sin a cos
ipb

2
;�sin a sin

ipb

2
; ð�1Þ i cos a

� �
: ð6Þ

ui ¼
ð�1Þ i � cos ipb

2

2
sin 2a; sin a sin

ipb

2
; sin2 a cos

ipb

2
þ ð�1Þ i cos2 a

 !
: ð7Þ

Proof. By Lemma 8 and Fact 2, the vertex types of gTR4nþ2 are those

of TG8nþ4 applied by a substitution ðA :¼ a;B :¼ b=2;C :¼ b=2Þ.
(5) is proved by applying spherical cosine law for angles [17, Proposition

2.8] to the following isosceles triangle T : The rhombic tile of gTR4nþ2 is

subdivided into two copies of T such that the base edge has length p� a, the

non-base inner angle is pa radian, and the two base inner angles are pb=2

radian.

Recall the construction (Subsection 2.5) of the tiling gTR4nþ2. The

western hemisphere W of gTR4nþ2 is that of a spherical monohedral rhombus-

faced tiling TR
2n=ð2nþ1Þ
4nþ2 (see the first and the second images of Figure 4). We

set xyz-coordinate system so that the north pole N is ð0; 0; 1Þ, the part of

the unit sphere with positive x-coordinates is the front hemisphere, and the

hemisphere W is the part of the unit sphere with negative y-coordinates.

The vertices of the western hemisphere W are: the north pole u0, the south

pole u2nþ1, and vi (0a ia 2nþ 1) where the angle from u0 to each vi is

p=2� ð�1Þ iðp=2� aÞ and the longitude of each vi from the boundary of W is

�ipb=2 radian. So, the cartesian coordinates of the vertices on W are as

in (6).

The edges of the hemisphere W are:

fu0; vkg ðk ¼ 0; 2; 4; . . . ; 2nÞ; ð8Þ

fu2nþ1; vlg ðl ¼ 1; 3; 5; . . . ; 2nþ 1Þ; ð9Þ

fvj; vjþ1g ð j ¼ 0; 1; 2; . . . ; 2nÞ: ð10Þ

The eastern hemisphere E of gTR4nþ2 is the image of the western

hemisphere W by the orthogonal transformation TaK . Here K is the p-radian

rotation operation around the z-axis, and Ta is the rotation in a radian around

the y-axis from the z-axis toward the x-axis.

So the vertices of gTR4nþ2 on the hemisphere E are

ui :¼ TaKvi ð0a ia 2nþ 1Þ: ð11Þ

Hence the cartesian coordinate of ui is (7). By this, u0 and u2nþ1 are indeed

the north pole and the south pole, and thus TaKN ¼ v0 and TaKS ¼ v2nþ1.

The edges of the eastern hemisphere E are the edges (8), (9), and (10) with

u and v swapped.
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This is exactly the graph of Figure 4 (right).

We will prove the angle assignment of gTR4nþ2 is as in Figure 4 (right),

as follows: If an inner angle of gTR4nþ2 corresponds to some inner angle of

the western hemisphere of TR
2n=ð2nþ1Þ
4nþ2 , then the type of the inner angle is a or b

as in Figure 4 (right). The two newly arisen inner angles ffv1v0u2n and ffu1u0v2n
of gTR4nþ2 near the boundary of W have the desired values. For example,

ffv1v0u2n ¼ ffv1v0u2nþ1 þ ffu2nþ1v0u2n ¼ ffv1v0u2nþ1 þ ffv2nv0v2nþ1 ¼ ffv0u0v2 and so

on.

We will prove that the Schönflies symbol of gTR4nþ2 is D2, by the

procedure [5, p. 55 and Figure 3.10 (p. 56)], as follows:

If gTR4nþ2 has a kðb 2Þ-fold axis r of rotation, then k ¼ 2. To see it, let

p be a point where r and gTR4nþ2 intersects. If p is an inner point of a tile

of gTR4nþ2, then k ¼ 2 because the tile is a rhombus. If k > 2, then p is not

a vertex of the tiling gTR4nþ2, because each vertex type of the tiling is of the

form iAþmB for some di¤erent inner angles A, B, some positive integer m,

and some positive integer i < 3. If p is on a edge, then k ¼ 2 clearly.

gTR4nþ2 has three mutually perpendicular two-fold axes of rotation:

(1) The y-axis.

The p-radian rotation around it transforms the vertex vi to the

vertex v2nþ1�i and the vertex ui to the vertex u2nþ1�i. This rotation

preserves the edges of gTR4nþ2. Indeed, in the western hemisphere,

this rotation transforms the edges (8) to the edges (9) and vise versa,

and preserves the edges (10). In the eastern hemisphere, this rotation

transforms the edges similarly.

(2) l through the midpoint of u0 and v0.

The p-radian rotation around it is a transformation Ta=2KT�a=2.

The transformation maps the vertex ui ¼ TaKvi (0a ia 2nþ 1) to

ðTa=2KÞ2vi ¼ vi, and vice versa. Clearly, this rotation preserves the

edges of gTR4nþ2.

(3) l 0 through the midpoint of u0 and v2nþ1.

The p-radian rotation around it is the composition of the two

p-radian rotations around the y-axis and l.

To show that the tiling gTR4nþ2 has no mirror plane passing between two of

the three two-fold axes, it is su‰cient to show that v0u0v2nþ1u2nþ1 is a proper

rectangle, because the symmetry of gTR4nþ2 fixes the proper rectangle. Here

v0u0v2nþ1u2nþ1 is indeed a rectangle, because the vertex v0 is antipodal to v2nþ1
by (6) and (7) and the vertex u0 is antipodal to u2nþ1. The rectangle is not

regular, because the edge-length a of gTR4nþ2 is not p=2 radian.

The xz-plane containing the two axes l and l 0 of rotation is not a mirror

plane of gTR4nþ2. To see it, first observe that the y-coordinate of the vertex

v0 of gTR4nþ2 is 0. Among the vertices adjacent to v0, the number of vertices
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having positive y-coordinates is, however, greater than that of vertices having

negative y-coordinates, by (7) and b ¼ 2=ð2nþ 1Þ. Therefore the Schönflies

symbol of gTR4nþ2 is D2.

gTR4nþ2 (nb 2) is not isohedral, because the number 4nþ 2 of tiles does

not divide the order four of the symmetry group D2. This completes the proof

of Lemma 9. r

We finish the proof of Theorem 2 (2), by verifying the data of the

following spherical monohedral rhombus-faced tilings given in Table 1:

(1) TR
1�1=n
2n and (2) R12 and R30.

(1) By Fact 1, the Schönflies symbol of TR
2=3
6 is Oh, and the symmetry

group transitively acts on the tiling TR
2=3
6 .

Consider a spherical monohedral rhombus-faced tiling TR
1�1=n
2n with n > 3.

Then, the list of three inner angles around any three-valent vertex of TR
1�1=n
2n is

ða; a; dÞ ¼ ð1� 1=n; 1� 1=n; 2=nÞ, where a0 d because n > 3. Hence, we can

prove that the Schönflies symbol of TR
1�1=n
2n is Dnd and the tiling TR

1�1=n
2n is

isohedral, as in the proof for the spherical monohedral kite-faced tiling TRa
2n

(1=2 < a < 1� 1=ð2nÞ, a0 1� 1=n, nb 3) of Theorem 2 (2).

(2) The Schönflies symbol of the spherical tiling F24 (F I
60, resp.) by

congruent isosceles triangles is Oh (Ih, resp), because of [5, p. 50] and the

following:

Lemma 10. If P is the central projection of some Platonic solid to the

sphere, then every symmetry operation of P is that of kisðPÞ, and kisðPÞ is

isohedral.

Proof. Every symmetry operation of P is that of kisðPÞ, because it

transforms a tile of P to a tile of P, a vertex of P to a vertex of P, and the

center of a tile of P to the center of a tile of P.

Suppose a tile T of P is a regular p-gon. By Fact 4, within the tile T ,

the p tiles of kisðPÞ rotated to each other around a p-fold axis. Moreover T

is transformed to another tile of P, by a symmetry operation of P. Thus,

in kisðPÞ, any tile is transformed to any other tile by a symmetry operation

of kisðPÞ. r

The Schönflies symbol of R12 (R30, resp.) is that of F24 (F I
60, resp.), because

each symmetry operation of F24 (F I
60, resp.) preserves the tiles and the edges of

F24 (F I
60, resp.).

By the construction (Subsection 2.4) of R12 (R30, resp.) and Fact 4, if T ,

T 0 are tiles of R12 (R30, resp.) sharing the center c of a tile of O8 (H20, resp.),

then T is rotated to T 0 around the three-fold (five-fold, resp.) axis r of the

rotation such that r passes through the center c. If T and T 0 does not share

any vertex, then some symmetry operation of O8 (H20, resp.) rotates T to
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another tile T 00 of R12 (R30, resp.) such that T 00 and T 0 share the center of

some tile of O8 (H20, resp.).

By Table 2, the list of inner angles of the isosceles triangular tile T of F24

(F I
60, resp.) is ðA;B;CÞ ¼ ð2=3; 1=4; 1=4Þ (ð2=3; 1=5; 1=5Þ, resp.). As we glue

two copies of T at the base edges, the cyclic list of inner angles of the rhombic

tile of R12 (R30, resp.) is ða; b; a; bÞ ¼ ð2B;A; 2B;AÞ. So, the vertex types of

R12 (R30, resp.) are as in Table 1, by Fact 2. r

4. The anisohedral spherical triangles

We will prove that the tiles of the following spherical monohedral

triangular tilings are not anisohedral.

Lemma 11. The followings are spherical isohedral triangular tilings:

(1) Every instance of a continuously deformable tiling F4, F
I
12, F24, F48, F

I
60,

F II
60 , and F120.

(2) Every instance of a continuously deformable tiling G4n ðnb 2Þ, and

G4nþ2 ðnb 1Þ.
(3) An instance H20 of an infinite series H4n ðnb 3Þ.
(4) An instance I24 of an infinite series I8n ðnb 3Þ.

Proof. (1) Let T be an instance of F4. T has two two-fold axes of

rotation, each of which is through the midpoint of an edge and that of the

opposite edge, in view of the development map of F4 [16, Figure 17]. We can

transform any tile T of T to any other tile T 0, by p-rotation around an axis r

which is through the midpoint of the edge shared by the two tiles T and T 0.

Hence F4 is isohedral.

Next, we prove that F48 is isohedral. Indeed, every symmetry operation

of O8 is that of F48, as in the proof of Lemma 1.

For each tile T of O8 and each vertex A of T , there is a mirror plane s

passing through A and bisecting the edge of T opposite to A, because of [5, (ix)

of p. 48]. Let M be the midpoint of the edge. The mirror plane s passes

through M and the center c of T .

Within the tile T of O8, a pair of right scalene triangular tiles of F48

adjacent at the edge cM are reflected to each other by the mirror plane s,

and another pair of right scalene triangular tiles of F48 adjacent at their

hypotenuses cA are reflected to each other by another mirror plane s.

Therefore within the tile T of O8, the six right scalene triangular tiles of

F48 are transformed to each other by repeated reflection operations with

appropriate mirror planes s’s of O8 where all such s’s pass through the center

c of T .
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Consider that tiles S and S 0 of F48 are in di¤erent tiles T and T 0 of O8.

Then, to S apply a symmetry operation r that maps T to T 0, and then to the

resulting tile of F48 apply a symmetry operation mentioned above in order to

get S 0. Hence, F48 is isohedral.

The proof of the isohedrality of F120 is obtained from the proof of the

isohedrality of F48, by replacing F48 with F120, O8 with H20, and ‘‘(ix) of p. 48’’

with ‘‘(v) and (vi) of p. 49.’’

The isohedrality of F I
12, F24, F I

60, and F II
60 is by Lemma 10 and their

constructions (cf. F II
60 ¼ kisðD12Þ by [16, Figure 17 and p. 484]).

(2) An instance T of G4n (nb 2) has n horizontal two-fold axes of

rotation and n vertical mirror planes passing between two horizontal two-fold

axes, according to [16, Figure 4]. Let T and T 0 be any tiles of T. If T 0

shares a meridian edge e of T , then T is reflected to T 0 by a vertical mirror

plane s of T such that s contains e. Moreover, if T 0 shares a non-meridian

edge e 0 of T , then there is a horizontal two-fold axis r of rotation of T such

that r passes through the midpoint of e 0 and T is rotated to T 0 around r.

Hence, any tile of T is transformed to any other tile of T by a symmetry

operation of T. Thus, T is isohedral.

G4nþ2 (nb 1) is isohedral by the vertical ð2nþ 1Þ-fold axis of rotation and

the horizontal mirror plane, according to [16, Figure 4].

(3) An instance H20 is the central projection of the regular icosahedron to

the sphere, and thus the Schönflies symbol of H20 is Ih, and H20 is isohedral.

(4) This is due to Proposition 2 (1) and Lemma 10. r

The other spherical triangular tilings are not isohedral.

Lemma 12. Spherical monohedral triangular tilings H4n ð50 nb 3Þ, I8n
ðnb 4Þ, TH8mþ4 ðmb 3Þ, and TI16mþ8 ðmb 2Þ are non-isohedral.

Proof. For T ¼ H4n (50 nb 3) or I8n (nb 4), the Schönflies symbol

of T is Dnd . It is due to Proposition 2, because every symmetry operation of

TR
1�1=n
2n preserves the diagonal segments of the tile and the Schönflies symbol

of TR
1�1=n
2n is Dnd by Theorem 2.

I8n (nb 4) is not isohedral, since the order of the symmetry group Dnd of

I8n is 4n according to [5, p. 44] but the number 8n of the tiles of I8n does not

divide 4n.

H4n (50 nb 3) is not isohedral, because no symmetry operation trans-

forms a tile around the pole to a tile on the equator (See the first line of

Figure 7).

We can prove that the Schönflies symbol of TH8mþ4 (mb 3) (TI16mþ8
(mb 2), resp.) is D2, in a similar manner as we proved that the Schönflies
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symbol of gTR4nþ2 is D2 in Lemma 9, in view of the construction (Proposition

2 (2)) of TH8mþ4 (TI16mþ8, resp.).

TH8mþ4 (mb 3) (TI16mþ8 (mb 2), resp.) is not isohedral, because the

number 8mþ 4 (mb 3) (16mþ 8 (mb 2), resp.) of tiles does not divide the

order 4 of the symmetry group D2. r

Although H12 is not isohedral, the tile of H12 is congruent to the tile of

the tiling G12 with A ¼ 2=3;B ¼ C ¼ 1=3. G12 is isohedral by Lemma 11 (2).

The other spherical monohedral, non-isohedral triangular tilings listed in the

previous lemma are spherical tilings by anisohedral triangles, owing to the

following lemma:

Lemma 13. (1) If the tile of H4n ð50 nb 4Þ is the tile of another spherical

monohedral triangular tiling T, then T is TH8mþ4 for some mb 3

with 4n ¼ 8mþ 4.

(2) If the tile of TH8mþ4 ðmb 3Þ is the tile of another spherical mono-

hedral triangular tiling T, then T is H8mþ4.

(3) If the tile of I8n ðnb 4Þ is the tile of another spherical monohedral

triangular tiling T, then T is TI16mþ8 for some mb 2 with 8n ¼
16mþ 8.

(4) If the tile of TI16mþ8 ðmb 2Þ is the tile of another spherical mono-

hedral triangular tiling T, then T is I16mþ8.

Proof. (1) The number of tile of T is 4n (50 nb 4) and the tile of H4n

is an isosceles triangle. So, if T is sporadic, then nb 6 and T is F24, F I
60

or F II
60 . However, the non-base inner angle of T is greater than the non-base

inner angle 2=n of H4n for each case. Thus T is a non-sporadic spherical

tiling by congruent isosceles triangles. Hence, T is G4n, TG4n, or TH8mþ4 for

some mb 3 such that 8mþ 4 ¼ 4n. By [16, Table] (included as Table 2), the

tile of G4n and that of TG4n have an inner angle 1=n but the tile of H4n does

not, as 50 nb 4. Thus T is TH8mþ4, as desired.

(3) The number of tile of T is 8nb 32 and the tile of I8n is a right

scalene triangle. So, if T is sporadic, then (1) n ¼ 6 and T is F48 or TF48, or

(2) n ¼ 15 and T ¼ F120. Then the smallest inner angle of T is greater than

the smallest inner angle 1=n of I8n. Thus T is a non-sporadic spherical tiling

by congruent right scalene triangles. So T is G8n, or TI8n. By [16, Table]

(included as Table 2), an inner angle 1=ð2nÞ of the tile of G8n is smaller than

the smallest angle 1=n of the tile of I8n for each case. So the tile of T is not

congruent to the tile of G8n. Thus T ¼ TI8n, as desired.

Assertion (2) (assertion (4), resp.) follows from assertion (1) (assertion (3),

resp.), because the tile of TH8mþ4 (mb 3) (TI16mþ8 (mb 2), resp.) is also the

tile of H8mþ4 (I16mþ8, resp.). r
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Lemma 14. The spherical tilings by congruent anisohedral triangles are

exactly H4n ð50 nb 4Þ, TH8mþ4 ðmb 3Þ, I8n ðnb 4Þ, and TI16mþ8 ðmb 2Þ.

Proof. H4n (50 nb 4), I8n (nb 4), TH8mþ4 (mb 3) and TI16mþ8 (mb 2)

are spherical tilings by congruent anisohedral triangles, because of Lemma 12

and Lemma 13.

We will prove that for any other T listed in Ueno-Agaoka’s complete

classification ([16, Table], included as Table 2) of spherical monohedral

triangular tilings but not listed in Lemma 11, the tile T of T is congruent

to some spherical isohedral triangular tiling. We will argue such T from top

to bottom of Table 2. If T is F II
12 , or F III

12 , then the tile T of T admits

F I
12, because the list of three inner angles of the tile T is the list of three inner

angles of the tile of F I
12. As F I

12 is isohedral by Lemma 11 (1), the tile of T is

not anisohedral. The tile of TF48 admits F48, because the list of three inner

angles of T is the list of three inner angles of the tile of F48. F48 is isohedral

by Lemma 11 (1). Hence, the tile of TF48 is not anisohedral. If T is TG8n

Fig. 7. The first (the second, resp.) line consists of spherical tilings H4n (n ¼ 4; 6) (TH8mþ4
(m ¼ 3; 4; 5), resp.) by 4n (8mþ 4, resp.) congruent anisohedral isosceles triangles AIn (AI2mþ1,

resp.). The third (the fourth, resp.) line consists of spherical tilings I8n (n ¼ 4; 5) (TI16mþ8
(m ¼ 2; 3; 4), resp.) by 8n (16mþ 8, resp.) congruent anisohedral right scalene triangles ARSn

(ARS2mþ1, resp.). See Theorem 1 and [16, Table] (included as Table 2 in this paper).
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(nb 2), TG8nþ4 (nb 1), MTGI
8nþ4 (nb 1), MTGII

8nþ4 (nb 2), or H12, then the

tile T of T admits an instance of Gm where m is the number of tiles of T.

T is isohedral by Lemma 11 (2). Hence, the tile of T is not anisohedral.

r

Because Ueno-Agaoka’s complete classification of spherical monohedral

triangular tilings describes the inner angles of the tiles, Theorem 1 follows from

the previous Lemma (see Figure 7).

Theorem 3. No spherical (kite=dart=rhombus) is anisohedral.

Proof. By Theorem 2 (2) and Table 1, the tiles of the only spherical

monohedral, non-isohedral (kite/dart/rhombus)-faced tilings gK24 and gTR4nþ2
(nb 2) are those of spherical isohedral rhombus-faced tilings K24 and

TR
2n=ð2nþ1Þ
4nþ2 . r
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Abstract. In this paper, we study quasi-Monte Carlo (QMC) rules for numerical

integration. J. Dick proved a Koksma-Hlawka type inequality for a-smooth integrands

and gave an explicit construction of QMC rules achieving the optimal rate of conver-

gence in that function class. From this inequality, Matsumoto, Saito and Matoba

introduced the Walsh figure of merit (WAFOM) WFðPÞ for an F2-digital net P as a

quickly computable quality criterion for P as a QMC point set. The key ingredient for

obtaining WAFOM is the Dick weight, a generalization of the Hamming weight and the

Niederreiter-Rosenbloom-Tsfasman (NRT) weight.

We extend the notions of the Dick weight and WAFOM over a general finite

abelian group G, and show that this version of WAFOM satisfies Koksma-Hlawka type

inequality when G is cyclic. We give a MacWilliams-type identity on weight enu-

merator polynomials for the Dick weight, by which we can compute the minimum

Dick weight as well as WAFOM. We give a lower bound on WAFOM of order

N�C
0
G
ðlog NÞ=s and an upper bound on lowest WAFOM of order N�CGðlog NÞ=s for given

ðG;N; sÞ if ðlog NÞ=s is su‰ciently large, where C 0G and CG are constants depending

only on the cardinality of G and N is the cardinality of quadrature rules in ½0; 1Þ s.
These bounds generalize the bounds given by Yoshiki and others given for G ¼ F2.

1. Introduction

Quasi-Monte Carlo (QMC) integration is a method for numerical inte-

gration using the average of function evaluations as an approximation of the

true integration value. In QMC integration, sample points are chosen deter-

ministically, while in Monte-Carlo integration they are chosen randomly.

Thus, how to construct point sets has been a major concern in QMC theory.

One of the known good construction frameworks is digital nets, which is based

on linear algebra over finite fields (or more generally over finite rings).

A strong analogy between coding theory and QMC point sets is well

known (see, e.g., [2, 13, 17]). In coding theory, the minimum Hamming

weight is used for a criterion for linear codes. Analogically, Niederreiter-

The work of the first author was supported by the Program for Leading Graduate Schools,

MEXT, Japan.
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Rosenbloom-Tsfasman (NRT) weight is a criterion for digital nets in QMC

theory [12, 15]. More precisely, the minimum NRT weight is essentially

equivalent to t-value and gives an upper bound on the star-discrepancy, which

are important criteria for QMC point sets. Recently, based on Dick’s work

[3], Matsumoto, Saito and Matoba defined the Dick weight m on digital nets

over F2 and related it to a criterion called the Walsh figure of merit (WAFOM)

in [10]. In this paper, as a generalization of [10], we extend the notions of

the Dick weight and WAFOM for digital nets over Zb, and more generally,

for subgroups of Gs�n where G is a finite abelian group. Furthermore, we

establish a MacWilliams-type identity for the Dick weight, which gives a

computable formula of the minimum Dick weight and WAFOM.

Let us recall the notion of QMC integration. For an integrable function

f : ½0; 1Þs ! R and a finite point set in an s-dimensional unit cube PH ½0; 1Þs,
quasi Monte-Carlo (QMC) integration of f by P is an approximation value

IPð f Þ :¼
1

N

X
x AP

f ðxÞ

of the actual integration

Ið f Þ :¼
ð
½0;1Þ s

f ðxÞdx;

where N :¼ jPj is the cardinality of P. The QMC integration error is defined

as Errð f ;PÞ :¼ jIPð f Þ � Ið f Þj. If the integrand f has bounded variation in

the sense of Hardy and Krause, the Koksma-Hlawka inequality shows that

Errð f ;PÞaVð f ÞDðPÞ; where Vð f Þ is the total variation of f and DðPÞ is the
star-discrepancy of P. There have been many studies on the construction of

low-discrepancy point sets, i.e., point sets with DðPÞ A OðN�1þeÞ. In partic-

ular, digital nets and sequences are a general framework for the construction of

good point sets. We refer to [6] and [13] for the general information on QMC

integration and digital nets and sequences.

Recently, higher order convergence results for digital nets, i.e., Errð f ;PÞ
converges faster than N�1, has been established. For a given integer a > 1,

Dick gave quadrature rules for a-smooth integrands which achieve Errð f ;PÞ A
OðN�aþeÞ [3]. He introduced a weight which gives a bound on a criterion

WFaðPÞ (he did not give a name and we use the name in [10]) for a digital net

P over a finite field with cardinality b, and proved a Koksma-Hlawka type

inequality Errð f ;PÞaCb; s;ak f ka �WFaðPÞ, where k f ka is a norm of f for a

Sobolev space and Cb; s;a is a constant depend only on b, s, and a. Later he

improved the constant factor of the lowest WFa for digital nets over a finite

cyclic group [4].
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As a discretized version of Dick’s method, Matsumoto, Saito and Matoba

introduced the Dick weight m and a related criterion WAFOM WFðPÞ for

an F2-digital net P [10]. WAFOM also satisfies a Koksma-Hlawka type

inequality (with some errors due to discretization). One remarkable merit of

WAFOM is that WAFOM is easily computable by the inversion formula [10,

(4.2)], which is easier to implement than the formula of WFa derived from [1,

Section 4]. Using this merit, they executed a random search of low-WAFOM

point sets and showed that such point sets perform better than some standard

low-discrepancy point sets. There are several studies on low-WAFOM point

sets. The existence of low-WAFOM point sets was shown by Matsumoto and

Yoshiki [11]. The author proved that the interlacing construction for higher

order QMC point sets with Niederreiter-Xing sequences over a finite field gives

low-WAFOM point sets [18].

In this paper, as a generalization of [10] we propose the Dick weight

and WAFOM for digital nets over Zb and for subgroups of Gs�n where G is a

finite abelian group. WAFOM over Zb is also a discretized version of Dick’s

method and thus satisfies a Koksma-Hlawka type inequality. Moreover, we

give a MacWilliams-type identity of weight enumerator polynomials for the

Dick weight. Using this identity we obtain a computable formula of the min-

imum Dick weight as well as WAFOM, which is a generalization of the

inversion formula for WAFOM in the dyadic case. Furthermore, we give

generalizations of known properties of WAFOM over F2 in [11] and [19].

More precisely, we give a lower bound on WAFOM and prove the existence

of low-WAFOM point sets. In particular, we improve some of the results in

[11]. These results imply that there exist positive constants C, D, D 0 and F

depending only on b and independent of s, n and N such that N�C log N=s a

minfWFðPÞ jP is a digital net; jPjaNgaFN�Dðlog NÞ=sþD 0 , if ðlog NÞ=s is

su‰ciently large.

These results are similar to the works of Dick, but there is no implication

between them. Dick fixed the smoothness a, while our method requires

n-smoothness on the function where n is as above. Thus, in our case, the

function class is getting smaller for n being increased.

The rest of the paper is organized as follows. In Section 2, we introduce

the necessary background and notation, such as the discretization scheme of

QMC integration, the discrete Fourier transform, and Walsh functions. In

Section 3, we define the Dick weight and WAFOM over a general finite abelian

group G, and prove a Koksma-Hlawka type inequality in the case that G is

cyclic. In Section 4, we define the weight enumerator polynomial, give the

MacWilliams-type identity for the Dick weight, and give a computable formula

of WAFOM. In Section 5, we give a lower bound on WAFOM, prove the

existence of low-WAFOM point sets, and study the order of WAFOM.

343WAFOM over abelian groups

This document is provided by JAXA.



2. Preliminaries

Throughout this paper, we use the following notation. Let N be the set of

positive integers and N0 :¼ NU f0g. Let b be an integer greater than 1. Let

Zb ¼ Z=bZ be the residue class ring modulo b. We identify Zb with the set

f0; 1; . . . ; b� 1gHZ. For a set S, we denote by jSj the cardinality of S. For

a group or a ring R and positive integers s and n, we denote by Rs�n the set of

s� n matrices with components in R. We denote by O the zero matrix. We

denote by e the base of the natural logarithm.

2.1. Discretized QMC in base b. In this subsection, we explain discretized

QMC in base b. This discretization is a straightforward generalization of the

b ¼ 2 case in [10].

Let s be a positive integer. Let PH ½0; 1Þs be a point set in an

s-dimensional unit cube with finite cardinality jPj ¼ N, and let f : ½0; 1Þs ! R

be an integrable function. Recall that quasi-Monte Carlo integration by P is

an approximation value

IPð f Þ :¼
1

N

X
x AP

f ðxÞ

of the actual integration

Ið f Þ :¼
ð
½0;1Þ s

f ðxÞdx:

The QMC integration error is Errð f ;PÞ :¼ jIPð f Þ � Ið f Þj:
Here, we fix a positive integer n, which is called the degree of discretiza-

tion or the precision. We consider an n-digit discrete approximation in base

b. We associate a matrix B :¼ ðbi; jÞ A Zs�n
b with a point xB ¼ ðx1

B; . . . ; x
s
BÞ ¼

ð
Pn

j¼1 b1; jb
�j; . . . ;

Pn
j¼1 bs; jb

�jÞ A ½0; 1Þs, and with an s-dimensional cube IB :¼Qs
i¼1 Ii H ½0; 1Þ

s, where each edge Ii :¼ ½xi
B; x

i
B þ b�nÞ is a half-open interval

with length b�n. We define n-digit discrete approximation fn of f as

fn : Z
s�n
b ! R; B :¼ ðbi; jÞ 7!

1

VolðIBÞ

ð
IB

f ðxÞdx:

Let P be a subset of Zs�n
b . We define n-th discretized QMC integration of f

by P as

IP;nð f Þ :¼
1

jPj
X
B AP

fnðBÞ

and define the n-th discretized QMC integration error as

Errð f ;P; nÞ :¼ jIP;nð f Þ � Ið f Þj:
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For each B A P, we take the center point of the cube IB. Let PH ½0; 1Þs be the

set of such center points given by P. By a slight extension of [10, Lemma 2.1],

if f is continuous with Lipschitz constant K then we have jIP;nð f Þ � IPð f Þja
K

ffiffi
s
p

b�n. We take n large enough so that K
ffiffi
s
p

b�n is negligibly small

compared to the order of QMC integration error jIPð f Þ � Ið f Þj by P.

Then we may regard the n-th discretized QMC integration error Errð f ;P; nÞ
as an approximation of the QMC integration error Errð f ;PÞ.

As point sets, in this paper we consider subgroups of Zs�n
b as well as

digital nets. The definition of digital nets over finite rings is given in [7], we

adopt an equivalent definition of digital nets, which is proposed as digital nets

with generating matrices in [5, Definition 4.3].

Definition 1. Let C1; . . . ;Cs A Zn�d
b be matrices and let X1; . . . ;Xd A Zs�n

b

be defined by the j-th row of Xi is the transpose of the i-th column of Cj .

Assume that X1; . . . ;Xd are a free basis of Z s�n
b as a Zb-module. For an

integer k with 0a ka bd � 1, we define a matrix xk A Zs�n
b as xk ¼Pd

i¼1 ki�1Xi, where k ¼ k0 þ k1b
1 þ � � � þ kd�1b

d�1 ð0a ki a b� 1Þ is the

b-adic expansion of k. We call the set fx0; . . . ; xbd�1g the digital net generated

by the matrices C1; . . . ;Cs.

It is easy to see that digital nets become subgroups of Zs�n
b .

2.2. Discrete Fourier transform. In this subsection, we recall the notion of

character groups and the discrete Fourier transform. We refer to [16] for

general information on character groups. Let G be a finite abelian group.

Let T :¼ fz A C j jzj ¼ 1g be the multiplicative group of complex numbers of

absolute value one. Let ob ¼ expð2p
ffiffiffiffiffiffiffi
�1
p

=bÞ.

Definition 2. We define the character group of G by G4 :¼ HomðG;TÞ,
namely G4 is the set of group homomorphisms from G to T .

There is a natural pairing � : G4� G ! T , ðh; gÞ 7! h � g :¼ hðgÞ:
We can see that Z4

b is isomorphic to Zb as an abstract group. Through-

out this paper, we identify Z4
b with Zb through a pairing � : Zb � Zb ! T ,

ðh; gÞ 7! h � g :¼ o
hg
b ; where hg is the product in Zb.

Let R be a commutative ring containing C. Let f : G ! R be a function.

We define the discrete Fourier transform of f as below.

Definition 3. The discrete Fourier transform of f is defined by

f̂f : G4! R, h 7! 1
jGj
P

g AG f ðgÞðh � gÞ. Each value f̂f ðhÞ is called a discrete

Fourier coe‰cient.
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We assume that PHG is a subgroup. We define P? :¼ fh A G4j h � g ¼ 1

for all g A Pg. Since P? is the kernel of the restriction map G4! P4, we

have jP?j ¼ jGj=jPj. We recall the orthogonality of characters.

Lemma 1. Suppose that PHG is a subgroup and g A G. Then we have

X
h AP?

h � g ¼ jP?j if g A P;

0 if g B P:

�

This lemma implies the Poisson summation formula and the Fourier

inversion formula.

Theorem 1 (Poisson summation formula).

1

jPj
X
g AP

f ðgÞ ¼
X
h AP?

f̂f ðhÞ:

Proof.

X
h AP?

f̂f ðhÞ ¼
X
h AP?

1

jGj
X
g AG

f ðgÞðh � gÞ

¼
X
g AG

1

jGj f ðgÞ
X
h AP?

h � g

¼ 1

jGj
X
g AP

f ðgÞ � jP?j ð9 Lemma 1Þ

¼ 1

jPj
X
g AP

f ðgÞ: r

Theorem 2 (Fourier inversion formula). For a complex-valued function

f : G ! C, we have f ðgÞ ¼
P

h AG4 f̂f ð�hÞðh � gÞ for any g A G. Moreover, if f

is real-valued, we have f ðgÞ ¼
P

h AG4 f̂f ðhÞðh � gÞ:

Proof. By Lemma 1, we have
P

h AG4h � g ¼ 0 if g0 0 and
P

h AG4h � g
¼ jGj if g ¼ 0. Thus we have

X
h AG4

f̂f ð�hÞðh � gÞ ¼
X
h AG4

1

jGj
X
g 0 AG

f ðg 0Þðð�hÞ � g 0Þðh � gÞ

¼ 1

jGj
X
g 0 AG

f ðg 0Þ
X
h AG4

ðh � ðg� g 0ÞÞ

¼ f ðgÞ;
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which proves the complex-valued case. If f is real-valued, we have f̂f ð�hÞ ¼
f̂f ðhÞ, and thus the complex-valued case implies the real-valued case. r

2.3. Walsh functions. In this subsection, we recall the notion of Walsh

functions and Walsh coe‰cients, and see the relationship between Walsh

coe‰cients and discrete Fourier coe‰cients. As a corollary, we prove that

the n-digit discrete approximation fn of f is essentially equal to the appropriate

approximation of the Walsh series of f . We refer to [6, Appendix A] for

general information on Walsh functions.

First, we define Walsh functions for the one dimensional case.

Definition 4. Let k A N0 with b-adic expansion k ¼ k0 þ k1b
1 þ

k2b
2 þ � � � (this expansion is actually finite), where kj A f0; 1; . . . ; b� 1g for

all j A N0. The k-th b-adic Walsh function bwalk : ½0; 1Þ ! f0;ob; . . . ;o
b�1
b g is

defined as

bwalkðxÞ :¼ ok0x1þk1x2þ���
b ;

for x A ½0; 1Þ with b-adic expansion x ¼ x1b
�1 þ x2b

�2 þ x3b
�3 þ � � � with xj A

f0; 1; . . . ; b� 1g, which is unique in the sense that infinitely many of the xj
must be di¤erent from b� 1.

This definition is generalized to the higher-dimensional case.

Definition 5. For dimension sb 1, let k ¼ ðk1; . . . ; ksÞ A Ns
0. The k-th

b-adic Walsh function bwalk : ½0; 1Þs ! f0;ob; . . . ;o
b�1
b g is defined as

bwalkðxÞ ¼
Ys
i¼1

bwalkiðxiÞ:

for x ¼ ðx1; . . . ; xsÞ A ½0; 1Þs.

Walsh coe‰cients are defined as follows.

Definition 6. Let f : ½0; 1Þs ! R. The k-th b-adic Walsh coe‰cient of

f is defined as

Fð f ÞðkÞ :¼
ð
½0;1Þ s

f ðxÞ bwalkðxÞdx:

We see the relationship between Walsh coe‰cients and discrete Fourier

coe‰cients in the following. Let A ¼ ðai; jÞ A Zs�n
b . We define maps

fi : Z
s�n
b ! N0 as fiðAÞ ¼

Pn
j¼1 ai; jb

j�1 and f : Z s�n
b ! Ns

0 as fðAÞ ¼
ðf1ðAÞ; . . . ; fsðAÞÞ. Note that fiðAÞ < bn holds for all 1a ia s and A A Zs�n

b .

Lemma 2. Let f : ½0; 1Þs ! R and A ¼ ðai; jÞ A Zs�n
b . Then we have

Fð f ÞðfðAÞÞ ¼ bfnfnðAÞ:
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Proof. Since fiðAÞ < bn holds for all 1a ia s, for all x ¼ ðx1; . . . ; xsÞ A
IB we have

bwalfðAÞðxÞ ¼
Ys
i¼1

bwalfiðAÞðxiÞ ¼
Ys
i¼1

o
ai; 1bi; 1þ���þai; nbi; n
b ¼ B � A:

Therefore we have

Fð f ÞðfðAÞÞ ¼
ð
½0;1Þ s

f ðxÞ bwalfðAÞðxÞdx

¼
X

B AZ s�n
b

ð
IB

f ðxÞ bwalfðAÞðxÞdx

¼
X

B AZ s�n
b

ð
IB

f ðxÞðB � AÞdx

¼
X

B AZ s�n
b

ðB � AÞ
ð
IB

f ðxÞdx

¼
X

B AZ s�n
b

ðB � AÞ � VolðIBÞ fnðBÞ

¼
X

B AZ s�n
b

ðB � AÞ � b�snfnðBÞ ¼ bfnfnðAÞ;
which proves the lemma. r

Let f @
P

k AN s
0
Fð f ÞðkÞ bwalk be the Walsh expansion of a real valued

function f : ½0; 1Þs ! R. Lemma 2 implies that considering n-digit discrete

approximation fn of f is the same as considering the Walsh polynomialP
k<bn Fð f ÞðkÞ � bwalk, where k ¼ ðk1; . . . ; ksÞ < bn means that ki < bn holds

for every i ¼ 1; . . . ; s, namely we have the following.

Proposition 1. Let f : ½0; 1Þs ! R. For B A Zs�n
b , we have fnðBÞ ¼P

k<bn Fð f ÞðkÞ bwalkðxBÞ.

Proof.

fnðBÞ ¼
X

A AZ s�n
b

bfnfnðAÞB � A ð9 Theorem 2Þ

¼
X

A AZ s�n
b

Fð f ÞðfðAÞÞ bwalfðAÞðxBÞ ð9 Lemma 2Þ

¼
X
k<bn

Fð f ÞðkÞ bwalkðxBÞ: r

348 Kosuke Suzuki

This document is provided by JAXA.



3. WAFOM over a finite abelian group

In this section, we expand the notion of WAFOM defined in [10], more

precisely, we define WAFOM over a finite abelian group with b elements.

First, we evaluate the n-th discretized QMC integration error of f with

its discrete Fourier coe‰cients. Let PHZs�n
b be a subgroup. We have

Ið f Þ ¼ bfnfnðOÞ by the definition of the discrete Fourier inversion, and we have

IP;nð f Þ ¼
P

A AP?
bfnfnðAÞ by the Poisson summation formula (Theorem 1).

Hence we have

Errð f ;P; nÞ ¼ jIP;nð f Þ � Ið f Þj ¼
X

A AP?nfOg

bfnfnðAÞ
������

������a
X

A AP?nfOg
j bfnfnðAÞj;

and thus we would like to bound the value j bfnfnðAÞj. Dick gives an upper

bound of the k-th b-adic Walsh coe‰cient Fð f ÞðkÞ for n-smooth function f

(for the definition of n-smoothness, see [3] or [6, § 14]).

Theorem 3 ([6], Theorem 14.23). There is a constant Cb; s;n depending only

on b, s and n such that for any n-smooth function f : ½0; 1Þs ! R and any k A Ns

it holds that

jFð f ÞðkÞjaCb; s;nk f kn � b�mnðkÞ;

where k f kn is a norm of f for a Sobolev space and mnðkÞ is the n-weight of k,

which are defined in [6, (14.6) and Theorem 14.23] (we do not define them here).

Instead of mn, we define the Dick weight m on dual groups of general finite

abelian groups below, which is a generalization of the Dick weight over F2

defined in [10]. Actually, m is a special case of mn � f. More precisely, if

G ¼ Zb and ab n hold, then we have m ¼ ma � f as a function from

ðZ4
b Þ

s�nðFZs�n
b Þ to N0.

Definition 7. Let G be a finite abelian group and let A A ðG4Þs�n. The

Dick weight m : ðG4Þs�n ! N0 is defined as

mðAÞ :¼
X
i; j

j � dðai; jÞ;

with dðhÞ ¼ 0 for h ¼ 0 and dðhÞ ¼ 1 for h0 0.

We obtain the next corollary.

Corollary 1. There exists a constant Cb; s;n depending only on b, s and n

such that for any n-smooth function f : ½0; 1Þs ! R and any A A ðZbÞs�n it holds

that

j f̂fnðAÞjaCb; s;nk f kn � b�mðAÞ:
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Proof. This is the direct corollary of Theorem 3, Lemma 2, and the

equality mðAÞ ¼ mn � fðAÞ. r

By the above corollary, we have a bound on the n-th discretized QMC

integration error

Errð f ;P; nÞ :¼ jIð f Þ � IP;nð f ÞjaCb; s;nk f kn �
X

A AP?nfOg
b�mðAÞ;

for a subgroup P of Z s�n
b .

Hence, as a generalization of [10], we define a kind of figure of merit

(the Walsh figure of merit or WAFOM).

Definition 8. Let s, n be positive integers. Let G be a finite abelian

group with b elements. Let PHGs�n be a subgroup of Gs�n. We define the

Walsh figure of merit of P by

WFðPÞ :¼
X

A AP?nfOg
b�mðAÞ:

In order to stress the role of the precision n, we sometimes denote WFnðPÞ
instead of WFðPÞ.

Then, as we have seen, we have the Koksma-Hlawka type inequality

Errð f ;P; nÞ :¼ jIð f Þ � IP;nð f ÞjaCb; s;nk f kn �WFðPÞ

for a subgroup PHZ s�n
b . This shows that WFðPÞ is a quality measure of the

point set P for quasi-Monte Carlo integration when G ¼ Zb.

4. MacWilliams identity over an abelian group

In this section, we assume that s, n are positive integers. Recall that G is

a finite abelian group and G4 its character group. We consider an abelian

group Gs�n. Let PHGs�n be a subgroup.

We are interested in the weight enumerator polynomial of P?

WP?ðx; yÞ :¼
X
A AP?

xM�mðAÞymðAÞ A C½x; y�;

where M :¼ nðnþ 1Þs=2.
Let R :¼ C½xi; jðhÞ�, where xi; jðhÞ is a family of indeterminates for

1a ia s, 1a ja n, and h A G4. We define functions fi; j : G
4! R as

fi; jðhÞ ¼ xi; jðhÞ and f : ðGs�nÞ4¼ ðG4Þs�n ! R as

f ðAÞ :¼
Y
1aias
1a jan

fi; jðai; jÞ ¼
Y
1aias
1a jan

xi; jðai; jÞ:
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Now the complete weight enumerator polynomial of P?, in a standard sense

[8, Chapter 5], is defined by

GWP?ðxi; jðhÞÞ :¼
X
A AP?

Y
1aias
1a jan

xi; jðai; jÞ;

and similarly, the complete weight enumerator polynomial of P is defined

by

GW �
P ðx�i; jðgÞÞ :¼

X
B AP

Y
1aias
1a jan

x�i; jðbi; jÞ

in R� :¼ C½x�i; jðgÞ� where x�i; jðgÞ is a family of indeterminates for 1a ia s,

1a ja n, and g A G. We note that if we substitute

xi; jð0Þ  x j ; xi; jðhÞ  y j for h0 0; ð1Þ

we have an identity

GWP?ðxi; jðhÞÞjabove substitution ¼WP?ðx; yÞ:

A standard formula of the Fourier transform tells that, if f1 : G1 ! R,

f2 : G2 ! R are functions and f1 f2 : G1 � G2 ! R is their multiplication at the

value, then

df1 f2f1 f2 ¼ bf1f1 bf2f2
holds. This implies that

f̂f ðBÞ ¼
Y
1aias
1a jan

cfi; jfi; jðbi; jÞ ¼
1

jGjsn
Y
1aias
1a jan

X
h AG4

fi; jðhÞðh � bi; jÞ:

Hence, by the Poisson summation formula (Theorem 1), we have

GWP?ðxi; jðhÞÞ ¼
X
A AP?

f ðAÞ

¼ jP?j
X
B AP

f̂f ðBÞ

¼ 1

jPj
Y
1aias
1a jan

X
h AG4

fi; jðhÞðh � bi; jÞ:

Thus we have the MacWilliams identity below, which is a variant of

Generalized MacWilliams identity [8, Chapter 5 § 6]:
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Proposition 2 (MacWilliams identity).

GWP?ðxi; jðhÞÞ ¼
1

jPjGW
�
P ðsubstitutedÞ;

where in the right hand side every x�i; jðgÞ is substituted by

x�i; jðgÞ  
X
h AG4

ðh � gÞxi; jðhÞ:

We consider specializations of this identity. First, we consider a special-

ization GWP?ðx1; . . . ; xn; y1; . . . ; ynÞ of GWP?ðxi; jðhÞÞ obtained by the substi-

tution

xi; jð0Þ  xj ; xi; jðhÞ  yj for h0 0:

We have

X
h AG4

ðh � gÞxi; jðhÞ
����
above substitution

¼ ð0 � gÞxj þ
X

h AG4nf0g
ðh � gÞyj

¼ xj � yj þ
X
h AG4

ðh � gÞyj

¼ xj � yj þ
byj ðif g ¼ 0Þ
0 ðotherwiseÞ

�

¼
xj þ ðb� 1Þyj ðif g ¼ 0Þ
xj � yj ðotherwiseÞ

�
;

where we use Lemma 1 for the third equality. Thus, we have the following

formula.

Corollary 2.

GWP?ðx1; . . . ; xn; y1; . . . ; ynÞ ¼
1

jPj
X
B AP

Y
1aias
1a jan

ðxj þ hðbi; jÞyjÞ;

where hðbi; jÞ ¼ b� 1 if bi; j ¼ 0 and hðbi; jÞ ¼ �1 if bi; j 0 0.

Second, we consider the specialization (1) of GWP? . We have already

seen that GWP? jðsubstitution ð1ÞÞ ¼WP?ðx; yÞ holds. Since

WP?ðx; yÞ ¼ GWP?ðx1; . . . ; xn; y1; . . . ; ynÞ

follows, Corollary 2 implies the following formula:
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Theorem 4.

WP?ðx; yÞ ¼
1

jPj
X
B AP

Y
1aias
1a jan

ðx j þ hðbi; jÞy jÞ;

where hðbi; jÞ ¼ b� 1 if bi; j ¼ 0 and hðbi; jÞ ¼ �1 if bi; j 0 0.

Using Theorem 4, we can compute WFðPÞ and dP? , the minimum Dick

weight of P?. The minimum Dick weight of P? is defined as

dP? :¼ min
B AP?nfOg

mðBÞ;

which is used for bounding WAFOM (see Section 5.3). First, we introduce

how to compute WFðPÞ. The following formula to compute WAFOM is a

generalization of [10, Corollary 4.2], which treats the case G ¼ F2.

Corollary 3. Let PHZs�n
b be a subgroup. Then we have

WFðPÞ ¼ �1þ 1

jPj
X
B AP

Y
1aias
1a jan

ð1þ hðbi; jÞb�jÞ:

Proof.

WFðPÞ ¼
X

A AP?nfOg
b�mðAÞ

¼ �1þ
X
A AP?

b�mðAÞ

¼ �1þWP?ð1; b�1Þ

¼ �1þ 1

jPj
X
B AP

Y
1aias
1a jan

ð1þ hðbi; jÞb�jÞ: r

The merit of Theorem 4 and Corollary 3 is that the number of summation

depends only on jPj linearly, not jP?j ¼ bsn=jPj. We can calculate weight

enumerator polynomials by sn times multiplication between an integer poly-

nomial with a binomial, and jPj times addition of such polynomials of degree

nðnþ 1Þ=2. In the case of computing WAFOM, we need sn times of mul-

tiplication of real numbers and jPj times of summation of such real numbers,

thus we need OðsnjPjÞ times of operations of real numbers. On the other

hand, to calculate weight enumerator polynomials based on the definition,

we need jP?j times of summations of monomials, and to calculate weight

WAFOM based on the definition, we need jP?j times of summations of real

numbers.
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For QMC, the size jPj cannot exceed a reasonable number of computer

operations, so jP?j ¼ bsn=jPj can be large if sn is su‰ciently large. This

implies that the computational complexity of calculating weight enumerator

polynomials or WAFOM using Theorem 4 or Corollary 3 is smaller if sn is

large.

Second, we introduce how to compute dP? . The minimum Dick weight

dP? is equal to the degree of leading nonzero term of �1þWP?ð1; yÞ, namely:

Lemma 3. Let WP?ð1; yÞ ¼ 1þ
Py

i¼1 ai y
i. Then we have dP? ¼

minfi j ai 0 0g.

Thus we can obtain the minimum Dick weight of P? by calculating the

weight enumerator polynomial of P?.

Remark 1. Because of Lemma 8 in Section 5.5, in order to compute

dP? it is su‰cient to compute WP?ð1; yÞ only up to degree dP? a d 2=ð2sÞ þ
3d=2þ s.

5. Estimation of WAFOM

The following arguments from Section 5.1 to Section 5.4 are general-

izations of [11] which deals with the case G ¼ F2, and arguments in Section 5.5

are generalizations of [19], which deals with the case G ¼ F2. The methods

for proofs are similar to [11] and [19]. In this section, we suppose that s and n

are positive integers and that G is a finite abelian group.

5.1. Geometry of the Dick weight. Recall that G is a finite abelian group

with bb 2 elements, G4 its character group. The Dick weight m : ðG4Þs�n !
N0 induces a metric

dðA;BÞ :¼ mðA� BÞ for A;B A ðG4Þs�n

and thus ðG4Þs�n can be regarded as a metric space.

Let Ss;nðmÞ :¼ jfA A ðG4Þs�n j mðAÞ ¼ mgj, namely Ss;nðmÞ is the cardinality

of the sphere in ðG4Þ s�n with center 0 and radius m. A combinatorial

interpretation of Ss;nðmÞ is as follows. One has s� n dice. Each die has

b faces. For each value i ¼ 1; . . . ; n, there exist exactly s dice with value 0 on

one face and i on the other b� 1 faces. Then, Ss;nðmÞ is the number of ways

that the summation of the upper surfaces of s� n dice is m. This combina-

torial interpretation implies the following identity:

Yn
k¼1
ð1þ ðb� 1ÞxkÞs ¼

Xy
m¼0

Ss;nðmÞxm:
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You can also see this identity from Theorem 4 for P ¼ fOg, x 1, and y x.

Note that the right hand side is a finite sum. It is easy to see that Ss;nðmÞ is
monotonically increasing with respect to s and n, and Ss;mðmÞ ¼ Ss;mþ1ðmÞ ¼
Ss;mþ2ðmÞ ¼ � � � holds.

Definition 9. SsðmÞ :¼ Ss;mðmÞ:

We have the following identity between formal power series:

Yy
k¼1
ð1þ ðb� 1ÞxkÞs ¼

Xy
m¼0

SsðmÞxm: ð2Þ

For any positive integer M, we define

Bs;nðMÞ :¼ fA A ðG4Þs�n j mðAÞaMg; vols;nðMÞ :¼ jBs;nðMÞj;

namely Bs;nðMÞ is the ball in Gs�n with center 0 and radius M, and vols;nðMÞ
is its cardinality. We have vols;nðMÞ ¼

PM
m¼0 Ss;nðmÞ, and thus vols;nðMÞ

inherits properties of Ss;nðmÞ, namely, vols;nðMÞ is also monotonically increas-

ing with respect to s and n, and vols;MðMÞ ¼ vols;Mþ1ðMÞ ¼ vols;Mþ2ðMÞ ¼ . . .

holds.

Definition 10. volsðMÞ :¼ vols;MðMÞ.

5.2. Combinatorial inequalities.

Lemma 4.

vols;nðMÞa volsðMÞa expð2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1ÞsM

p
Þ:

Proof. We have already seen the first inequality. We prove the next

inequality along [9, Exercise 3(b), p. 332], which treats only S ¼ 1 and b ¼ 2

case. If M ¼ 0 it is trivial, and so we assume that M > 0. Define a poly-

nomial with non-negative integer coe‰cients by

fs;MðxÞ :¼
YM
k¼1
ð1þ ðb� 1ÞxkÞs:

Since fs;MðxÞ has only non-negative coe‰cients, from Identity (2) we havePM
m¼0 SsðmÞxm a fs;MðxÞ ðx A ð0; 1ÞÞ. Hence we have

volsðMÞ ¼
XM
m¼0

SsðmÞa
XM
m¼0

SsðMÞxm�M
a fs;MðxÞ=xM ðx A ð0; 1ÞÞ:
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By taking the logarithm of the both sides and using the well-known inequality

logð1þ X ÞaX , for all x A ð0; 1Þ we have

vols;nðMÞa s
XM
k¼1

logð1þ ðb� 1ÞxkÞ þM logð1=xÞ

< sðb� 1Þ
XM
k¼1

xk þM log 1þ 1� x

x

� �

< sðb� 1Þ x

1� x
þM

1� x

x
:

By comparison of the arithmetic mean and the geometric mean, the last

expression attains the minimum value 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1ÞsM

p
when sðb� 1Þx=ð1� xÞ ¼

Mð1� xÞ=x holds, namely x ¼ ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þs=M

p
Þ�1 A ð0; 1Þ. r

Lemma 5.

Ss;nðMÞaSsðMÞa expð2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1ÞsM

p
Þ:

Proof. It follows from Lemma 4 and the inequality SsðMÞa volsðMÞ.
r

5.3. Bounding WAFOM by the minimum weight.

Definition 11. Let PHGs�n be a subgroup. The minimum Dick weight

of P? is defined by

dP? :¼ min
B AP?nfOg

mðBÞ

The next lemma bounds WFðPÞ by the minimum weight of P?.

Lemma 6. For a positive integer M, define

Cs;nðMÞ :¼
X

A A ðG4Þ s�nnBs; nðM�1Þ
b�mðAÞ ¼

Xy
m¼M

Ss;nðmÞb�m

and

CsðMÞ :¼
Xy
m¼M

SsðmÞb�m:

Then we have

WFnðPÞ ¼
X

A AP?nfOg
b�mðAÞaCs;nðdP?ÞaCsðdP?Þ:
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Proof. The last inequality is trivial, so it su‰ces to prove the first

inequality. Since P?nfOgH ðG4Þs�nnBs;nðdP? � 1Þ holds, we have

WFnðPÞ ¼
X

A AP?nfOg
b�mðAÞa

X
A A ðG4Þ s�nnBs; nðdP?�1Þ

b�mðAÞ

¼ Cs;nðdP?Þ: r

We shall estimate CsðdM 0eÞ (C for the Complement of the ball) for rather

general real number M 0: from Lemma 5 it follows that

CsðdM 0eÞ ¼
Xy

m¼dM 0e
SsðmÞb�m

a
Xy

m¼dM 0e
b�me2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1Þsm
p

¼ b�dM
0ee2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1ÞsdM 0e
p

þ
Xy

m¼dM 0eþ1
b�me2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1Þsm
p

: ð3Þ

First, we estimate the second term of the above. The function

expð2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þsm

p
Þb�m ¼ expð2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þsm

p
�m log bÞ

is monotonically decreasing with respect to m if

d

dm
ð2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þsm

p
�m log bÞa 0, 2ðb� 1Þs

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þsm

p � log ba 0

,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þs

m

r
a log b

, mb ðlog bÞ�2ðb� 1Þs;

hence we assume that M 0b ðlog bÞ�2ðb� 1Þs. Then, we have

Xy
m¼dM 0eþ1

b�me2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1Þsm
p

a

ðy
m¼dM 0e

e�m log be2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1Þsm
p

dm

¼
ðy
m¼dM 0e

exp �ðlog bÞ
ffiffiffiffi
m
p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þs

p
log b

 !2
þ ðb� 1Þs

log b

0
@

1
Adm
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a

ðy
m¼M 0

exp �ðlog bÞ
ffiffiffiffi
m
p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þs

p
log b

 !2

þ ðb� 1Þs
log b

0
@

1
Adm

¼
ðy
x¼
ffiffiffiffiffi
M 0
p exp �ðlog bÞ x�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þs

p
log b

 !2
þ ðb� 1Þs

log b

0
@

1
A2x dx:

In order to bound the last integral from above, for a positive number c

we assume that
ffiffiffiffiffiffiffi
M 0
p

b ð1þ cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þs

p
=log b or equivalently M 0b

ð1þ cÞ2ðlog bÞ�2ðb� 1Þs. This assumption is stronger than the previous as-

sumption M 0b ðlog bÞ�2ðb� 1Þs. Then, on the domain of integration xbffiffiffiffiffiffiffi
M 0
p

b ð1þ cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þs

p
=log b, we have cxa ð1þ cÞðx�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þs

p
=log bÞ.

Hence the estimation continues:

Xy
m¼dM 0eþ1

b�me2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1Þsm
p

a

ðy
x¼
ffiffiffiffiffi
M 0
p exp �ðlog bÞ x�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þs

p
log b

 !2

þ ðb� 1Þs
log b

0
@

1
A

� 2
1þ c

c
x�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þs

p
log b

 !
dx

¼ 1þ c

c

1

log b
�exp �ðlog bÞ x�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þs

p
log b

 !2
þ ðb� 1Þs

log b

0
@

1
A

2
4

3
5
y

x¼
ffiffiffiffiffi
M 0
p

¼ 1þ c

c

1

log b
exp �ðlog bÞ

ffiffiffiffiffiffiffi
M 0
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þs

p
log b

 !2
þ ðb� 1Þs

log b

0
@

1
A

¼ 1þ c

c

1

log b
expð�ðlog bÞM 0 þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1ÞsM 0

p
Þ

¼ 1þ c

c

1

log b
b�M

0
e2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1ÞsM 0
p

:

Second, we consider the first term of (3). We have already proved that

expð2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb� 1Þsm

p
Þb�m is monotonically decreasing if mb ðlog bÞ�2ðb� 1Þs,

and thus the assumption M 0b ðlog bÞ�2ðb� 1Þs implies

b�dM
0ee2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1ÞsdM 0e
p

a b�M
0
e2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1ÞsM 0
p

:

Therefore we have
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CsðdM 0eÞa b�dM
0ee2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1ÞsdM 0e
p

þ
Xy

m¼dM 0eþ1
b�me2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1Þsm
p

a b�M
0
e2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1ÞsM 0
p

þ 1þ c

c

1

log b
b�M

0
e2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1ÞsM 0
p

¼ 1þ 1þ c

c

1

log b

� �
b�M

0
e2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1ÞsM 0
p

:

Now we proved:

Proposition 3. Let c be a positive real number. Let M 0 be a real number

with M 0b ð1þ cÞ2ðlog bÞ�2ðb� 1Þs. Then we have the following bound

Cs;nðdM 0eÞaCsðdM 0eÞa 1þ 1þ c

c

1

log b

� �
b�M

0
e2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1ÞsM 0
p

:

5.4. Existence of low-WAFOM point sets. We denote the probability of the

event A by prob½A�. Let pb be the smallest prime factor of b. Let d be

a positive integer. Choose d matrices B1; . . . ;Bd A Gs�n independently and

uniformly at random. Let P ¼ hB1; . . . ;BdiHGs�n be the G-linear span of

B1; . . . ;Bd , namely P ¼ fg1B1 þ � � � þ gdBd j g1; . . . ; gd A Gg where g A G acts on

B ¼ ðbijÞ by gB ¼ ðgbijÞ. Note that jPja bd .

Remark 2. If G ¼ Zb, by the theory of invariant factor decomposition, we

can say that there exist matrices B 01; . . . ;B
0
d such that P 0 :¼ hB 01; . . . ;B

0
di includes

P and becomes a free Zb-module of rank d. Thus if G ¼ Zb, we can replace

‘‘subgroup P’’ in this subsection with a ‘‘digital net P,’’ since in this subsection we

consider only the existence of a subgroup which has large minimum Dick weight,

and PHP 0 implies that dP? a dP 0? .

First, we evaluate prob½perpL�, where we define perpL as the event that

B1; . . . ;Bd are all perpendicular to L A ðG4Þ s�n.

Lemma 7. Let L A ðG4Þs�n be a nonzero matrix. Then we have

prob½L ? B�a 1=pb. Especially we have prob½perpL�a p�db .

Proof. We consider the map ðL�Þ : Gs�n ! C;B 7! L � B. Then we

have the surjective group homomorphism Gs�n ! ImðL�Þ, and thus jImðL�Þj
divides Gs�n. Moreover, since L is nonzero, jImðL�Þj is larger than 1. Hence

we have jImðL�Þjb pb. Therefore we have prob½L ? B� ¼ jImðL�Þj�1 a 1=pb,

and especially we have prob½perpL� ¼ prob½L ? B�d a p�db . r

Let M be a positive integer. We evaluate the probability of the event that

dP? bM. We have

359WAFOM over abelian groups

This document is provided by JAXA.



prob½dP? bM� ¼ 1� prob½dP? aM � 1�

¼ 1� prob½bL A Bs;nðM � 1ÞnfOg s:t: L A P?�

¼ 1� prob½bL A Bs;nðM � 1ÞnfOg s:t: L ? B1; . . . ;L ? Bd �

¼ 1� prob½6
L ABs; nðM�1ÞnfOg perpL�

b 1�
X

L ABs; nðM�1ÞnfOg
prob½perpL�

b 1� ðvols;nðM � 1Þ � 1Þ � p�db

> 1� vols;nðM � 1Þ � p�db :

This shows:

Proposition 4. If vols;nðM � 1Þa pd
b holds, then there exists a subgroup

PHGs�n with jPja bd satisfying dP? bM.

By Lemma 4, the condition of this proposition is satisfied if it holds that

e2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1ÞsðM�1Þ
p

a pd
b ,Ma

ðlog pbÞ2d 2

4ðb� 1Þs þ 1: ð4Þ

Therefore we have the following su‰cient condition on the existence of M.

Proposition 5. If Ma ðlog pbÞ2d 2=ð4ðb� 1ÞsÞ þ 1 holds, then Inequality

(4) is satisfied, and hence there exists a subgroup PHGs�n with jPja bd

satisfying dP? bM.

From now on, we define ab :¼ ðlog pbÞ=2 and M 0 :¼ A2d 2=ððb� 1ÞsÞ
where Aa ab and we take M to be bM 0 þ 1c so that P with jPja bd and

dP? bM exists. Then, by Proposition 3, we have the following upper bound

of WFðPÞ:

Proposition 6. Let ab :¼ ðlog pbÞ=2. Take a real number A with Aa ab
and an arbitrary real number c > 0. Then for any positive integers s, n, and

db ð1þ cÞðb� 1Þs=ðA log bÞ, there exists a subgroup PHGs�n with jPja bd

satisfying

WFnðPÞa 1þ 1þ c

c

1

log b

� �
b�A

2d 2=ððb�1ÞsÞe2Ad :

Proof. Define M 0 :¼ A2d 2=ððb� 1ÞsÞ and M :¼ bM 0 þ 1c. By Proposi-

tion 5, there exists a subgroup PHGs�n with jPja bd and dP? bM. For this

P, from Lemma 6 and Proposition 3 we have
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WFðPÞaCsðMÞ

¼ CsðdM 0eÞ

a 1þ 1þ c

c

1

log b

� �
b�M

0
e2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb�1ÞsM 0
p

¼ 1þ 1þ c

c

1

log b

� �
b�A

2d 2=ððb�1ÞsÞe2Ad ;

which proves the proposition. r

In particular, take A ¼ ab and we have the next theorem.

Theorem 5. Let ab :¼ ðlog pbÞ=2 and take an arbitrary real number

c > 0. Then for any s, n, and db ð1þ cÞðb� 1Þs=ðab log bÞ, there exists a

subgroup PHGs�n with jPja bd satisfying

WFðPÞa 1þ 1þ c

c

1

log b

� �
b�a

2
b
d 2=ððb�1ÞsÞe2abd :

Applying Theorem 5 to the case G ¼ F2, we can improve [11, Theorem 2

and Remark 5].

Corollary 4. Let a :¼ a2 ¼ ðlog 2Þ=2 and take an arbitrary real number

c > 0. Then for any n and db ð1þ cÞs=ða log 2Þ, there exists a linear subspace

PHFs�n
2 with dim Pa d satisfying

WFðPÞa 1þ 1þ c

c

1

log 2

� �
2�a

2d 2=se2ad :

Remark 3. Suzuki [18] proved that the construction of higher order digital

nets on Fp given in [3] combined with some Niederreiter-Xing point sets [14]

yields an explicit construction of low-WAFOM point sets, whose order of

WAFOM is almost the same with the order obtained in this paper.

5.5. A lower bound of WAFOM. In this subsection, we show a lower bound

on WAFOM(P), as a generalization of [19]. The next lemma gives an upper

bound on the minimum Dick weight of P? for given PHGs�n, which implies a

lower bound of WAFOM(P).

Lemma 8. Suppose that s and n are positive integers. Let PHGs�n be

a subgroup with jPja bd. Let q, r be nonnegative integers which satisfy d ¼
qsþ r and 0a r < s. Then we have the following:

(1) dP? a sqðqþ 1Þ=2þ ðqþ 1Þðrþ 1Þa d 2=2sþ 3d=2þ s.

(2) Let C be an arbitrary positive real number greater than 1=2. If d=sb

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C þ 1=16

p
þ 3=4Þ=ðC � 1=2Þ holds, then we have dP? aCd 2=s.
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Proof. We define a subgroup Q :¼ fA ¼ ðaijÞ A ðG4Þs�n j aij ¼ 0 if

ðqþ 2a ja nÞ or ð j ¼ qþ 1 and rþ 2a ia sÞg. We have jQj ¼ bqsþrþ1

¼ bdþ1. There is a Z-module isomorphism P?=ðP? VQÞF ðP? þQÞ=Q,

and thus we have

jP? VQj ¼ jP
?j � jQj
jP? þQj b

bsn�d � bdþ1

jðG4Þs�nj ¼ b;

especially there exists a non-zero matrix A 0 A ðP? VQÞ. Therefore we have

dP? a mðA 0ÞamaxfmðAÞ jA ¼ ðaijÞ A Qg ¼ sqðqþ 1Þ=2þ ðqþ 1Þðrþ 1Þ;

where the last equality holds if the components of A is as follows:

aij ¼ 0 if ðqþ 2a ja nÞ or ð j ¼ qþ 1 and rþ 2a ia sÞ
aij 0 0 if ð1a ja qÞ or ð j ¼ qþ 1 and 1a ia rþ 1Þ

�
:

In particular, since qa d=s and rþ 1a s, we have

dP? a sqðqþ 1Þ=2þ ðqþ 1Þðrþ 1Þ

a
d

2

d

s
þ 1

� �
þ d

s
þ 1

� �
s ¼ d 2

s

1

2
þ 3s

2d
þ s2

d 2

� �
;

which proves the first statement.

Let C be a real number greater than 1=2 and we assume d=sb

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C þ 1=16

p
þ 3=4Þ=ðC � 1=2Þ. Then we have 1=2þ 3s=2d þ s2=d 2 aC.

Thus we obtain

dP? a
d 2

s

1

2
þ 3s

2d
þ s2

d 2

� �
aCd 2=s;

which proves the second statement. r

The above lemma gives a lower bound of WFðPÞ.

Theorem 6. Suppose that s and n are positive integers. Let G be a finite

abelian group with bb 2 elements. Let PHGs�n be a subgroup with jPja bd .

Let C be an arbitrary positive real number greater than 1=2. If d=sb

ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C þ 1=16

p
þ 3=4Þ=ðC � 1=2Þ holds, then we have

WFnðPÞb b�Cd
2=s:

Proof.

WFnðPÞ ¼
X

A AP?nfOg
b�mðAÞb b�dP? b b�Cd

2=s: r
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5.6. Order of WAFOM. In this subsection, we consider the order of WFðPÞ
where P is a subgroup of Gs�n with jPj ¼ bd .

We fix the base b. Let D :¼ ab ¼ ðlog pb)/2. We fix a positive integer

E satisfying E > ðb� 1Þ=ðD log bÞ. Let c be the real number such that E ¼
ð1þ cÞðb� 1Þ=ðD log bÞ (by the assumption that E > ðb� 1Þ=ðD log bÞ, c is

positive). Note that c, D and E depend only on b.

We assume that d=sbE. Then, by Proposition 6, there exists a subgroup

PHGs�n with jPja bd satisfying

WFnðPÞa 1þ 1þ c

c

1

log b

� �
b�D

2d 2=ððb�1ÞsÞe2Dd :

Moreover, by Theorem 6, for every P with jPja bd we have WFnðPÞb b�Cd
2=s

where C ¼ ð1=2þ 3=ð2EÞ þ 1=E2Þ. Thus we have the following lemma.

Lemma 9. If d=sbE, we have

�Cd 2=saminflogbðWFnðPÞÞ jPHGs�n subgroup; jPja bdg

a�D2d 2=ððb� 1ÞsÞ þ 2Dd=log bþ logb 1þ 1þ c

c

1

log b

� �
:

Especially, let N ¼ bd and we have the following.

Theorem 7. Let G be a finite abelian group with jGj ¼ b. Let PHGs�n

be a subgroup with jPjaN. Let c, C, D, and E are constants as Lemma 9,

which depend only on b. Suppose that ðlog NÞ=sbE. Then we have

N�Cðlog NÞ=s
aminfWFnðPÞ jPHGs�n subgroup; jPjaNg

a 1þ 1þ c

c

1

log b

� �
N�D

2ðlog NÞ=ððlog bÞðb�1ÞsÞþ2D=log b:
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