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ABSTRACT. We construct natural polarized log Hodge structures associated to a pro-
jective log deformation over the standard log point.
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1. Introduction

Since K. Kato and S. Usui introduced the notion of polarized log Hodge
structure (see [15]), the theory rapidly grew. On the other hand, to apply the
vast theory to geometry, evidently necessary are results of the type that a
geometric family yields polarized log Hodge structures.

More precisely, let f: P — S be a projective log smooth morphism of
fs log analytic spaces. Then, the question is whether f yields polarized log
Hodge structures over S. The current situation concerning this question is
summarized in Section 9 of [10] by T. Kajiwara, K. Kato, and the second
author of this paper. Roughly speaking, the situation is as follows: Although
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232 Taro Funsawa and Chikara NAKAYAMA

there are satisfactory, affirmative answers in the case where the base S is log
smooth, there are no nontrivial example when the base is not log smooth, even
when the base is the standard log point.

The authors of [10] developed the theory of log Picard varieties and log
Albanese varieties under the assumption that the answer to this question is
affirmative (that f is good in their terminology), and stated that one can expect
the goodness if f is exact. Note that the last condition that f is exact is
always satisfied when S is the standard log point.

In this paper, we prove the following.

THEOREM 1.1 (= THEOREM 2.7). A projective log deformation over the
standard log point is good.

That is, f is indeed good if S is the standard log point and if P is a
projective log deformation which means that P is projective and is locally
isomorphic to the special fiber of a semistable family with the natural log
structure (this usage of ‘“log deformation” was introduced by J. H. M.
Steenbrink in [21]). Accordingly, the theory of [10] can be applied to such
an f so that we now have for such an f the log Picard variety and the log
Albanese variety, and so on.

For readers’ convenience, we include here a vague but more understand-
able statement.

COROLLARY 1.2. Let f: P — S be a log deformation over the standard log
point.  Then the triple

(RU1¥Z, (RUf.0p)5, F), 1)

is a log Hodge structure of weight q for every integer q, where f'°% : (P¢, @}gg)
— (Slog,@?g) is the associated morphism of ringed spaces, Wp/s denotes the
relative log de Rham complex, F the decreasing filtration induced by the stupid

filtration on w,g, and 1: Rifloez, — @g’g@R"ﬂw?/S the natural morphism
,,log

induced by the canonical morphism 7. — @‘fg — 0p g

In Section 2, we review the definition of polarized log Hodge structure and
the definition of the goodness and state our main theorem 2.7. In Section 3,
we review the paper [5] which shows that a projective log deformation yields
nilpotent orbits. Since a nilpotent orbit is an equivalent notion of a polarized
log Hodge structure, this result in [5] already associates polarized log Hodge
structures to a projective log deformation. However, the construction in [5]
heavily depends on the various double complex constructions a la Steenbrink,
and quite far from the definition of the goodness in [10] (which does not use
any double complex). Thus, as is explained in Section 4, our task is to show
that the two constructions in [5] and in [10] coincide. To see this, we introduce
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Geometric log Hodge structures 233

an intermediate one, and compare it with each of two one by one. In Section
5, we prove the coincidence of the construction of [5] including double
complexes with the intermediate one. There, after recalling several definitions
and results in [5], we prove the commutativity of the diagram as expected.
In Section 6, we give several isomorphisms concerning log Riemann—Hilbert
correspondences, which is essentially a part of the theory in [7]. In Section 7,
we prove the coincidence of the construction of [10] with the intermediate
one. A key is a comparison between the relative log de Rham complex and
the absolute one. In Section 8, by using the results obtained so far, we
complete the proof of the main theorem. Finally, in Section 9, we apply the
geometric machinery of [10], and define the log Picard and log Albanese
varieties for a projective log deformation and state some results.

We note that it is well-known that the answer to the original question is
affirmative for the non-log case, that is, the case of usual analytic spaces. This
is classical but we could not find an appropriate reference, so we include a
sketch of the proof as an appendix.

NoOTATION AND TERMINOLOGY. For the basic notions on log geometry, see
[15]. Here we review some of them. A monoid means a commutative
semigroup. For an analytic space S, we denote by (/s the sheaf of holo-
morphic functions over S. A log structure on S is a pair of a sheaf of monoids
M and a homomorphism o : M — (g of sheaves of monoids such that the
induced homomorphism o~ !(0%) — @7 is an isomorphism ([15] 2.1.1). Here
we regard (s as a sheaf of monoids by multiplication. Let P be a monoid.
Then PP is an abelian group that represents the functor 4 — Hom(P, 4) (the
set of the homomorphisms from P to an abelian group 4 as monoids). A
monoid P is said to be f5 (fine and saturated) if it is finitely generated, if the
canonical homomorphism P — P#®P is injective and if for any a € PP, a belongs
to the image of P whenever there is an n > | such that a” belongs to the image
of P ([15] 2.1.4). A log structure M on an analytic space S is fs if, locally
on S, there exist an fs monoid P and a homomorphism f : Ps — (s of sheaves
of monoids such that the pushout of Ps «— f~'(0%) — ¢ endowed with the
induced homomorphism to (s is isomorphic to M as a log structure ([15]
2.1.5). An fs log analytic space is a pair of an analytic space and an fs log
structure on it ([15] 2.1.5). For an fs log analytic space S, we denote by Mg
the log structure on it. A morphism of fs log analytic spaces is called proper
(resp. separated) if its underlying continuous map of topological spaces is so
(cf. [15] 0.7.5). See 2.1.11 of [15] for the definition of log smoothness of
a morphism of fs log analytic spaces. There is a natural functor from the
category of fs log analytic spaces to that of ringed spaces: S +— (Slog,(ﬁlsog).
See [15] 2.2.3-2.2.4.
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234 Taro Funsawa and Chikara NAKAYAMA

Throughout the paper, we fix a standard log point
0 := (Spec C,N @ C*),

which is an fs log analytic space. Here the structural homomorphism
My=N@®C* — O sends the generator 1 of N to zero. This 1 as a section
of My is denoted by 7. The topological space 0'°¢ is canonically identified with
the unit circle {o € C|ad = 1} by definition. Let log ¢ be a section of the sheaf
of logarithms %, C”éog such that exp(log ¢) = re M{’, which is determined
modulo 27iZ. We often identify a sheaf of abelian groups on 0 with the
module of the global sections of it.

For simplicity, we often denote the pullback of a sheaf on a space by the
same symbol as that for the original sheaf.

Sometimes, we omit the dot in the symbol 4" for a complex. For
example, wy/y denotes the relative log de Rham complex wj, 10

2. Main theorem

In this section, we state our main theorem 2.7. For this, we recall the
definition of polarized log Hodge structure and the definition of the goodness
only in the case where the base is the standard log point 0, which are enough
for our purpose. See [9, 2.3], [15, 2.4], and [10] for the general theories.

2.1. Let g be an integer. A log Hodge structure of weight g over the
standard log point 0 is a triple (Hyz, Ho,1), where Hy is a locally free sheaf
of finitely generated Z-modules over 0°¢, H, is a C-vector space regarded as
a sheaf of (Uj)-modules endowed with a decreasing filtration F°, and : is an
isomorphism

lo, ~ mlo
ll(oog®zHZ = @0g®(ﬂoH@

of OF%-modules satisfying the following conditions (i)—(iii). Let z be the
point of 0°¢ corresponding to 1, where we identify the set 0°¢ with the set
{aeClag =1}.

(i) For any sufficiently shifted specialization a : @‘éﬁ’f — C (which means
that exp(a(log ¢)) is sufficiently near to 0 € C), the specialization C ®@(1)0%1 gives
a Hodge structure of weight ¢ in the usual sense. N

(i) Any specialization C®@[1)o%l together with the monodromy filtration
W(N)[—q], where N is the monodromy, is a mixed Hodge structure in the
usual sense.

(ii) Griffiths transversality is satisfied, that is,

V(F?) < o) ®q, F'™!
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Geometric log Hodge structures 235

for all peZ, where V:H¢— w}®, Ho is induced from d: C”(l)og —
1 log
wy g, Oy~
We explain that the general definition is equivalent to the above definition
in this case. Since we consider only the pure log Hodge structure, the admis-
sibility ([9, 2.3.5 (i)]) is an empty condition. As for the condition [9, 2.3.5 (ii)],
the monodromy cone (denoted by “C(s)” there) is isomorphic to Ry, and has
two faces. The part of [9, 2.3.5 (ii)] where “c” there is trivial is equivalent
to the above condition (i). The part of [9, 2.3.5 (ii)] where “¢” is the whole
monodromy cone is equivalent to the above condition (ii) because for any
two specializations a, b, the data z®@(1)o%7uC with W(N)[—¢] is a mixed Hodge
structure if and only if the data 1 ®.: , C with W(N)[—¢] is a mixed Hodge

0,z
structure (hence, (ii) is even equivalent to the condition that “There is a
specialization...”). Finally, the condition [9, 2.3.5 (iii)] is equivalent to the

above condition (iii).

ReMark 2.2. The authors learned from K. Kato that (i) in the above
definition is in fact a consequence of the other conditions. (Though we do not
use this fact, we note that it makes the last sentence of 8.2 in the proof of the
main theorem unnecessary.) We sketch the proof here. It is enough to prove
the following:

Let NV be a nilpotent endomorphism on a finite dimensional R-vector space
H and let F be a decreasing filtration on H¢. Let (W(N)[—q],F) be the
mixed Hodge structure. Then, exp(iyN)F is a Hodge structure of weight ¢ for
any sufficiently large y > 0.

To see this, let F be the R-split mixed Hodge structure associated with
(W(N)[—q], F) of Cattani—Kaplan—Schmid [2] (cf. [15, 6.1.2]). Let v be the
splitting of F. Then we have Ad(v(¢))N =t 2N for any reR., and
V(t)F - F (t— o) ([15, Lemma 6.1.11 (ii)]) so that v(y/7) exp(iyN)F —
exp(iN)F (y — o). Since exp(iN)F is a Hodge structure by [2, Lemma
3.12], v(\/y) exp(iyN)F is a Hodge structure for any sufficiently large y > 0.
This implies that exp(iyN)F is a Hodge structure for any sufficiently large
y>0.

Next we review the definition of the goodness based on [10, Section 7].
Here we adopt a simplified description. Later in 9.2 and 9.3, we discuss the
equivalence of the definition here and that in [10, Section 7]. Let f: Y — 0 be
a proper, separated and log smooth fs log analytic space over 0. Assume that
for any ye Y, the cokernel of Z = M§"/0f — My’ /0y , is torsion-free.

DeFINITION 2.3, Let ¢ > 0. We say that Y /0 is good for #? if the
following conditions (i)—(iii) are satisfied. We say that Y /0 is good if it is
good for #Y for any q.
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236 Taro Fuisawa and Chikara NAKAYAMA
(i) The three homomorphisms
Oy @7 RY[\®Z — 03* @ 1.(05® @7 R'f*Z)
— 0% @c R wyE — O @c Ry,

where the first homomorphism is induced by the adjoint map, the second one
is by the natural map f 103*1@‘(1)0*; — w}l/oog, and the third one is induced by the
composite
A log ~ .
T*RqﬁIngY/oog — RqﬁRT*CUY/OOg — Rqﬁwy/ov

are isomorphisms.

Here, ) /0 is the relative analytic log de Rham complex.

(i) For any integer r, the natural map R‘fﬁw'YZ/(’) — Rif.wy , is injective,
and the natural map R‘ff*a)';—/g — R‘lf*w’)’,/O is surjective.

(iii) The isomorphisms in (i) together with the filtration induced by the
injections in (ii) give a log Hodge structure of weight g.

2.4. We discuss the relationship with [10, Section 7].

First, note that there is a mistake in [10, 7.1]: The first arrow in the
last line of ibid. p. 164 should be converted. Hence, the condition (i) there
should be the same form of the above condition 2.3 (i), i.e., “The three
homomorphisms. ...”

Assume that we made this modification on [10, 7.1]. Then, our definition
of goodness 2.3 is precisely equivalent to the goodness of [10, 7.1], and also
equivalent to another goodness of [10, 7.2] (note that our f is always exact
because the log of the base 0 is just N). We prove these equivalences in the
last section.

More strongly, for ¥ — 0 as above, the condition 2.3 (i) always holds,
which we will prove in 6.1. Similarly, both the condition [10, 7.1 (i)] and the
modified (i) in [10, 7.2] also always hold. Further, these two isomorphisms in
the derived category coincide, as we will see in the last section (9.3).

2.5. We summarize the current situation of the problem of the goodness.
See [10, Section 9] for details. Let f: P — S be a proper, separated, vertical
and log smooth morphism of fs log analytic spaces. Assume that for any
p € P, the cokernel of M /05 () — Mp,/0p , is torsion-free.

Then, we can expect that, under some Kéhler type conditions, f is good
either if S is log smooth or if f is exact. For the former case, there is a
satisfactory result by Kato—Matsubara—Nakayama ([13]). On the other hand,
there have not been known any nontrivial example if S is not log smooth.
The main theorem 2.7 in this paper provides such examples for the first time.
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Geometric log Hodge structures 237

2.6. A morphism f:Y — 0 of fs log analytic spaces is called a log
deformation ([21]) if Y is locally isomorphic to an open subspace of

Spec(Cly, ... tart]/(t1 -+ - tas1))  (d 20)

endowed with the log structure defined by N¢*! sending e; to t; and endowed
with the structure morphism sending 1 €N to #;---t441. Here (¢));_; 4y 18
the canonical basis of N1, (Equivalently, f is a log deformation if and only
if Y is locally isomorphic to the log special fiber of a semistable family over a
log pointed disk endowed with the natural log structure.)

A log deformation is said to be projective if the underlying space of Y is
projective.

THEOREM 2.7. A projective log deformation f:Y — 0 is good.

3. Review of [5]
In this section, we briefly review [5].

31. Let f:Y — 0 be a projective log deformation. We describe the
irreducible decomposition of Y by Y = U req Yio We set

Y,=Y,nY,N---NY,

for a subset A= {49,41,..., 4} <A (for A=, we set Yz =7Y) as in [5,
3.2]. The inclusion Y; — Y is denoted by a;. In what follows, we often omit
the symbol (a;), for short. A log structure on Y; is induced by a; : ¥, — Y.
Thus an augmented cubical log analytic space a: Y, — Y is obtained. The
relative log de Rham complex wy,,y for 4 = A defines a co-cubical complex

wy,;o on Y. On Y;, a morphism of complexes
dlogin : wy, — wy,[1]

is given by
p p+l1

wyiadelogtAxein

for every p. Then a complex Clu|® wy,, where u is an indeterminate, is
obtained by the differential

de®d+ 2av—-1)" % ®d log tA : Clu ®w§; — Clu ® a)’Y’jl

for every p. We denote it by wy,[u] for short. In particular, we have a
complex wy[u] on Y as the case of A= . Thus we obtain a co-cubical
complex wy,[u] on Y.

This document is provided by JAXA.



238 Taro Funsawa and Chikara NAKAYAMA

3.2. As in [5, 5.5], we set
Kc = %(wy, [u]),

where % denotes the Cech complex of the co-cubical complex (see e.g. [5, 2.5]).
We define the complex Kq similarly by replacing wy, with the Koszul complex
on Y,. The increasing filtrations W on Ko and K¢, and the decreasing
filtration F on K¢ are defined in [5, 5.5]. Moreover the morphism Ko — K¢ is
also defined in [5, 5.5]. Theorem 5.9 of [5] states that these data yield a mixed
Hodge structure
(H(Y,Kq), Wlql, H'(Y,Kc), F)

for every gq.

3.3. The morphism

d _ .
y ®id: Clu] ® oy, — Clu] ® oy,

induces an endomorphism of the co-cubical complex wy,[u]. Then a morphism
of complexes

d
— ®id : K¢ — K¢
du
is induced. We obtain a morphism
H‘f(Y,di ®id)  HY(Y,K¢) — HY(Y,Kc)
u

for every ¢, denoted by Nk in [5, 5.16]. Similarly, we obtain a morphism of
complexes Ko — Ko and a morphism HY(Y,Kq) — H(Y,Kq) for every gq.
The latter is also denoted by Nk in [5, 5.16]. These morphisms are compatible
with the morphism Ko — K¢ above. Theorem 8.16, the main result of [5],
claims the following.

THEOREM 3.4.  For every q, there exists a bilinear form S, on H(Y,Kq)
such that

(Hq(YaKQ)’ W[Q]qu(YvKC)vFaNKaSq)
is a polarized mixed Hodge structure in the sense of Cattani—Kaplan—Schmid

[2, Definition (2.26)].

4. Q-structures

The main step of our proof of Theorem 2.7 is to show the compatibility
of the two Q-structures: that in 2.3 and that by [5] reviewed in Section 3.
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Geometric log Hodge structures 239

To prove this compatibility, we introduce an intermediate Q-structure in this
section, and later, in Sections 5 and 7, we prove that this intermediate
Q-structure coincides with each Q-structure of two, respectively.

4.1. Fix an integer ¢. Let Hq = RIf1°2Q. Let Ho = HI(Y, 0y ).
We will prove in 6.1 that we have the quasi-isomorphisms

05 ® Ho < Op* @ ©.(0® ® Ho) = Oy @ T.RY o}/ & 07 @ He (1)

as in 2.3 (i).
Let z be the point of 0'°¢ corresponding to 1. Taking the stalk at z of (1)

and specializing it by the ring homomorphism ¢ = C [Igiit} - C; lgii’ — 0, we
have an isomorphism

C®Hq,- = H. (2)
Then, the main part of the proof of Theorem 2.7 is the following statement.

4.1.1. The Q-structure defined by (2) coincides with the Q-structure
defined by the isomorphism

C@Hq(Y,KQ)qu(Y,Kc)gH@ (3)
constructed in [5, Theorem 5.9].

4.2. To prove 4.1.1, we introduce an intermediate Q-structure.
Consider the following commutative diagram of ringed spaces:
i

V] T

yloe Yye y'loe Y
R
{0p — R T, Qe T, 0

where the bottom 7 is the map R3r— > e {a|ag = 1} = 0% and the left
two squares are cartesian.
Consider the composite of quasi-isomorphisms

R(t),C = R(tn),n ' w3 & wy[u] = oy 4)

on Y, where the first quasi-isomorphism is by log Poincaré lemma ([14,
Theorem (3.8)]), the second is by [6, Lemma 3.3], and the last one is by
[14, Remark (4.10)] and sends the indeterminate u to O.

Consider its R4f, on O:

C®HI(Y)* Q)= H(Y)*,C) = Hy. (%)

Then, the statement 4.1.1 reduces to the following two statements:
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240 Taro Funsawa and Chikara NAKAYAMA

4.2.1. The Q-structure defined by (3) coincides with the Q-structure
defined by (5).

4.2.2. The Q-structure defined by (2) coincides with the Q-structure
defined by (5).
We will prove 4.2.1 in Section 5, and 4.2.2 in Section 7.

5. Double complexes

5.1. In this section, we prove 4.2.1. The strategy is as follows. Just as
Steenbrink uses the commutativity of the diagram

Q-nearby cycle Ag

| |

C-nearby cycle —— Qy/s(log ¥V)® Oy —— Ac

in the proof of [20, Theorem (4.19)] (notation be as there), we construct the
commutative diagram

R(tn),Q Ko
R(zn),C Sl y /o Kc.

Then, by taking RIf., we have 4.2.1.
To this end, we recall several definitions in [6] and correct small mistakes
on the sign of the differentials.

DEerFINITION 5.2. Let (K, W) be a family of complexes equipped with an
increasing filtration W for every non-negative integer n, and 0, : K, — K, 1[1],
n >0, a morphism of complexes, such that the conditions (1.4.1)—(1.4.5) in
[6, Definition 1.4] are satisfied. Then we set

o DPi= Kq”‘/“/Wq for p,qeZo

e d': D4 — DPtl4 is the morphism induced by —dg,, where dg, denotes

the differential of the complex K,

e d":Dri— pratl s induced by the morphism —0, : K, — K,41[1]
for every p,qe€Z-o. Then we can easily see the equality d'd” +d"d = 0.
Thus we obtain a double complex D = D(K,, W,0,). The associated single
complex is denoted by sD(K,, W,0,) and called the Steenbrink complex of
{(Ky, W),0,}. The Steenbrink complex sD(K,, W,0,) is equipped with the
increasing filtration L defined in [6, Definition 1.4] and with the decreasing
filtration F defined in [6, Remark 1.6].
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Geometric log Hodge structures 241

For the case where there exist K and 0: K — K[1] such that (K,, W) =
(K, W) and 0, = 0 for all n, sD(K,, W,0,) is simply denoted by sD(K, W,0) in
this article.

REMARK 5.3. Compared with Definition 1.4 in [6], we change the signs of
d’ and d”. By the definition above, we obtain the formula

grk sD(K,, W,0,) = P grnlfjrzq+1 K, (1]

q=0
q=—m

for every m.

REMARK 5.4. As described in [6, Remark 1.7], the construction of the
Steenbrink complex satisfies the natural functoriality. In particular, we have
the following functoriality:

Let {(K,, W),0,} be as above, K’ a complex, and f : K’ — Kp[l] a mor-
phism of complexes satisfying the condition 6yf = 0. Then the morphism

(K")? — D(Kn, W,0,)"° = KUY YW,y

induced by f defines a morphism of complexes K’ — sD(K,, W,6,).

DEeFINITION 5.5. Let 0: K — K(—1) be a morphism of complexes. A
complex p(K,d) is defined by p(K,5)” = K? @ KP~'(—1) with the differential
d: p(K,0)" — p(K,0)""" defined by d(x,y) = (dx,—dy +d(x)) for (x,y)e
K? ® KP7'(~1) = p(K,5)”. The morphisms of complexes 0:p(K,5) —
p(K,0)(1)[1] and u: K — p(K,0)(1)[1] are defined by

0x,y) = (0,x) e K" (1) @ K" = p(K,0)""(1)
for (x,y) e K? ® K»~'(=1) = p(K,5)” and
u(x) = (0,x) € KP71(1) @ K? = p(K, )" (1)

for xe K”. It is easy to check that they actually define morphisms of
complexes.

For K, =p(K,0)(n+1) with the canonical filtration W =17 and 0, =
O(n+ 1), the Steenbrink complex sD(K,, W,#6,) is denoted by SZ(K,J) and
called the Steenbrink—Zucker complex for (K,0). Then we obtain a morphism
of complexes

1: K — SZ(K.9) (6)

by Remark 5.4 because we have Gpu = 0(1)u = 0 by definition.
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242 Taro Funsawa and Chikara NAKAYAMA

REMARK 5.6. The definition of the morphism y is different from that in
[6, Remark 1.13] because the sign of differential of the Steenbrink complex in
Definition 5.2 is changed.

57. Let f:Y — 0 be a log deformation. We fix an injective resolu-
tion Qyuwe — I of Qyu.. Then we have the monodromy automorphism
T: (trn),n ' — (tn),n 1. A subcomplex B(I) of (tn),z~'I is defined by

B(I) = |J (Ker(T —id)""™") < (zn),n 71
m>0
in [6, (3.4.1)]. The inclusion B(I) — (tr),x ' is a quasi-isomorphism by
[6, Lemma 3.5]. Moreover, log T is well-defined on B(I) by definition.
5.8. We consider the commutative diagram

O —° . 1!

1

n gp
Oy — M}

of abelian sheaves on Y which appeared in [6, (5.1.1)], where L° and L' are
torsion-free abelian sheaves and the morphism e: ¢y — M{" is defined by
e(f) = exp(2nv/—1f) for f € Oy. Asin [6, (5.1.2)], we assume that there exists
an element of I'(Y,L') whose image by v; is te I'(Y,My). We denote this
element by te I'(Y,L') by abuse of the notation.

We obtain the Koszul complexes Kos"(¢) and Kos”(e) by

P
Kos"(e)? = [ »(L") @ A L'

P
Kos"(e)” = I_(0y) ® \ ME"

as in [21, Section 1]. (For the details, see [21], [5], [6]). An increasing
filtration W on Kos"(¢) is defined in [21, (2.8)]. Similarly, an increasing
filtration W is defined on Kos"(e) (see also [5, 3.15]). Moreover, the
morphism

p p
Lip(0) @ \MP3x®@ y = 1@ ye M, (0r) ® \ MY

defines a morphism of complexes Kos”(e) — Kos""!(e) as [5, (3.11.2)]. Thus
we obtain an inductive system

.- — Kos"(e) — Kos"!(e) — - -
and set
Kosy(My) = lim Kos"(e)
n
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as in [5, 3.11]. The increasing filtration W is obtained by

W Kosy(My) = lim W, Kos"(e)

for every m.
The morphism

14 p+l
L py(LYONL' 5x®@y—x®@tayel (L") ® )\ L'

defines a morphism of complexes
Kos"(g) — Kos"*!(&)[1]
denoted by zA for short. Similarly, we obtain a morphism of complexes
(A = Kos"(e) — Kos™(e)[1].
Moreover, the morphism
A : Kosy(My) — Kosy(My)

is similarly defined in [5, (3.13.1)].
From the commutative diagram (7), the morphism of complexes

Kos"(e) — Kos"(e)
is obtained for every n. On the other hand, we have the canonical morphism

Kos"(e) — Kosy(My) = lim Kos"(e)

n

for every n. These morphisms preserve the filtrations W by definition. The
morphism of complexes  : Kosy(My) — wy is defined as in [5, (3.11.3)],
which preserves the filtration W on the both sides. Then we have the
following commutative diagram:

Kos"(e) —2~— Kos"!(g)[1]
Kos"(e) —2=— Kos"!(e)[1]

Kosy(My) —2— Kosy(My)[1]

W ¥

oy wy(1],

(2nv/=1)""'d log tA
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where the commutativity of the bottom square is proved in [5, (3.13.2)]. The
composite Kos”(¢) — wy of the vertical arrows coincides with the morphism ¢
defined in [6, (5.1.4)].

DErFINITION 5.9. In the situation above, we set
Ag = sD(Kosy(My), W,tA), Ac = sD(wy, W,d log tA)

as in [5, (5.17)].
On the other hand, we set

K, = Kos™ ™" () (n+1),  0,=Q2avV-1)trn: K, — K, 1[1],

where np = dim Y + 1. Thus we obtain the Steenbrink complex sD(K,,, W, 6,).
We have the following commutative diagram:

Kos™1(e)(n+ 1) Z2% Kos™ #42(e) (n + 2)1]

@zv/=1)"""id @rv/=1)"2id

Kosno+n+1(8) % Kosno+n+2(8>[1]

In

KOSY(My) KOSy<My)[1]
(27‘[\/*_1)/”1!// (27:\/3)"“!//
Dy a)y[l],

d log tr

where the both composites of the vertical arrows coincide with ¢. Therefore
we obtain the commutative diagram

sD(K,, W.,0,) —— Ag

]

of the Steenbrink complexes. The vertical arrows sD(K,, W,6,) — Ac and
Ag — Ac are denoted by sD(¢) and o respectively.

ReMARK 5.10. The triple ((Aq,L),(Ac,L,F),o) above coincides with
(A, W,F) defined in [5, Definition 5.18]. On the other hand, the triple

((SD(KI’H w, 071)7 L), (Ac, L, F)a SD(¢))

coincides with (5.1.5) in [6] except the sign of the differentials.

This document is provided by JAXA.



Geometric log Hodge structures 245

5.11. As in [6, (3.4)] and the proof of [6, Lemma (3.5)], we have the
commutative diagram

R(tn),Q —— (tn),n ' 1 —=— B(I)
R(tn),C —— (tn),n 'Ic «—— B(I)¢ «—— wy[u

whose horizontal arrows are quasi-isomorphisms. The diagram

L

is commutative as stated in [6, (3.6). We set 6 = —(27v/—1) " log T on B(I)

and 6 = —(Zm/—l)_I% on wylu] for the simplicity of notation.

The morphism of complexes
SZ(B(I),8) — SZ(B(I)¢.6) = SZ(B(1),d)c

coincides with the natural morphism induced by the base extension Q — C.
Moreover, we obtain the morphism of complexes

SZ(wylu],0) = SZ(B(I),0)

by the commutative diagram (9). It turns out that this is a (filtered) quasi-
isomorphism by [6, Lemma 3.7].
On the other hand, the morphism

¢ plwyu],0)” — of
is defined by
o(x,y) =x0+dlogtA yy

for (x, y) € @’ [u] ® w¥ '[u], where x = dox(wl /) and y =37 y(u/ /jY). Ttis
easy to check that this defines a morphism of complexes ¢ : p(wy[u],d) — wy.
(This morphism is denoted by v in [6, (3.9.1)].) Moreover, we can easily check
that the diagram

ploylu,5) —— ploy[ul,6)1]

| |

_ 1
@y d log tn a)y[ ]
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is commutative. Thus the morphism of complexes
SZ(wylu],0) = sD(p(wy[u],0),t,0) — sD(wy, W,d log tA) = Ac
is obtained by the functoriality of the Steenbrink complexes. The diagram
SZ(B(I)¢,0) < SZ(wylu],0) — Ac (10)
defines a morphism
a:SZ(B(I)¢,0) — Ac
in the (filtered) derived category.
THEOREM 5.12.  The data

((AQ7L)7(AC7L7F)3(X)7 (11)
((SZ(B(I)a(;)vL)v(AC7L7F)7OC)7 (12)
((sD(K, W, 0,), L), (Ac, L, F),sD(9)) (13)

are cohomological mixed Hodge complexes on Y.

Proor. For ((Aq,L),(Ac,L,F),o), Theorem 5.21 of [5] implies the
conclusion. For the other two, the same proofs as those for Theorem 3.12
in [6] and for (5.4) in [21] work.

5.13. In order to relate (12) and (13), the commutative diagram in the
derived category

SZ(B(I),8) «— SZ(Kos"(&),0) —— sD(Ky, W,0,)

T o

is constructed in the paragraph before Proposition 5.5 and in the proof
of Proposition 5.7 in [6], where ((SZ(Kos™(£),9),L),(Ac,L,F)) together with
the middle vertical morphism is a cohomological mixed Hodge complex in
[6, Proposition 5.5].

5.14. The comparison morphisms
AQ —>KQ, AC —)KC (15)

defined in Definition 5.26 and Definition 5.24 in [5] give us the commutative
diagram
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Aqg —— Ko
J J (16)
Ac —— K¢

by [5, Lemma 5.27].
Combining the commutative diagrams (8), (14) and (16), we obtain the
commutative diagram

SZ(B(I),8) —— SZ(Kos™(£),0) — sD(Kn, W,0,) —— Aq —— Ko

| | | |

in the derived category.

5.15. Now it suffices to construct a commutative diagram

R(17),Q SZ(B(1),9)

l |

R(Tﬂ.’)*C & Ct)y/o _— AC

in the derived category.
Because we have an isomorphism

B(I) — R(tn),Q
in the derived category, the diagram
R(tn),Q <= B(I) * SZ(B(I).0) (17)

defines a morphism R(t7),Q — SZ(B(I),0) in the derived category, where u
denotes the morphism defined in (6).
On the other hand, the morphism

dlogtn: wy — wyll]
induces a morphism wy — A¢ as in Remark 5.4. Then we obtain a morphism
C()Y/() — AC (18)

because the morphism wy — A¢ clearly factors through the morphism
Wy — Wy /0-
What we have to prove is the following:
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PROPOSITION 5.16.  The morphisms (17) and (18) make the diagram (5.15)
commutative.

Proor. It is sufficient to prove that the diagram

R(tn),Q «—— B(I) —~— SZ(B(I),9)

R(tn),C «—— B(I)e —— SZ(B(I),0)
! ! (19)

a)y[u] L’ SZ(wY[u]aé)

a)y/o —_— AC
is commutative because the morphism (4) is represented by
R(tn),C ~ (tn),n 'Ic &= B(I)¢ < wyu] — oy

in the derived category and because the morphism «: SZ(B(I),0) — Ac is
represented as the composite of the right vertical arrows in (19) in the derived
category. The squares except the bottom are trivially commutative by
definition.

The diagram

1
o) —————— "
d log A

1S commutative because we have

p(u(x)) = 9(0,x) = d log 1 A xo

for x =3 x;(u//j!) € o} [u]. Then we can easily check the commutativity of
the bottom square in the diagram (19).

5.17. Now we prove the coincidence of the morphisms Nx on H?(Y, Kq)
and the logarithm of the monodromy automorphism on Hq . under the iden-
tification above.

It is known that the monodromy automorphism on the stalk Hgq . is
induced from the monodromy automorphism on I'(R,n"'Hg) ~ (tn),z 'Hg
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(see e.g. Iversen [8, IV Theorem 9.7]). Thus the monodromy automorphism is
induced by

T:(tn),n ' — (tn), 21
because
(tn),n ' Ho =~ (tn),n” ' RY1°*Q =~ (tn) RY(/.).Q
~ R(ftr),Q ~ R.(tn),n "1 ~ HY (Y, B(I))

by the base change.
Therefore, it is sufficient to prove that log 7 on HY(Y,B(I)) coincides
with Ng on HY(Y,Kc) under the identification induced by the morphism

B(I)¢ < oylu] — oy — Ac — Kc

in the derived category. We already know that log T on B(I). is identified
with £ on wy[u] as in [6]. On the other hand, the canonical morphism
a: Y, — Y induces the morphism

*

a*:wylu] — Kc

by definition. It is easy to see that the diagram

is commutative. Therefore the following lemma implies the conclusion.

LemMmA 5.18. The morphism

HYY,a"): H(Y,owy[u]) — H{(Y,Kc)
coincides with the isomorphism induced by the morphisms
wyu] — vy — Ac — Kc

above for any q.

Proor. The canonical morphism «: Y, — Y induces the morphism

a*:wyjp — €(owy,p)

as in [5, 5.7], where % denotes the Cech complex of the co-cubical complex
wy, /o as in 3.2 (see e.g. [5, 2.5]). Similarly to the morphism wyu] — wy
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in (4), we have a morphism of complexes
wyé[u] — @y, /0

for every A = A. They form a morphism of co-cubical complexes wy,[u] —
wy,s. Thus the morphism of complexes

Kc — 6(wy, )

is obtained in [5, 5.5]. As in the proof of Theorem 5.29 in [5], we can easily
check that the diagram

a)y[u} _ a)y/o _— AC
a*J{ a*l J
Kc —— %(wy,0) —— Kc

is commutative. Therefore we obtain the conclusion because the morphism
Kc — %(wy,)0) above induces the isomorphism

H(Y,Kc) = HI(Y, % (wy, )

for any ¢ by Theorem 5.9 in [5].

6. Log Riemann-Hilbert correspondences

In this section, we prove that the condition of 2.3 (i) is in fact always
satisfied. This is essentially a part of [7]. In the course of the proof, we also
prove some facts which will be used to prove 4.2.2.

ProposITION 6.1. Let f: Y — 0 be a proper, separated and log smooth fs
log analytic space over 0. Assume that for any y €Y, the cokernel of Z =
MP/oF — M,g,l?y/@;y is torsion-free. Then, Y — O satisfies the condition (i)
in 2.3.

For a later use, we prove the following generalized statement.

ProposITION 6.2. Let f: P — S be a proper, separated, exact and log
smooth morphism of fs log analytic spaces. Assume that for any p e P, the
cokernel of Mﬁ,}}(p)/@sx,f(p) — M}g;vpp/(%’p is torsion-free. Let ¢ > 0. Then the
following hold.

(i) The three homomorphisms
0% ®7 RIfICZ — 0% ®p, . (0 @y RIf L)

log log .-, log  log .
- @S ®(ﬂ‘s T*qu* ng/S - CFS ®CWS qu*COP/S7
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where the first homomorphism is induced by the adjoint map, the second one is by
the natural map f "’g_l@?g — wP}(;g together with the projection formula, and the

third one is induced by the composite
A1 Llog ~ .
T*Rqﬂlogwp/‘:gg — R‘%Ruwp/(;g pad R‘ff*a)P/S,

are isomorphisms.
(i) Two homomorphisms

 log Io log - log ylog .
65 ®Z qu* $7 — qu* ng/S — C(75 ®(V‘S qu*wP/S7

where the first homomorphism is induced by the projection formula and the
natural map f~1og—1@lsog — a);,}(;g and the second one is by the projection formula,
are isomorphisms. Further the composite of these two coincides with the com-

posite of three in (i).

6.3. We prepare for the proof of the above proposition.
First we show the following vanishing results.

RPTRIf20E =0 (p>0). (20)
R'T, R0y =0 (p>0). (21)

As for (20), we note that, by [7, Theorem (6.3)], R4/ is isomorphic
to (ﬁ’?g ®eg V1 for some Os-module V9. Then, [7, Proposition (3.7) (3)]
implies the desired vanishing (20).

As for (21), we use the following proposition.

Recall that a morphism f: P — S is said to be log injective if for any
p€P, the homomorphism Mg r(,)/Cg ;(,) — Mp,,/Up , is injective (cf. [18,
Definition (5.5.1)]).

ProprosITION 6.4, Let f: P— S be a proper, separated and log injective
morphism of fs log analytic spaces. Assume that for any p € P, the cokernel
of Mg,/ 05 1) = Mply/Op , is torsion-free. Let F be an Up-module.  Then
the natural homomorphism

O5® @, RIF — RF5(05* @10, 7 'F)
is a quasi-isomorphism.

We remark that the case where f is exact and F = (p of this proposition
is explained in [10, 8.13]. The proof below is essentially the same.

Proor. Factor f into P — P’ ’.S such that the underlying morphism
of v is the identity and that f’ is strict. Note that both v and f' are proper,
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separated and log injective. Then, we have
O ®c, F = RV (OFE @, F), (22)

i.e., 6.4 holds for v. This is a generalization of [16, Lemma 4.5], and proved
at stalks as follows. Let se P'°¢. Let s’ € P'°¢ and p € P be its images. Let
B:=F, Let K:=Hom(C,Z), where C is the cokernel of M /(Og_’f(p) —
My" /Op . Then, K acts on the stalk (O ®q, F), = 03¢ ®o,, B and we can
see that the cohomology HY9(K (6’ log ®e, F),) is zero for ¢ > 0 and is naturally
isomorphic to Cf‘}fff’s, ®c,, B=(Up) PE ®q, F), for ¢ =0 (cf. the case where n = 1
of [7, Lemma (8.6.3.1) (1)]). Here we use the assumption of torsion-freeness
and log injectiveness. Hence, we have (22) and

RfE(OFF ®¢, F) = Rf(OF% @, F).
The rest is to show that
O ®qy RFF = Rf[H(OFF @, F),

i.e., that 6.4 holds also for f'. Since Opf = O ®, Op ([7, Lemma (3.6) (1)]),
we have Opf ®q, F = 0 ®, F. Further, since piioe _ Slog x ¢ P, the proper
base change theorem and the projection formula imply the desired result.

By 6.4, we have
OFE @y RYf-opys = RU 1B ¥, (23)
Hence, by [7, Proposition (3.7) (3)], we get (21).

6.5. We prove the proposition 6.2 (i). First, by [7, Theorem (6.3)] and
its proof, we know that the composite

@? *®z Rf*logZ - @qug Ry (O qug z Rf*logz) - @? ¢ R, RT*Rf*log@?g

— @gog ®qy R, Rf*]ogw;}%g = @?g Qo Rf. RT*wP}%g (24)

(: @}gog ®((;S R‘f;COP/S

is an isomorphism in the derived category.

Here, by (20), the second map is a quasi-isomorphism. Hence, the third
one is also a quasi-isomorphism. Taking the ¢g-th cohomology #°¢, we have
the commutative diagram

‘L'*,%”q(‘[*(Rf*IOg@?g)) -~ T*RqT*Rf*log(Q;Og -~ T*R?ﬂRT*w}}? Pl T*qu*wi’/s

| | J

adj
nlOg® Rifloez, P B T*qulogol"g — "7.R flong}Og
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Here, 7*(—) means (91S°g ®t7'(=). By (20) and (21), the middle vertical arrow
and the right vertical arrow are quasi-isomorphisms, respectively. Hence the

bottom arrows are also quasi-isomorphisms. This completes the proof of
6.2 (i).

6.6. We prove 6.2 (ii). It is enough to show that the composite of quasi-
isomorphisms in (24) coincides with the composite

(QIOg ®Z flogZ N Rflogwplog ~ (Qlog ®0S Rf*wp/sa (25)

where the latter morphism is a quasi-isomorphism by (23).
First we have the commutative diagram

(Qlog ® Rz, flogwplog _ @log ® Rf RT*wP/S = @?g ® Rf*wp/s

.| | |

Rflogwplog adj RflOg(Olog ® RT*wP/S ) Rflog(Olog ® w}’/S)’

where the top row is nothing but the second and the third lines in (24) and the

composite of the right vertical arrow and the bottom horizontal arrows

coincides with the latter morphism in (25). Since the latter morphism in (25)

is a quasi-isomorphism, the left vertical arrow in (26) is a quasi-isomorphism.
Second we have another commutative diagram

@?g ® T*((f‘};g ® Rf*logZ) Il @gog ® RT*Rf*lOg@?g ~ alog ® RT*RfIngPIOg

.| Jso |- (27)

@?g ®Rf*l°gZ . Olog ®Rfl°gZ Rflogwp}(;g,
where the left vertical arrow and the top row are the ones which appeared
n (24), the right vertical arrow is the same as the left vertical one in (26),
and the bottom horizontal arrow is the former morphism in (25). This implies
the desired compatibility and that the former morphism in (25) is a quasi-
isomorphism, which completes the proof of 6.2.

7. Log de Rham complexes: absolute and relative
In this section, we prove 4.2.2. Let the notation be as in Section 4.

7.1.  We define a homomorphism s(Y) : f'¢~1¢[*® — Rz,C as the adjoint

of the homomorphism of the constant sheaves 7~/ oz 108 = C{%} — C on

Y% sending log' to 0. Note that s(Y) is the pullback of s(0) in the sense that
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11 (5(0))
_

s(Y) coincides with f'oe~10°¢
last quasi-isomorphism is by the facts that Y'°¢

that 7 : Y% — ylog jg locally trivial with discrete fibers.

Taro Funsawa and Chikara NAKAYAMA

flogfan.*C AN Rn*C’ where the

is a topological manifold and
Note that we also

have Rz.C = 7,C on Y2 by the same reason.

We will reduce 4.2.2 to the following:

PropPOSITION 7.2. The composite

_ 1 -1
Rr,f°8 1(9003 — R‘c*co{,/oog

induced by the natural homomorphism f'°%~ 1o,
composite

(s())

_ 1 Rz,
Rt foe 10 "2 R(tn

@y |ul

log

),C ——— R(t7)

pad Wy g (28)

1 .. .
—>a);/°0g coincides with the

—1_.-log
T
! (29)

Dy /g

of the morphism Rt.(s(Y)) and the morphism (4) in 4.2.

7.3. We prove 7.2 in several steps.

First, we introduce an extended log de Rham complex.

indeterminate. Consider the complex j %[y

Let u be an
on Y% whose component of

degree p is @%'®* ®cClu], where Clu] is the constant sheaf, and whose

AN dlogt _ 1,1
derivation is defined by u+— 53 e wy .
the morphism sending ‘%! to &7 — 4.

u—0

SO 0 S o

is nothing but the natural map fle~1¢)°® —

Let e: f 1og71(9(1)0g — 3 °%[u] be
Then, the composite

-, log
Y/0

-, log
Y/0"

7.4. Next, we define a morphism of complexes

w: n’la)}log[u] — n’la)')’,log
on Y€ by sending u to lgg[ € 0. The well-definedness is shown as follows.
For any p, let u"nen lw{}log[u], where 7 e 77 'w?'¢.  Then,
dlog t
d(umﬂ> = mu™ 1 275 +um d’7
m

On the other hand, w(u™y) (1(2’51.’) n, and

log ¢ N"'d log 1 log \"

oY) () (e,
27i 2ni 27i

Hence, wd(u"n) = dw(uy).
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The diagram

~1/(,
n.flflog—l(p(l)‘)g n(e) 7 3% ]

|l

C —> . n'lwy™
where the left vertical arrow is the morphism defined by 13% — 0, and the
bottom quasi-isomorphism is by the log Poincaré lemma ([14, Theorem (3.8)]),
is commutative. This is seen by w((nfl(e)) (l‘z’ii’)) =w (% - u) =hel_ et
=0.

By taking the adjoint, we have a commutative diagram

flogfl (/n(l)og ¢ w-},}log [u}

o

Rn,C —— Rm.zn w3 .

Wy
7.5. The last commutativity implies that the morphism (29) in 7.2
coincides with

Rr*flog’IGFéOg Rede) Rt u] —— R(Tﬂ)*nflw}log ~— wylu] —

a)'Y/O.

Hence the composite of the morphism (29) and the natural homomorphism

. ~ -, log . .
Wy — Rt /0 coincides with

Rz, . . ~
Re, /o 0 B Re, 8] —— R(m),n ' 03— wylul

. u—0 .
— % Rt.® ,‘,log [u] —— Rt 1’,1/00g.

On the other hand, 7.3 implies that the first morphism

—1 ] 51
Re.f'¢' 07 — Re.oy

in 7.2 coincides with the composite

_1 . log Rr.(e) -1 u—0 -1
Rz 7108 2 R, 07" u] == R0} 5%

Therefore, 7.2 reduces to the statement that the composite

Rz, [u] — R(tn),n ' w}"°®

= wyu] — Rr*w')’,log [u]
is the identity.

7.6. We prove the last statement. By [7, Proposition (3.7) (3)], wy[u] —
Rr*a)')’,log [u] is a quasi-isomorphism. Hence, this statement is equivalent to that
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the composite

1 log ~

oyl = Re.03 %] — R(m), 7' 0} & oy lu
is the identity. To see this, we consider the morphisms of complexes and
the statement is deduced from the following two properties of the quasi-
isomorphism wy[u] = R(z7), 7'} by [6, Lemma 3.3].

(i) It sends the indeterminate u to ‘! e ¢'%.

(i) The composite wy — wy[u] — R(tx),n'w;° is the one induced by
the adjoint map.

This completes the proof of 7.2.

ProposITION 7.7.  We have the following.
(i) The homomorphism

Rf.Rt.f8 105 — Rf. R0}

is a quasi-isomorphism.
(i) The homomorphism

Rf.Rz.(s(Y)) : Rf.Rz.f"¢ 10\ — Rf.R(zn),C
is a quasi-isomorphism.
Proor. (i) By 6.2 (ii), we have

log rlog—1 plog ~ -log .-, log
RfEOE 05 = Rf oy

By sending this by Rz,, we obtain (i).

(i) By (i), the image by Rf. of the morphism (28) in 7.2 is a quasi-
isomorphism. Hence, by 7.2, the image by Rf. of the morphism (29) in 7.2 is
also a quasi-isomorphism. This implies (ii).

7.8. We prove 4.2.2 by the above proposition 7.2.
First, we prove that the homomorphism induced from

@(l)og ® Rf*lOgC -~ Rf*logflog—l(o(l)og (ﬂ TflRT*Rf*logflogfla(l)og (30)
_ T—lRf*RT*flog—laj(l)og -~ r_lRf;RT*a)}l/oog Pl T_lRf*w'Y/o
by taking #°9, taking the stalk at z and specializing by l‘z’—iit — 0 coincides with
(2). Here the first arrow in the second line of (30) is a quasi-isomorphism by
7.7 (1).
By (20) and (21), the composite of the three quasi-isomorphisms in 2.3 (i)
coincides with the #¢ of the homomorphism
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Oy @ Rf*5C < O @ Rr. (0 ® Rf)C) = 05 ® Re.Rf oy

(31)
=0 ® RﬁRz*wQ/"o‘a’ < 0F% ® Rf.oy .
Hence, (2) coincides with the homomorphism induced from
the stalk of (O ® Rf!6C) — Rr.(OF% ® Rf!:C)
(32)

= Re. Rflgfloe1ploe = RT*Rfjogw;‘/"og = Rf;Rr*w;/O(;c’ & Rf.oy ),

by taking /¢ and specializing by lg—;‘ii' — 0. Since it is clear that (30) and (32)

are compatible, we see that the homomorphism induced from (30) and (2)
coincide, as desired.

Since the stalk of Rf, of the composite R(tz),C = R(tn),n 'w};t &
wyu] l’wi//o in (29) in 7.2 coincides with (5), 7.2 reduces 4.2.2 to the
following claim.

CrLamM. The quasi-isomorphism
Rf.Rz.(s(Y)) : Rf.R(tm),C & Rf.Rr.f'¢ ' 0

in 7.7 (ii) is compatible with the stalk of the homomorphism @(l)og ® RfleC =
Rf*logflogfl(g(l)og ﬂ TflRT*Rf*logflogfl(Q(l)Og _ TflRﬁFRT*flogfl(p(l)Og’
To prove this claim, we use the following lemma.

LemMmA 7.9. The diagram

log—1 /1
flog l@OOg 77.'*C

| l

(mi), (i)~ floE 1 0% —— (i), C

is commutative, where the upper arrow is induced by the homomorphism s(Y) in
7.1, the vertical arrows are the adjoint morphisms, and the bottom arrow is (i),
of the morphism of constant sheaves (ni)_l f log—l@(l)og — (ni),C on Y, defined by
sending gt 44 0.

2mi

Proor. By taking the adjoint, the commutativity is reduced to that of

log t
— — 1 T
T lflog 1 (9008 C

N

. 1 rloo— 1 .
Liln el 0 —— i
og ¢
LT
2ni
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7.10. To prove the above claim, we consider the following commutative
diagram:

adj ~
Rﬂlogflog—l (Dé()g <—J T—IRT*Rf*Iogflog—l @(l)og - T—IRT*Rf*Iogn*C

Rf18 (i) ()10 0% &% 7 Re R 9% (i), (i) 05O — v R, RY %), C.

where the right square is induced from the commutative diagram in 7.9. By
taking the stalk at z of this diagram, we get the following commutative
diagram:

RF(YQO%,CF‘Z’%D S RF(Ylog,C[%D > . RI(YYE Q)

| | |

Rr(viE,c[s]) —— rr(vi2 cls]) — RO(rL0).

el o

This implies the claim and completes the proof of 4.2.2.
REMARK 7.11. It is plausible that the natural homomorphism
SR = oy
in 7.2 is a quasi-isomorphism, or more generally, that

flog_l@“?g — w;,}(;g

in 6.2 is a quasi-isomorphism. If this is the case, it makes proofs in Sections
6-7 considerably simpler.

8. Proof of main theorem
In this section, we prove the main theorem 2.7.
81. Let f:Y — 0 be as in 2.7. We claim that the data
(Ho,W(N),Hy,F,N), (33)

where F is the Hodge filtration and N is the monodromy logarithm on Hg, are
isomorphic to

(H(Y,Kq), Wlql, H(Y,Kc), F, Ni) (34)
in Theorem 3.4. In fact, we have a filtered quasi-isomorphism (18)

(wY/OvF) = (Ach)7
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where F on the source is defined by w'YZ/(’), and the morphism A¢ — K¢ in (15)
such that Theorem 5.21 and Theorem 5.29 in [5] enable us to identify

(Hp,F) ~ (HY(Y,Ac),F) ~ (HYY,Kc), F) (35)

as filtered C-vector spaces. The Q-structures coincide by 4.1.1, which is now
proved by the results in Sections 5 and 7. The coincidence of N on Hg and
Nk on HY(Y,Kq) is proved in 5.17. Then the weight filtrations coincide
because they are the monodromy filtrations of the compatible operators N
and Ng.

8.2. Now we prove the goodness as follows. By 6.1, the first condition
(i) of the goodness is always satisfied. The second condition is by the
coincidence of the Hodge filtration (35) and the fact that (Ac,F) is a part
of a CMHC ([5, Theorem 5.21]). The third condition of the goodness, that is,
that the data form an LH, is proved as follows. The Griffiths transversality
(2.1 (iii)) holds because the construction in [5] satisfies the Griffiths trans-
versality (a part of the definition of polarized MHS in [2, Definition (2.26))]).
Condition 2.1 (ii) also holds because the construction in [5] is a MHS. Then,
[2, Corollary (3.13)] implies Condition 2.1 (i).

9. Log Picard varieties and log Albanese varieties

In this section, we apply the main result 2.7 to the theory of log Picard
and log Albanese varieties.

9.1. First we recall the definition of log Picard variety and log Albanese
variety briefly. See [10] for the details.

Let S be an fs log analytic space. Let .«/g be the category of log complex
tori over S and let #5 be the category of log Hodge structures H on S of
weight —1 satisfying F~'H, = Hy and F'H, =0. Then we have a category
equivalence

,}lfs x>~ st.

Let P— S be as in 6.2. Assume that it is good for #! in the sense of
(10, 7.1].  Then the log Picard variety 4} /s is the log complex torus correspond-
ing to #'(P)(1) and the log Albanese variety Ap/s is the log complex torus
corresponding to the dual log Hodge structure of #°!(P). Here #'(P) is the
log Hodge structure underlain by R'f!°¢Z which is given by the definition of
the goodness.

9.2. We prove that a projective log deformation ¥ — 0 is good even
in the sense of [10, 7.1] so that there are well-defined log complex tori 475
and Ay .
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For this, we prove that our definition of goodness coincides with that in
[10]. Asin 2.3, let Y — 0 be a proper, separated and log smooth morphism
of fs log analytic spaces such that for any y e Y, the cokernel of M{¥/0; —
My /0%, is torsion-free.

We do not recall the definition of the goodness in [10] here, but recall that
its main difference from the goodness in Section 2 of this paper lies in that, in
[10], the sheaves are all considered on the big sites.

Let f: P— S be as in 6.2. Then, any (fs) base change of f also satisfies
the assumption of 6.2 so that the conclusion of 6.2 is satisfied also for any base
changed morphism. This means that f satisfies the condition (i) in [10, 7.1].
(Actually, the modified one as explained in 2.4.)

Further, [11, Proposition 5.1] (the proper base change theorem in log Betti
cohomology) implies that the construction of RIf°2Z is compatible with any
base change. This means that the former part of the condition (iii) in [10, 7.1]
is satisfied.

Thus, in particular, ¥ — 0 as above always satisfies (i) and the former part
of (iii) in [10, 7.1].

Next, in order to see that the condition (ii) for ¥ — 0 in [10, 7.1] is
equivalent to our (ii) in 2.3, it is enough to show that the constructions of the
two maps in 2.3 (ii) are compatible with any base change. (Note that the
injection there is a split injection.) This is by the fact that the construction of
the relative differential sheaf is compatible with any (fs) base change (cf. [12,
1.7 and 3.12]) and by the usual flat base change theorem.

Finally, the latter part of the condition (iii) in [10, 7.1] is the same as our
2.3 (ii). This completes the proof of the equivalence of our definition of
goodness and that in [10, 7.1]. In particular, our main theorem 2.7 implies
that a projective log deformation Y — 0 is good even in the sense of [10, 7.1].

9.3. There is another definition of the goodness in [10, 7.2]. For an f as
in 6.2 (especially, for a projective log deformation), both goodness in [10, 7.1]
and in [10, 7.2] coincide and the quasi-isomorphisms given by the first condi-
tions in both definitions also coincide. This is a consequence of 6.2 (ii).

9.4. To discuss the applications, we further introduce notation.

Let (fs/S) be the category of fs log analytic spaces over S endowed with
the usual topology. Recall that a log complex torus over S is a sheaf of
abelian groups on (fs/S).

Let (fs/S)'°% be the site of pairs (U, T), where T e (fs/S) and U is an
open set of T'°¢, defined in [9, 3.1.6] (cf. [10, 3.2]). For a sheaf F on (fs/S)"%,
we denote by 7.F the sheaf on (fs/S) defined by (z.F)(T) = F((T"¢,T)) for
T e (fs/S).

Let Pe(fs/S) and g€ Z.
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For a sheaf F of abelian groups on (fs/P), let #9(P,F) be the
sheaf of abelian groups on (fs/S) whose restriction on any T e (fs/S) is
RU(PxsT — T),(Fpxsr). Here Fpyr is the restriction of F on the small site
of P Xs T.

For a sheaf F of abelian groups on (fs/P)"°%, let #4(P"¢ F) (denoted
by #9(z '(P),F) in [10]) be the sheaf of abelian groups on (fs/S)"®
whose restriction on the small site of (7'°%, 7) for any T e (fs/S) is
RY(P ><ST—>T)i°g(F(PXST)10g). Here Fp, pje is the restriction of F on
the small site of (P xg T)".

Let G, (resp. Gy, 10g) be the sheaf of abelian groups on (fs/P) defined by
G(T) = I(T,C) (resp. Gpiog(T) = I(T, M) for T e (fs/P).

Now we apply Section 8 of [10] on log Picard varieties. Note that the
assumption 8.1 of [10] is satisfied (cf. the remark after it). Then, ibid. 8.2 and
8.3 imply the following.

THEOREM 9.5. Let Y — 0 be a projective log deformation.
(i) Let

#NY,G,), = Ker(#(Y,G,,) — #*(Y,Z1)),
AN Y, Gpitog)y = Ket(# (Y, Gy 100) — 1.4V 7).
Then we have canonical embeddings
HNY,Gp)y = Ay g = A (Y, Glog)o-
(i) We have a canonical isomorphism
HNY, Gotog) /| H (Y, G tog)g = Hom(Z, #(Y)(1)).

Here #*(Y) is the log Hodge structure underlain by R*(Y'°2 — 0'°%) Z which is
given by the definition of the goodness, and #Hom is the Hom for log Hodge
structures.

We remark that in (i), more precisely, [10, Theorem 8.2] describes the
groups # (Y, Gp)g, (Y, Gplog)y, and the quotients A;/O/,}’KI(Y, G,,), and
%1(Y7Gm,10g)O/A;‘,/O in terms of the log Hodge structure #°!(Y)(1). We omit
here the details.

COROLLARY 9.6. We have an exact sequence
0 — &xt'(Ay 0, Gmtog) — # (Y, Gpytog) — T H (Y8, Z) — #*(Y, Oy).

Next, we apply Section 10 of [10] on log Albanese varieties.
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PropoSITION 9.7. Let Y — 0 be a connected projective log deformation.
Then, for a log complex torus B over 0, the following sequence is exact.

0 — B(0) — B(Y) — Hom(A4y ), B).
9.8. Finally we discuss some problems.

PrOBLEM 1. Prove that the last arrow B(Y)— Hom(Ay,B) is sur-
jective so that each section e of Y/0 induces the log Albanese map
l,bei Y — Ay/o.

29

To prove this, it is enough to show that the extension “i,(a)
Hodge structures in the page 177 of [10] is admissible.

of log

PrROBLEM 2 (cf. [10, Problem 10.6]). Prove the following: Let Y /0 be a
projective log deformation. Then we have the inclusion

A (P, Gy tog)g N Image(H (P, G) — H' (P, Gputog)) < Ay g

When this statement is valid, the inclusion map should be called the log
Abel-Jacobi map.
More generally, we can ask the following.

ProBLEM 3 (cf. [10, 10.7]). Define a log Abel-Jacobi map of degree r
whose target is the log intermediate Jacobian &xt'(Z, H*~'(Y)(r)) of degree r,
where &xt!' is taken in the category of log mixed Hodge structures.

Problem 1 should be the case of Problem 3 where » = dim Y, and Problem
2 is the case r=1.

Appendix

Because we could not find an appropriate reference, we give a sketch
of the proof of the following basic statement, though it is not used in the
text.

THEOREM A.l. Let f: X — S be a proper, separated, smooth and Kdihler
morphism of complex analytic spaces. Then the triple

(qu*Z, (qu*QX/S7 F)a l)

is a variation of Hodge structures of weight q for every integer q, where Qs
denotes the relative de Rham complex, F the decreasing filtration induced by
the stupid filtration on Qy s, and 1: RYf.Z — R, Qx5 the morphism induced

This document is provided by JAXA.



Geometric log Hodge structures 263

by the canonical morphism Z. — Oy — Qy 5.  Moreover, the Hodge to de Rham
spectral sequence degenerates at E\-terms.

ProoF. By the result of Siebenmann [19, Corollary 6.14] (cf. [14, Prop-
osition 3.5, Remark 3.5.1]) RYf,Z is a locally constant abelian sheaf of finite
rank on S. By the relative Poincaré lemma [4, Théoréme 2.23 (ii)] and by the
projection formula, the morphism : induces an isomorphism (g ® RIf,Z —
RIf.Qy;s. Thus RIf.Qy,s is a locally free (s-module of finite rank and
compatible with any base change.

Now we take a point s € S and set 4 = (s , for a while. We denote by m
the maximal ideal of 4. By [1, Théoreme 4.1] (cf. [17, Section 5]), there exists
a complex K of Og -modules satisfying the following:

* K is bounded from the above and the below.

e K" is a free A4-module of finite rank for every n.

e For a coherent (s-module %, we have a functorial isomorphism

RE(Q} s ® [*F) ~K®F,

in the derived category.
Therefore we have

Lot (RY(2L, 5 ® A /1))
= lA/m”“ (Hq(K ® A/mn+l))
< Lyt (A/m"1) dim HY(K @ 4/m)

= Lypmoe1 (A/m"*") dim qu;(.Qf(/S ® A/m),

for every n >0 by the case k=0 of [3, Corollaire (3.4)], where L1 (—)
denotes the lengths of the finite modules over A/m"*!.
On the other hand, we have the isomorphism

A/ @ (RILZ), ~ R (/s @ A/m™),

for every n, g by the relative Poincaré lemma and by the projection formula.
Thus we obtain

lA/m”“ (qu* (QX/S ® A/]nn-&-l)x) = lA/m’“rl (A/mn+l) dim qu* (QX/S ® A/HI)X

for every n, q. By considering the Hodge to de Rham spectral sequences for
A/m"1 and 4/m, we conclude that the equality holds in (36) for every n, p, ¢
and that the Hodge to de Rham spectral sequences for A/m"*! and A4/m
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degenerate at E)-terms as in [3, Section 5]. By [3, Corollaire (3.4), Remarque
(3.3.3)] again, HY(K) is a free A-module and the canonical morphism
HYK)® M — HI(K® M) is an isomorphism for every A-module M and
for every gq. Therefore R1f.Q%, /s is a locally free (s-module of finite rank and
compatible with any base change for every p, g. Moreover the Hodge to de
Rham spectral sequence degenerates at Ej-terms by the local freeness and the
base change property of R”’f;.Qf( /s and R7f.Qy /s, and by the E;-degeneration
of the Hodge to de Rham spectral sequence for 4/m. Once we know the base
change property above, it is easy to see that the pair

(RU.Z),, (RY.L2x)s, F) ® C(s))

equipped with the isomorphism induced by : is a Hodge structure of weight ¢.

What remains to check is the Griffiths transversality. For this purpose,
we consider Qy and Qg. We denote by G"Q% the image of the morphism
Qe ® QY " — QF induced by the wedge product. Then G defines a finite
decreasing filtration on Qy. On the other hand, the stupid filtration on Qg is
denoted by G for a while. By the smoothness of f, we have

gre Qx =~ 726 ® Qy/s[—1| = fﬁlgg ® Qys[—7]

for every r. Therefore the canonical morphism [ 'Qg¢ — Qy is a filtered
quasi-isomorphism by the relative Poincaré lemma and by the flatness of Qf( /s
over f~'0g. Then we have

QF ® RY.C ~ RY,f ' Q8 ~ EPY(Rf.f ' Qs, G)
~ Elp’q(Rf*.QX, G) ~ Qg ® qu*QX/S

by the projection formula and by the base change property of RIf.Qy/s.
Moreover, the morphism of Ej-terms

QY ® RY.Qx /5 — Q0 @ RY.Qy /s
is identified with the morphism
d®id : Q¢ ® RY.C — Q2" ® Rf.C

under this identification. Thus we can check the Griffiths transversality in the
usual way.

REMARK A.2. Note that S is not necessarily reduced in the theorem
above.
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ABSTRACT. A new class of Lipschitz evolution operators is introduced and a charac-
terization of continuous infinitesimal generators of such evolution operators is given.
It is shown that a continuous mapping 4 from a subset Q of [a,b) X X into X, where
[a,b) is a real half-open interval and X is a real Banach space, is the infinitesimal
generator of a Lipschitz evolution operator if and only if it satisfies a sub-tangential
condition, a general type of quasi-dissipative condition with respect to a metric-like
functional and a connectedness condition. An application of the results to the initial
value problem for the quasilinear wave equation with dissipation is also given.

1. Introduction and main theorems

Throughout this paper, R denotes the set of all real numbers. Let X be a
real Banach space with norm || -||. For a subset Q of R x X, Q(¢) denotes the
section of Q at reR, that is, Q(¢) = {x e X;(¢,x) € Q}.

Let [a,b) be a subinterval of R and Q a subset of [a,b) x X such that
—w<a<b< o and Q(t) # & for te[a,b). Let A be a continuous map-
ping from Q to X. Given (7,z) € 2, we consider the following initial value
problem:

(IVP;7,z2) { u'(1) = A(t,u(t)) for T <1 <b,

u(t) =z.

Suppose that the problem (IVP;7,z) has a unique solution u(-) on [z,b) for
every (7,z) € Q. Defining U(t,7)z = u(f), we have the following properties
from the uniqueness of solutions:
(E1) U(r,7)z ==z and U(t,s)U(s,7)z = U(t,7)z for ze 2(7r) and a < 7 <
s<t<b.
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Set 4 ={(t,7);a <t <t<b}. Usually, we have also the following prop-
erties from the continuous dependence of solutions on the initial data
(1,z) € Q:
(E2) Let (t,7) e d, ze Q(z), (ty,74) €4 and z, € Q(z,) for n=1,2,....
If (¢y,7,) — (2,7) and z, — z as n — oo, then U(t,,1,)z, — U(t,7)z
as n — oo.
By an evolution operator on Q, we mean a family {U(,7)}, ;o4 of operators
U(t,7) : Q(t) — Q(1) satisfying (E1) and (E2). Such a family {U(z,7)}, ;4 is
called a Lipschitz evolution operator on 2, if the following additional condition
is satisfied:
(E3) There exist a number L > 1 and a continuous function  : [a,b) —
[0,00) such that

t

|U( 0% - Ul o)yl < L exp(j

T

ww)de) =y

for x,y e Q(zr) and (1,7) € 4.

The main purpose of this paper is to establish the conditions on the continuous
mapping A which are necessary and sufficient to guarantee the existence of the
Lipschitz evolution operator associated with 4. The obtained results extend
that of Kobayashi and Tanaka in [8] concerning the autonomous case where A
is independent of ¢. In particular, a type of generalized quasi-dissipativity
condition on 4 with respect to a metric-like functional is shown to be necessary
for the existence of the Lipschitz evolution operator. Sufficient conditions on
A for the existence of evolution operators have been studied by many authors
and this paper is related with the works of Iwamiya [4], Kato [5], [6],
Kenmochi and Takahashi [7], Lakshmikantham, Mitchell and Mitchell [10],
Martin [11], [12], [13], Murakami [15], Pavel and Vrabie [19], Pavel [18] and
Carja, Necula and Vrabie [22]. Several types of generalized quasi-dissipativity
conditions on A4 are introduced and investigated in [15], [12], [10], [6], [20] and
[2]. Such a kind of generalized quasi-dissipativity conditions was first found
by Okamura [17] as a uniqueness criteria for ordinary differential equations.
See [1] or [24]. Our results extend the most of them. As in [7], [6] and [4],
the domain Q is allowed to be genuinely noncylindrical and the subtangential
condition, which was first found by Nagumo [16], is used to construct approx-
imate solutions to (IVP;t,z). The advantage of these assumptions is illus-
trated by an application of the results to the initial value problems for
nonlinear wave equations.

Let J < [a,b) be a subinterval of the form [z,¢] or [r,¢). An X-valued
continuous function u:J — X is called a solution to (IVP;t,z) on J, if
u(t) =z, (t,u(t)) e 2 for teJ,u is differentiable on J and u'(¢) = A(t,u(z))
for teJ. A solution to (IVP;7,z) on [r,b) is called a global solution.
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Let d(x,D) denote the distance from xe X to D < X, ie., d(x,D)=
inf{||x — y|; ye D}. We consider the following conditions.

(21) A is continuous on Q.

(Q2) If (ty,xn) €Q, t, 1 t€[a,b) in R and x, — x in X as n — oo, then
(1,x) € Q.

(Q3) liminfyo h~'d(x + hA(t,x), 2(t + h)) = 0 for (£,x) e Q.

(©24) There exists a functional V:[a,b) x X x X — [0,00) satisfying
the following properties (V'1)-(V4) and a continuous function
o : [a,b) — [0,00) such that

D+ V(lv X, y)(A(lv x)vA(t’ y)) < CO(Z) V(lv X, y)

for x,yeQ(t) and tela,b). Here, for (t,x,y)€ela,b) x X x X
and (&,7) e X x X,

o1
D V(t,x,y)(&n) = h%nf E(V(t+h,x+hé, y+hn) = V(tx, ),

where the values co and —oo are not excluded.

(V1) There exists a number L > 0 such that |V (¢,x, y) — V(t, %, y)|
<Ll -3l +]y—3l) for (x,y),(%J)eXxX and
t€la,b).

(V2) V(t,x,x)=0 for t€[a,b) and x € Q(r).

(V3) If {¢,} is a sequence in [a,b) and {(x,, y,)} is a sequence in
X x X such that (x,, y,) € Q(t,) x Q(t,) for n>1, t, —
t€la,b) and (x,, yn) — (x, ) € Q(¢) x Q(t) as n — oo, then
V(t,x,y) <liminf, .o V(ty, Xn, Yn)-

(V4) If {t,} is a sequence in [a,b) and {(x,, y,)} is a sequence
in X x X such that (x,, y,) € Q(t,) x Q(t,) for n>1, t, —
t€la,b) and V(ty,xn, yu) — 0 as n — oo, then ||x, — yul| —
0 as n — o0.

(25) For any (t,z) € 2, there exists a connected component C of © such

that (z,z) e C and C(t) # & for te (z,b).

ReMARK 1.  Condition (V1) with (V2) implies the following:
[V (t,x,y)| < L|x — y| Jor (x,y) e Q(t) x Q(t) and t € la,b).
The following are our main theorems.

THEOREM 1. Let A be a mapping from Q into X such that conditions
(21)—(24) are satisfied. Let C be a connected component of 2 and set d =
sup{z € [a,b); C(t) # &}. Then the following assertions hold true:

(1) For (t,z) e C, (IVP;t1,z) has a unique solution u(t;t,z) on [t,d) and

the interval [t,d) is the maximal interval of existence of solution.
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(i) For z,2€ C(z) and te€[1,d),

t

V(tu(t:t,2), u(ts 7, 2)) < exp (J

T

a)(0)d0> V(z,z,2).

THEOREM 2. Let A be a mapping from Q into X such that (Q1) and (Q2)
are satisfied.  Then there exists a Lipschitz evolution operator {U(t,7)}(, ;c4 o1
Q such that u(t) .= U(t,7)z is a global solution to (IVP;z,z) for any (t,z) € Q if
and only if conditions (Q3)—(QS5) are satisfied, where condition (V4) is replaced
by the following condition:

(V4)' For any tela,b) and x,y e Q(1), ||x — y|| < V(t,x, y).

Theorem 1 consists of the uniqueness and local existence of solutions to
initial value problems (IVP;7,z) and the global existence theorem as well as
the continuous dependence of solutions on initial data. They are discussed in
Sections 2 and 3 respectively. The proof of Theorem 2 is given in Section 4.
An application of our results to the initial value problem for quasi-linear wave
equations is given in Section 5.

2. Uniqueness and local existence of solutions

In this section, we construct the solutions to the initial value problem
(IVP;7,z). We assume that conditions (Q1)-(£24). The following proposi-
tion ensures the uniqueness of solutions.

ProposSITION 1. Let [1,¢) < [a,b) and z; € Q(t) for i=1,2. Let u; be
solutions to (IVP;t,z;) on [t,c), for i = 1,2, respectively. Then

1

T

V(i (£), (1)) < exp (J w(s)ds) V(e z1,2)

for te[t,c). In particular, if zy =z, then ui(t) = uy(t) for te€lz,c).

ProoF. Set w(t) = V(t,u;(¢),uz()) for t€[zr,c¢). From (V3) we see that
w is lower semi-continuous on [r,¢). Let t€(r,¢) and he (0,c—¢). From
(V1) it follows that

(w(t + k) — w(t))/h = (V(t + hyuy (£) + hA(t,uy (1)), ua (1)
+ hA(t (1)) = V(e (1), ua(1))) [
< |V(t+ huy (t+ h), (i + )
— V(4 by (6) + hA(t u (8)), us(2) + hA(t, us(1)))] /
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< L(lln (2 + ) = wa (1) = hA(t,u1 (2)) || /1
+ lJua(t + ) = ur(t) — hA(t,ux(2)) || /).

Taking the inferior limit as 4 | 0 yields

timinf (1 + ) = w(0)/h < DV (1, (0) (D) (At 10 (1), At 12(0)

From (24) we have D, w(t) < w(f)w(t), where D, w(t) denotes the lower right
derivative of w(f). Therefore, we see that the function

t
t— exp(— J w(s)ds) w(t)
is lower semicontinuous on [z, ¢) and D, (exp(— L' w(s)ds)w(t)) <0 for € [z, ¢).
By [3, Lemma 6.3], we have w(f) < exp(f; w(s)ds)w(t) for t€[r,c). Refer to
[9] or [21] for the same kind of differential inequalities. O

For each (1,x)eRx X and r>0, we define S,(z,x) = {(s,») eR x X;
|s—1 <r|ly—x|| <r}. We need the following lemmas which are proved in
[7] without using condition (Q4).

LemMa 1 ([7, Lemma 1]). Let (¢t,x)€Q and 5 >0. Let r>0 be a
number such that ||A(s,y) — A(t,x)|| <n for (s,y) e 2NS,(¢,x). Let M >0
be a number such that ||A(s,y)|| <M for (s,y) e QNS (t,x). Set hy=
min{r,r/M,b —t}. Then

d(x+hA(t,x),Q(t+h) <hy  for he (0,h).

LemMa 2 ([7, Lemma 2]). Let (¢,x)€Q and ¢€(0,1). Let r>0 and
M >0 be numbers such that t+r < b and such that ||A(s,y) — A(t,x)]| <¢/3
and ||A(s, y)| <M  for (s,y) e QNS (t,x). Let he(0,r/(M+1). Let
{sk}i_o be a partition of [t,t+h):t=s50<s1<---<s,=t+h Then there
exists a sequence {yi},_, of elements in X such that

(1) yo=x and (sg,yx) € for 0 <k <n;

(i) |k —x| <M ~+e)(sk—1t) for 0 <k <mn;

(i) [[ye—1 + (s = Se—1)A(Sk—1, Yi—1) — Yill < &(se — k1) for 1 <k <n.

We also need the following lemma.

LemMaA 3. Let (t,x) € Q2 and ¢ € (0,1). Let r >0 and M > 0 be numbers
such that t+r<b and |A(s,y)| <M for (s,y)eQ2NS.(t,x). Let o€
(0,r/(M +1)]. Then the following assertions hold true:
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(1) If a sequence {(s;, i)}, in Q satisfies
t=sp <81 <--<s5, <t+o, (2.1)
[yicy =+ (si = sic) A(sior, yie1) = yill < e(si = si1)
for 1 <i<n, where yy = x, (2.2)
then
lyi—yll < (M +e)(si—s;)  for 0<j<i<n,
|A(si, )l <M for 0<i<n.

Moreover, if 1 >0 and ||A(s, y) — A(t, x)|| <5 for (s,y) € 2N S, (¢, x),
then

Ix + (s, — O)A(t, x) — yull < (e+7) (s, — 1). (2.3)

(i) Let >0 and ||A(s,y) — A(t,x)|| <n for (s,y) e QNS,(t,x). If a
sequence {(si, i)} in Q satisfies

=5 <8< <5< <t+ao and lim s; =t+0, (2.4)

s
[ yi1 + (si = sim1)A(si-1, yie1) — yill < e(si —si-1)
for i =1, where yy = x, (2.5)
then y =1lim;_,., y; exists in X, € Q(t+ o) and
x4+ cA(t, x) — p|| < (e +1)o. (2.6)

Proor. To prove (i), let {(s;, yi)}, be a sequence in Q satisfying (2.1)
and (2.2). We first show inductively that (s;, y;) € Sy(¢,x) for 0 <i<n. Itis
obvious that (s, yo) € S;(z,x). Let k be a nonnegative integer such that k < n
and assume that (s;, y;) € S;(¢,x) for 0 <i<k. From (2.2) we obtain

1yicr = yill < (si = i) 1A (s, yie) ||+ e(si = si-1)
for 1 <i<n. Since ||A(s;,x;)|| <M for 0 <i<k by assumption, we have
lyi— yiall < (M +e)(si — si1)

for 1 <i<k-+1. Summing up this inequality from i =1 to i = k + 1, we find
that

i1 — x| < M +¢&)(spp1 — 1) < (M + 1o <.

It is obvious that s, — 1 <o < a(M + 1) <r. These mean that (sgi1, Ykt1) €
Sy(t,x). Thus, we inductively prove that (s;, y;) € S,(¢,x) for 0 <i<n.
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Since (s, yk) € S(t,x) for 0 <k <n, we have |A(sc, yx)]| <M for
O0<k<n and |y — yi1ll < (M +¢)(sk —sk—1) for 1 <k <n. Therefore,
we find that

I3 = 3l < (M +)61 )
for 0<j<i<n To prove (23), let >0 and assume that
[A(s, y) — A(t,x)|| <n for (s,y) e QNS,(t,x). Since {(s;,;);0<i<n}c
QNS,(t,x), we have ||A(s;, y;) — A(t,x)|| <n for 0 <i<n. From (2.2) we
see that

| yic1 =+ (si = sic1) AL, x) — pill
< [wiet + (si = sim1) A(si-1, yie1) — pill
+11(si = sim) (A1, x) — A(si-1, yi1)) |l
<e(si —sic1) +n(si —sic1) = (e +n)(si — si-1)

for 1 <i<n. Hence
n
I+ (sn = )AL, x) = yall <D yict + (s = si1) A2, x) = il
i=1

< (e+m) (s, — 1).

To prove (ii), let {(s;, y:)};2, be a sequence in Q satisfying (2.4) and (2.5).
From (i) we obtain ||y; — yj|| < (M +¢)(s; —s;) for 0 < j<i. This implies
that y =lim,;_,, y; exists in X and is in Q(t+ o) by (Q2). By (i) again, we
note that the inequality (2.3) holds for n > 0. Passing to the limit in (2.3) as
n — oo, we obtain

I+ A () = §l) = Tim [lx+ (5, — A1 x) = 3

< lim(e+7n)(s, — 1) = (¢ + 7)o,

n— o0
namely, the desired inequality (2.6) is proved. O

The local existence of approximation solutions to (IVP;z,z) is given by the
following proposition, which is essentially shown in [7] and [4]. We give the
proof for completeness.

ProPoSITION 2. Let (t,x) e Q and ¢€(0,1). Let r>0 and M >0 be
numbers such that t+r <b and ||A(s, y)| < M for (s,y) e QNS,(t,x). Let
o€ (0,r/(M+1)]. Then there exists a sequence {(si, i)}y in Q such that

(1) t=s<s1<- <8< -<t+o and lim;_,, s; =1+ o,

(it) s;—si1 <¢ for i>1;
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i) ||yie1 + (i = sim1)A(si—1, yie1) — vill < e(si—si-1)/2 for i =1, where
Yo = X;
(iv) if (s,¥) € QN Sars1)(si—s1) (Si-1, Yi-1), then

|4(s, y) — A(si—1, yio1)|| < e/4 for i > 1.

PrOOF.  Set (so, y9) = (z,x). Let k be a positive integer and assume that
there exists a sequence {(s;, y,-)},-l‘;o1 in Q which satisfies the first half of (i) and
(ii)—(iv) for 1 <i<k—1. We consider a nonnegative number /; defined by
the supremum of % € [0,¢] such that h <+ 0 — s, and

1 A(s, y) — A(sk—1, yi—1)|| < e/4 for (s, ) € QO Spar41)(Sk-1, Yi—1)-

By the continuity of 4, we have A > 0. Thus there exists a number / € (0, ]
such that A, /2 < by < t+ 0 — s, and

lA(s, ) — A(sk-1, ye-1)|| < e/ for (s,y) e QN S, (sx-1, k1),  (2.7)

where ry = hp(M +1). Set sg =sk—1 + . Then s, < sp <t+ 0 and con-
ditions (ii) and (iv) with i =k are satisfied. By Lemma 3, [[A(s;, ;)| < M
for 0 <i<k—1. The inequality (2.7) implies that [|A(s,y)|| < M +¢/4 for
(s,y) € QNS (Sk—1, Yk—1). Hence, Lemma 1, with (z,x), r, M and # replaced
by (sk—1, k—1), ', M +¢/4 and ¢/4 respectively, implies that

d(yi—1 + heA(sk—1, yi—1), Q(sx)) < ehi /4.

Thus there exists an element y; € Q(s) satisfying (iii) with i = k.

We shall show that lim; .., s; =+ 0. Assume to the contrary that § =
lim; ., 5; < t+o. By Lemma 3 (i) we obtain ||y; — yj|| < (M +¢/2)(si —s;)
for 0 < j<i. Hence, lim;., y; exists in X, and we denote its limit by p.
Since (8, ) = lim;,o(s;, ¥;) in Rx X and (s;, ;) eQ for i>1, we have
(5,9) e Q by (R2). The continuity of A enables us to choose 7€ (0,¢
such that

n<t+o-—35 and |A(s,y)— A5, D) <e&/8 for (s,y) € QN S:S, p),

where 7=2(M +1)y. Choose an integer iy >1 so that §—s._1 <y
and ||p—yiall< M+ 1)y for i>iy. Then, for i>i and (s,p)€
S(m+1)y(Si=1, yi1), we have

ls =8| <|s—sic1| +|sic1 =8| < (M + Dp+n<2(M+ 1)g,
[y =31 <y = yieall + lyicr = P < 2(M + D)g.

Hence Siy41y,(si-1, yi1) = Si(8, p) for i > ip. By the choice of 7, we see that
if i > iy, then
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[A(s, y) = A(si-1, i) || < [A(s, p) — A3, D) + [|4(S, ) — A(si-1, yi1) |
<e/8+¢/8=¢/d

for (s, y) € QN Sipri1y,(sio1, yi1). Since n < t+o0 —s;-1 for i > 1, the defini-
tion of A; implies that n < h; < 2h; = 2(s; — s;-1) for i > iy and the right-hand
side tends to zero as i — oo. This contradicts the fact that # is positive.

O

In what follows, we write @([a,b]) = SUp, (4 4y w(s) for [a,b] = [a,b). To
prove the convergence of the approximate solutions, we need the following
Propositions, which are the refinements of the results in [11], [10], [6] and [8].

ProposITION 3. Let tela,b), (x,%)eQ(t) x Q(t) and n,77€ (0,1). Let
r>0 and M >0 be numbers such that t+r <b,

|4(s,2)|| <M and ||A(s,z) — A(t,x)|| <n/4  for (s,2) € QN S, (1, x),
|A(s,2)|| < M and ||A(s,2) — A(t,x)|| < 7/4 Sfor (s,2) e QN S,(t, %).

Let o€ (0,r/(M+1)]. Then there exists a pair (y,p) € Q(t+a)x Q(t+ o)
such that

lIx + cA(t, x) — y|| < 5o, (2.8)
|X 4+ cA(t, %) — p|| <o, (2.9)
V(t+a,y,p) <exp(oa([t,t+ o)) (V(t,x, %) + L(n +7)o). (2.10)

ProoF. We shall show that there exist two sequences {(s;,z)}~, and
{(Sjafj)}/io in Q such that

t=s5<s<--<s§<---<t+o  and lim 5; =+ 0, (2.11)

lzi-1 + (s = si-1)A(s5-1,23-1) — Zl| < 3n(s; — 55-1)/4
for j > 1, where zp = x, (2.12)

(Zj—1 + (55 — sj-1)A(sj-1, 2-1) — 2| < 37(s; — 55-1) /4

for j > 1, where Zy = X, (2.13)
(V(si»2j,2) = V(sj-1,2j-1,2j-1)) / (85 — 85-1)

< a)(ijl)V(Sj,I,ijl,fj,l) +L(77+ﬁ) for ] > 1. (214)
i—1

Set (s0,20:20) = (1., %) and assume that sequences {(s,2,)}/4 and {(s;,2)}/",
in Q with i > 1 satisfy the first half of (2.11) and (2.12)—(2.14) for 1 < j <

i— 1. Then we need to show that there exist s; € R, z; € Q(s;) and Z; € Q(s;)
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such that s,_| <s; <40 and (2.12)—(2.14) with j =i are satisfied. Let /;
denote the supremum of all 2> 0 such that 1 <t+0—s;,_; and

V(sic1 +h,zict + hA(Si—1,zi-1), Zior + hA(si21,2i21)) — V(si—1, Zio1, 2i1)
< h(o(si—1) V (si-1, zi1,Zi-1) + (n + ) L/4).

Since fli >0 by (24), there exists a number 4; >0 such that fzi/2<h,~ <
t+o—s;_1 and

V(sict + h,zio1 + hA(Si—1,zi1), Zic1 + hA(si—1,2i21)) — V(siz1, Zim1, Zi1)
< ]’Z(CU(S,',I) V(S,;],Zl',l,fl;l) + (71 + ﬁ)L/4) (215)

Set s;=ws;_1+h. It is obvious that s <s;<t+a0. To prove that
Sy (8i-1,zi-1) = Sy(¢,x), we note by Lemma 3 (i) with & = 35/4 that

llzi1 = xI| < (M +3n/4)(si1 — 1) < (M + 1)(s5i1 — 1)
If (s,2) € Styrs1yn (si-1,2i-1), then

Is— 2] < |s—siq|+ [sic1 — o] < (M +1)(hi + 521 — 1)

=M+D(si—)<M+1o<r
and
Iz =xll < llz = zicall + llziy = x| < (M + D) (hi + 500 — 1) <7

This means that S(y;1),(si-1,2zi-1) = Sy(t,x). By assumption, we have

|A(s, 2)|| < M and |A(s,z) — A(t, x)|| < n/4 (2.16)

for (s,2) € Q0 Syr41),(si-1,2i-1). From the second inequality of (2.16), we see
that if (S, Z) en S(M—H)h,- (Sl',l,Zi,]), then

[4(s,2) = A(si1, zima) || < | A(s, 2) — AL, )| + (| A(si-1, 2i-1) — A(2, %)
<n/d+n/d=n/2
Hence, by Lemma | with r = (M + 1)h;, (¢, x) = (si—1,zi—1) and h = h;, we find
that
d(zi—1 + hiA(si—1,2i-1), Q(s:)) < hin/2 = n(si — si-1) /2.

This implies that there exists z; € Q(s;) such that (2.12) holds true for j=1i.
Similarly, we can show that there exists Z; € Q(s;) satisfying (2.13) with j =i.

By (V1) we obtain (2.14) with j =i by the inequality (2.15) combined with
(2.12) and (2.13) with j=i. Indeed, we have
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(V(siyzi Z2i) — V(Si=1,Zi-1,Zi-1)) /i

= (V(si,zi,2i) = V(si,ziog + hiA(si_1,zi1), 2io1 + hiA(sio1,2i-1))) /i

+ (V(sis zie1 + hiA(si—1,zi21), Zioy + hiA(si-1, Zi21))
= V(si-1,zi-1,2i-1)) /i

< L(l|zi = (zioy + hiA (s, i)+ 12— Geor + heA(sion, 2i0) 1) /i
+ o(si-1)V(si-1,zi-1,Zi-1) + (n +7)L/4

<3+ H)L/A+ w(siz1)V(si-1,zi—1,2i—1) + (n +7)L/4

< o(si-1)V(si-1,zi-1,2i-1) + L(n + 7).

It remains to prove the second half of (2.11). Assume to the contrary that
S =limjo 5; <t+o0. Lemma 3 (i) asserts that {z;} and {Z;} are Cauchy
sequences in X, since

limsup |z; — zj|| < limsup(M + 3n/4)(s; —s;) = 0,

i, j—00 I, j—0

limsup [Z; — 2| < limsup(M + 37/4)(s; —s;) = 0.

i j— o0 i, j—o0

This implies that z,, =lim;_, z; and Z,, =lim;_,, Z; exist in X and are in
Q(s») by (Q2). By (24), we choose a number /4 >0 so that 1 < 1+ 0 — s,
and

V(s + 1,20 + hA(S0, 20 )y 2o + hA(S0,250)) — V(Soos Zoo, 200) }/F
< (50)V(SooyZens Zoo) + (n +7)L/8. (2.17)

Let rj =5, +h—s;—1 for j > 1. Then we have r; < t+ 0 —s;_1 for j > 1 and
rj— has j— co. Since h; < 2hj =2(s; —sj—1) — 0 as j — oo, there exists an
integer jo > 1 such that #; <r; for j > jo. By the definition of /4;, we have

Vsio1r + 1, zpm1 + 1 A1, 2-1), Z5-1 + 1 A(sj-1,2-1)) — V(sj-1,2j-1, 21-1) } /1
> (sj-1)V(sj-1,2j-1,2-1) + (n + 7)L/4

for j > jo. Since sj_1 — Seo, Zj—1 = Zoo, Zj—1 — Zo, and r; — h as j — oo and
Sji-1 +1; =35, +h for j>1, from (V1) and (V3) we obtain

{V(sw + hyzoo + hA(S00,200), 200 + hA(S0,20)) — V(Sews Zooy 2o ) } /B
= w(SOC)V(SDCwZOOaEOC) + (’7 +ﬁ)L/47

which contradicts to (2.17).
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We now turn to the proof of the existence of pair (y, y) € Q(z) x Q(1)
satisfying (2.8)—(2.10). We apply Lemma 3 (ii) to show that y = lim;_,, z; and
y=Ilim;_ Z; exist in X and are in Q(¢r+¢) and that they satisfy (2.8) and
(2.9), that is,

¢+ ad(z,x) = yll < (31/4 +n/4)o < no,
|2+ A1, ) — 3| < (30/4+17/4)0 < fio.
We note here that 1 +17<e’ for r>0. We deduce from (2.14) that
V(sj,2,2)) < exp(los([t, 1+ 0]))(V (sj-1,Zj-1, 1) + I L(n + 7))
for j > 1. Hence, we inductively show that
V(sj2j,2)) < exp((s; — )a([t,1 4 0]))(V (2, x, %) + L +7)(s; — 1))
for j > 0. Thus we obtain (2.10) by letting j — co. O

ProproOSITION 4. Let (1,z) € Q and A, e (0,1/2). Let R>0 and M >0
be numbers such that t+ R <b and ||A(s,y)| < M for (s,y) € QN Sg(7,z).
Let 0 € (0,R/(M +1)]. For each e € {A,pu}, let {(t7,x5)}.2, be a sequence in Q
satisfying the following conditions:

(i) t=<ti<---<tf<---<t4+0 and lim;_, tf =1+ 0;

(i) -t ,<eforiz=1l;

(i) [lxe + (68— 12 )AGE  x0y) — x| < o(ef — 12.0)/2 for i 1, where

X5 =z
(iv) if (s,9) € QN Srrnyee—e ) (171, XPy), then
JAGs, ¥) = AGE X2 )| <efd for i 1.
Let {si};—, be a sequence such that si < siy1 for k >0 and

{sc;k=0,1,2,.. 3 ={1/;i=0,1,2,.. }U{e;j=0,1,2,...}.

Then there exists a sequence {(z},z{)}iio in X x X such that (z{,z) €

Q(sk) X Q(si) for each k >0 and the following three properties are satisfied:
(@) if sk =1}, then z} = x}; if s = t;’, then zjf = x}‘;
(b) for each e = A,u, we have

K
Dol + (= s A1, 27) = 2]
j=q
< 2e(sp — 84-1) + 3¢ Z (6 —1iy)

for 1 <qg<kand k> 1;
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(c) for k=0,
V(sky 2zt 21) < exp((se — 7)@([7, s6))){2L (A + 1) (s — ) + (A, 1)},
where
Me(A,p) =3L| 2 Z (th—th )+ u Z (t — lfil)

the{st,..., s} t}‘e{xl,“.,xk}

PrOOF. Set z§ = z for each ¢ = 4, ;. Assume that sequences {(sx, z}) i

and {(sk,z,f)},i;}) in Q@ with /> 1 satisfy properties (a)—(c) for 0 <k </—1.
Let i and j be positive integers such that ¢}, <s <t and t].‘il <5< t,” ,
respectively. By Lemma 3 (i) with e¢=4/2 we obtain |x},—z| <
(M +2/2)(t —1). If (s,) € S(M+1)(t;"~—t,.’;l)(ti}'—1axz{l)a then we get

s =7l < s — oy |+ 1y — ol < (M + 1)1 = 1f) + (1, = 1)
<(M+1)0g<R
and
Iy =zl < lly = xZyll + llxiy ==l
<M+ D)t —tf )+ (M +2/2)(t}, —1) < (M +1)a < R.

Hence Sy~ (111, x7) = Sr(r,z). This implies that

|A(s, y)|| <M for (s, ) eQﬂS<M+1)(,’_,1_,i,-;l)(szl,x,.{l). (2.18)
We shall show that for each ¢ =4, 4,

[A(s, ) =M and  [|A(s, p) — A(si, 2 ) <€/2 (2.19)

for (s, y) € Q0 Siys1y(5—s 1) (S1-1,27_;). By the definition of {sz} we observe
that

th<si <s <t < s <s <,
tf =s, for some 0<p</-—1, and
', =s, for some 0 <g</-1.
By the hypothesis (a) of induction, we have z; =x/, and z/'=x/,. 1If
0<p<Il—1, then the set {s,i1,...,5-1} contains no points 7. By the
hypothesis (b) of induction, we have
221+ (s = se-1) A (51, 2-) — Z¢ll < 2405 — si-1) (2.20)
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for k=p+1,...,/—1. By (2.18) and (2.20), we use Lemma 3 (i) with
(t,x) = (t}.,x/) = (sp,2), e=24 and r=(M+1)(t} —1/,) to obtain
lzf, — z[f|| < (M +22)(s;-1 —sp). This is valid for p=/—1. If (s,y)e
Sty si—s 1) (81-1,2f,), then we get

s — 1/ | < |s = sima| + simt — 1]
< (M 1) (sp—s121) + (5121 — ) < (M 4+ 1)(¢} — 1)),
ly = x{ ol <y =zl + 20 = xP
< (M 4+ 1)(s = ) + (M + 22) (5121 — ) < (M +1)(e} = 1),
This means that
St 1)si-s0 (51-1571) © Siatanai—ai ) (s X0 (2.21)

Thus, the claim (2.19) with ¢ =1 follows from (2.18) and condition (iv).
Indeed,

14(s, ) = Alsi-1,27)l
< [14(s, ») = Al xE I+ A xEy) = Alsia, 27l

< /A4 2[4 =02

for (s, y) e.QﬂS(MH)(S,,SH)(sl,l,zlﬂl). We apply the above argument again,
with p and i replaced by ¢ and j, to show that (2.19) holds true for ¢ = p.

By virtue of (2.19), we deduce from Proposition 3 with 1 =51, (x,X) =
(21);1721/11), n=2A ff=2u and r= (M + 1)(s; — s;—1) that there exists a pair
(¥ e Qs+ (1= s11)) X QU1 + (51— s1-1)) = Q(s1) x Q(s;) satisfying

z7y + (st = si—1)A(si—1,z7,) — il < 2e(sp — s1-1) for e=A,u, (2.22)
Vs, v, v < exp((si — si-1)@([s1-1,51]))
X (V(si=1, 211,215 )) + 2L(A + ) (s1 — s1-1))- (2.23)

We define (z7,z)') € Q(s;) x Q(s;) by

= 2 _ i _
x; for sy =1 x; for sy =17,

7 A “ for s < t*
A Vi for s; < t, u ) 1 i
z { and z; =

If s, = t, then by condition (iii) we have

1 1 PR 2 1
X721 + (o= 62 )A x[y) =27 < (0= 121)4/2,
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while in view of (2.18) and (iv) we find, by applying Lemma 3 (i), with ¢ = 24,
n=7/4, r=(M-+1)(t} —t},) and (t,x)= (¢ ,,x',), to (2.20) and (2.22),
that

X7y + (1= 7 ) AQ, x70) = vl < QA+ A/4) (s — 1))
These inequalities together yield

) P p PR *
27 = yill < llxioy + (sr = 2 ) Ay %7 0) = 7l

1 i 1
Xy o+ (s — oA, Xty = 2|l

< (9/4+1/2)A(s) — 1} ) <30 (i} — 1)), (2.24)
tl.)':SI
Similarly, we get
27 = yfll < 3p D (2 (2.25)
t“*S1

Combining (2.24) and (2.25) with (2.22), and adding the resulting inequality
to the inequality (b) with k£ =/— 1, we conclude that the desired property (b)
holds true for k =1.

Finally, we show that (c) is true for k =/. Using (2.24), (2.25) and (V1)
we have

[V (st,27,2)) = Vst, v, vl < LAz = y7 L+ Dz = 271)

<3L(/12z —d) Ay (-t )

th=s 1=

Combining this and (2.23), we obtain

tr=s; t !‘*S/

V(s;,zf,zl) V(s;,yl,y1)+3L(iZ th—tt) +'“Z —l]f‘_l)>

< exp((s; = s1-1)([si—1, ) (V (s1-1, 21,21 ,)

+2L(A+ p)(s1 — 51-1))

+3L(22t—tll +ﬂz )

A —
ti=s; =57
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< exp((s1 — D) ([z, 1)) 2L(A + p) (51 = ) + 11 (4, 1))

+3L( 2 Z(li;' — i) +u Z(Ify — 1)

ti=s t'=s
< exp((s1 — 1) ([z, 1)) 2L(A + p) (s = 7) + 1 (4, 0))-
This means that (c) is true for k =/, and the proof is completed. O
The following is a local existence theorem of solutions to (IVP;z,z).

THEOREM 3. Let (1,z) € Q. Let R>0 and M > 0 be numbers such that
T+ R<band ||A(s,y)|| < M for (s,y) € QN Sk(t,z). Let o€ (0,R/(M +1)].
Then there exists a solution u to (IVP;t,z) on [t,7+ o] such that

lu(t) — u(s)|| < M|t — s for t,s€[t,7+ a.

Proor. Let ¢€(0,1/2). Then, by Proposition 2, there exists a sequence
{(#8,x¢)} 2, in Q satisfying (i)—(iv) of Proposition 4. Let u®: [t,74+ ) — X be
the function defined by u*(r) = x} for t € [¢/,}, ;) and i > 0. We want to prove
that the family {u°} converges in X uniformly on [z,7+ o) as ¢ | 0.

Let A,p0e (0,1/2) and let {sx},—, be a sequence defined as in Proposition
4. Then there exists a sequence {(z},z{)} in X x X satisfying (z{,z}) €

Q(sk) x Q(sx) for k >0 and (a)—(c) of Proposition 4. We first prove that

sup ||z¢ — z4|| — 0 as A,u 0. (2.26)

k=0

Assume to the contrary that there exist & > 0, two null sequences {4,} and
{u,} of positive numbers, and a sequence {k,} of nonnegative integers such
that

|z =zl > & for n> 1. (2.27)

Since the sequence {si,} is bounded as n — oo, it has a convergent subsequence
{s, }. Since (zk ,z,/("l) € Q(sk, ) x Q(sx,) for /=1, and since

V(skn[,zk ) k ") < SL exp(od([t, T+ 0]))( Ay, + 1, )0 for [ >1

Hy

by Proposition 4 (c), we deduce from condition (7'4) that hm,_,y||zk = 2,

=0. This is a contradiction to (2.27).
Let teft,7+0). Let k>1 be an integer such that ¢e [s;_1,s¢). Let
i and j be positive integers such that tl{l < S < s < tf and tj’i | <
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Sk—1 < Sk < t;‘ , respectively. Then we have, in a similar way to the deriva-
tion of (221), |z, —xiyll< M+ —dy) and |z, — x| <
(M +1)(#' = #}). Since

A A A /.
lu(0) = w ()] < lIxfoy = 2yl 4 2oy = 2+ Dz = x|
A
< (M + 1)+ ) + Iz = 2,

we observe from (2.26) that the family {u®(¢z)} is uniformly Cauchy on
[t,74+0). By Lemma 3 (i) we obtain

lu?(2) — u(s)|| < (M +¢/2)(|t — 5| + 2¢) for t,s € [t,7+ 0)

and ¢€ (0,1/2). These facts imply that there exists a continuous function u
defined on [z, 7 + o] such that sup,c(; .. [[u®(2) —u(?)|| — 0 as e | 0. It is clear
that u(t) =z and |ju(?) — u(s)|| < M|t —s| for t,s € [r,7+0]. Let 7°:[t,7+ 0)
— R be the function defined by ¢°(r) = for re[tf,{ ) and i>0. Then
T < 7%(t) <t <1+ 0 and lim,o 7%(¢) = ¢ for t € [t,74+ 0). From Proposition 4
(iii) we deduce that

<eg(t] —1)/2 <¢e0/2 (2.28)

W (1) — u?(0) — J A (s), u(5))ds

for i >0. Since (¢%(z),u?(¢)) € Q and [|A(z%(¢),us(?))|| < M for ter,7+ o)
and since (z°(¢),u®(t)) — (t,u(r)), we have (t,u(r)) € Q and A(z%(2),u’(t)) —
A(t,u(t)) for te [t,7+0) as ¢ | 0, by (€22) and (1) respectively. From (2.28)
we obtain

for t e [r,7+ o). Since t — A(t,u(¢)) is continuous on [z,7 + g], u is a solution
to (IVP;7,z) on [1,7+ 0]. Since the uniqueness follows from Proposition 1,
the proof is completed. ]

3. Global existence of solutions

In this section we investigate the intervals where the solutions to (IVP;1,z)
exist under assumptions (Q21)—(£24). We follow the arguments in [4], [6] and

[7].

PROPOSITION 5. Let (t,z) € Q. Then there exists ¢ € (t,b) such that for
any ce€ (t,cy), the following properties are satisfied:
(i) (IVP;t,z) has a solution u on [t,c|.
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(i) For any ¢ > 0, there exists a number r € (0,¢ — 1) which satisfies the
following:
(@) (IVP;t,x) has a solution v on [t,c] for any (t,x) € QNS,(z,z),
(b) if (¢,x),(t,%) e QN S,(t,2), v and v are solutions to (IVP;t,x) on
[t,c] and (IVP;i,%) on [t,c] respectively, then V(s,v(s),d(s)) < &
Jor set,c N[t cl

ProoF. Let R>0 and M >0 be numbers such that 14+ R < b and
|4(z, x)|| < M for (¢,x) e 2N Sg(t,z), and set ¢o =7+ R/(M +1). We shall
show that for any number ¢ € (7, ¢), the desired properties are satisfied. The
first property (i) follows from Theorem 3.

We shall show that such a number ¢ has the second property (ii). Let
¢>0. We take d > 0 so that exp([; w(0)d0)6 < ¢ for any s € [a,c]. Next, we
choose r >0 so small that t+r<c<t+ (R—r)/(M+1)—r and

A

2L(M + 1)r < exp (J

w(0)d()>(5 (3.1)
T

for se[t—r,t+rN[a,b). To prove (a), let (¢,x) e 2N S,(r,z). Set 7=
R—r. Since t+r<c<t+R/(M+1)<t+ R, we have # > 0. Moreover,
we have r+7f=(—1)+7t+F<r+t+F=1t+R<b. For (s,y)eS;t,x),
we have

s—7|<|s—t+]t—1|<i+r=R
and
[y =zl <[y =xl[+llx -z <F+r=R

Thus S;(f,x) = Sr(z,z). Since ||A(s,y)|| <M for (s,y)eR2NS;(t,x) and
t+7<b, (IVP;t,x) has a solution v on [t,t+7#/(M +1)] by Theorem 3.
Since t +7#/(M +1)>7t—r+ (R—7r)/(M + 1) > ¢, we certainly infer that v is
defined on [¢,¢].

To prove (b), let & be a solution to (IVP;7,X) on [f,c] with (7,%)e€
QNS,(r,z). Assume that 7 <t without loss of generality. Then

[6(5) = o)l = llo(2) = xI| < flo(7) = X[| + [|% = 2| + | = ]|
< ||o(2) — o(2)|| +2r < M(t — 1) +2r
=M((t—1)+(t—1)+2r<2(M+1)r.

By Remark 1 and (3.1), we have

t

V(t,0(6),8(1)) < 2L(M + 1)r < exp (J

T

w(@)d@)é.
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Thus, by Proposition 1, we obtain

S \

V(s,v(s), 0(s)) < exp (J a)(H)dH) V(t,0(2), (1)) <exp (J w(@)dﬁ)& <e

t T
for set, . O

Let (7,z) € Q and let u be a solution to (IVP;z,z) which is noncontinuable
to the right. We denote its final time by T(z,z). Tt is clear that t < T(z,z) <
b and u is a solution to (IVP;z,z) on [r,T(z,z)). Since (IVP;z7,z) has a
unique solution, 7'(z,z) € (z,b] is well-defined for every (z,z) € 2. We con-
sider T as a function from the metric space 2 into the extended real line
RU{o0} endowed with the usual topology.

PROPOSITION 6. Let (1,z) € Q and let d be a number such that v < d <
T(t,z). Then there exists a number r > 0 with T+ r < b such that T(t,x) > d
for any (t,x) € QNS (1,2).

ProoF. Let (7,z) € 2 and let d be a number such that 1 < d < T(z,z).
Let u be a solution to (IVP;7,z) on [r,d]. Since the set {(s,u(s));s € [r,d]} is
compact in Q and A4 is continuous on £, there exists a number M > 0 such
that [|A(s,u(s))|| < M for s € [r,d].

We first prove that there exists a number R > 0 such that ||4A(s,x)|| < M
for any se[r,d] and xeQ(s) satisfying V(s,x,u(s)) < R. Assume to the
contrary that for any n>1 there exist s, €[r,d] and x, € Q(s,) such that
V(Sn, Xn,u(sn)) < 1/m and || A(sy,x,)|| > M. Since the sequence {s,} is
bounded, there exists a convergent subsequence {s, } converging to some
number se€[r,d]. Since  V(sy, X, u(sy,)) — 0 as k— oo, we have
|, — u(sy, )| = 0 as k — co by (V4). Since u(s,) — u(s) as k — oo, we
have (s, X, ) — (s,u(s)) as k — oo. Thus, by (1), we have || A(s,u(s))|| =
M. This contradicts to the definition of M.

By Proposition 5, we can choose a number ¢ such that 7 < ¢ < d and
properties (i) and (ii) in Proposition 5 are satisfied for (z,z). Let ¢ >0 be
a number such that & exp([; w(0)d0) < R for s€ [¢,d], and then choose r > 0
so that 7+ r<c¢ and Proposition 5 (ii) is satisfied for the number e.
Let (7,x) e QN S,(r,z). We want to show that d < T(z,x). To this end,
assume to the contrary that 7(¢,x) <d and let v be a noncontinuable solu-
tion to (IVP;#,x). Note by Proposition 5 (ii) that [t,¢] = [f,T(¢,x)) and
V(e,v(c),u(c)) < e By Proposition 1, we have

s

V(s,0(s), u(s)) < V(c,0(c), ulc)) exp (j w(@)d@)

c

< gexp (Jsco(ﬁ)dﬁ) <R

C
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for se ¢, T(t,x)). From the fact proved first, we observe that || A(s, v(s))| <
M for selc,T(t,x)). Thus |o(t) —v(s)|| < Mlt—s| for t.selc,T(tx)).
Therefore, w = limg 7 ) v(s) exists in X and (7(z,x),w)eQ by (Q2). In
view of Theorem 3, this contradicts the fact that v is noncontinuable to the
right of T'(z,x). Hence T(t,x) > d. O

ProposITION 7. Let (1,z) € Q and let {(t,,z,)},-, be a sequence in Q
converging to (t,z) as n — oo. For n>1, let u, be a noncontinuable solution
to (IVP;t,,z,), and let u be a noncontinuable solution to (IVP;zt,z). Assume
that d € (t,b) satisfies d < T(ty,z,) for n > 1. Then the following assertions
hold:

(i) d<T(r,z2).

(i) For any o € (t,d), the sequence {u,} converges to u uniformly on [o,d]

as n— oo.

ProOF. Let ce(7,d) be a number with the properties (i) and (ii) in
Proposition 5, and let 1 <o <c¢. We may assume that 7, <o <c<d<
T(ty,z,) for n > 1, because lim,,, 7, =7<d. Let ¢>0. Let re(0,c—1)
be a number with the property (ii) in Proposition 5 for the number &. Since
(tn,zu) — (t,z) as n — oo, there exists an integer ng > 1 such that (t,,z,) €
2N8,(r,z) for n > ny. By Proposition 5 (ii-b) we observe that if n,m > ny,
then V (s, uy(s), uy(s)) < ¢ for s€[o,c] and

t

V(t,um (1), uy(2)) < exp (J

c

w(e)de) V(e um(c),un(c))
<eexp((d — c)@([c,d]))

for tec,d]. By (V4), the sequence {u,} is uniformly Cauchy on [o,d].
Define () = lim,_., u,(f) for t€[o,d]. Then we observe that @'(z) =
A(t,u(t)) for te|o,d]. By Proposition 5, we observe that if n > ng, then
V(s,un(s),u(s)) <e for se[o,c]. Thus, we have (o) = lim,_ u,(a) = u(o).
Hence # is a solution to (IVP;0,u(s)) on [o,d]. Note that u is a solution to
(IVP;7,z) on [r,0]. Since the function v : [7,d] — X defined by v(¢) = u(z) for
t€(r,0] and v(r) = a(r) for t € o,d] is a solution to (IVP;z,z) on [r,d], we
have T(z,z) > d. Since v(t) = u(t) for ¢ € [r,d] by uniqueness, we observe that
the sequence {u,} converges to u uniformly on [o,d] as n — 0. O

ProposITION 8. T is a continuous function from Q into RU {o0}.
Proor. Let (7,z)eQ and let {(#,,x,)},.; be a sequence in Q con-

verging to (7,z). Let 1 <d < T(z,z). Since lim,_ o (t,,x,) = (z,z), we de-
duce from Proposition 6 that d < T(t,,x,) for sufficiently large integers
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n. Thus d <liminf, ., T(t,,x,). Since d is arbitrary, we obtain T(z,z) <
liminf, ., T(t,,x,). Note that

1< T(1,2) < limiglolf T(ty, x,) < limsup T(t,,x,),
n— n—oo
and let d satisfy 7 < d < limsup,_,, T(t,,x,). Then there exists a subsequence
{(tn, X )} s of {(tw,Xn)},>; such that d < T(t,,x,) for k>1. Since
(twesXn,) — (1,z) as k — oo, it follows from Proposition 7 that d < T'(z,z).
Since d is arbitrary chosen, we conclude that limsup,_, , T(¢,,x,) < T(z,z).
Hence, we obtain lim,_., T(ty,x,) = T(z,z2). O

A global existence theorem is given as follows.

THEOREM 4. Let C be a connected component of Q and set d=
sup{z € [a,b); C(t) # &J}. Then for each (t,z)e C, (IVP;1,z) has a unique
solution on [t,d) and the interval [t,d) is the maximal interval of existence of
solution. In particular, if Q is connected, then for (t,z) € Q, (IVP;1,z) has a
unique solution on [t,b).

Proor. We shall show that 7: Q2 — RU{co} takes the constant value d
on C. To prove that T(C) is a singleton set, let ¢,¢ e T(C) = {T(¢,x);
(t,x) e C}. Without loss of generality, we assume that ¢ < ¢, and set

C={(t,x) e C;T(t,x) < ¢} and G ={(t,x) e C;T(t,x) > c}.

If C=C, then é <¢, and so T(C) is a singleton set {c}. To prove that
C = Cy, we have only to prove that C; = ¢ because C; and C, are disjoint.
To this end, assume to the contrary that C, is nonempty. Since 7T is
continuous on C by Proposition 8 C, is an open subset of C. Let
{(tn,xn)},>1 be a sequence in C, converging to (f,x) € C. By the definition
of C,, we have ¢ < T(ty,x,) for n > 1. Proposition 7 asserts that ¢ < T(¢, x).
This implies that C; is a closed subset of C. It follows that C = C; U C,, and
C; and G, are disjoint, nonempty and open in C. This is impossible because
C is connected, and so we conclude that C, = 7.

Since T(C) is a singleton set, we can write T(C) = {c} for some ce
RU{o0}. Since t < T(t,x) = ¢ for (t,x) € C, we obtain d = sup{t; C(t) # &}
<c¢. On the other hand, let s < ¢. Note that ¢ = T'(¢,x) for some (z,x) € C.
If + <s then a noncontinuable solution u to (IVP;z, x) satisfies (s,u(s)) € C,
and so C(s) # . This implies that s <d. If s <t then s < <d because
C(t) # . Since s is arbitrarily chosen such that s < ¢, we have ¢ <d. Con-
sequently, we get T(C) = {d}. O

Theorem 1 is a consequence of Proposition 1 and Theorems 3 and 4.
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4. Proof of Theorem 2

Proof of the necessity part. Let (7,z) € Q and u(t) = U(t,71)z for t € [z, b).
Let C be a connected component of Q such that (z,z) e C. Since {(z,u(?));
te(r,b)} is a connected set in @ containing (z,z), we have (z,u(r)) e C for
t € [r,b) by the maximality of C; hence C(¢) # & for € [r,b). This means
that (25) holds true. Since u(t + /) € Q(r+ h) for he (0,6 — 1), we have

h'd(z+ hA(1,2), Q(t + 1)) < h Y|z + hA(t,z) — u(t + h) ||
= [[A(z,u(z)) = k™ (u(z + h) — u(7))]|
= [ A(z,u(z)) —u' ()] =0
as h | 0. Thus, (23) also holds true. It remains to show that (©24) holds

true. We set

Vo(t,x, y) = 51[1pb>{exp (— r w(H)dH) |U(a,t)x — U(o, t)y|}
oelt, t

for tefa,b) and x,y € Q(r). From (El) and (E3) we see that

Ix =yl < Vo(t,x,y) < L||x — y| for tefa,b) and x,y e Q(z). (4.1)
For any x,ye X, te[a,b) and x', y’' € Q(t), we have

Vo(t,x", y") = L(llx = Xl + [y = »'ID
< Lx" =yl = LAlx = X" + Ly = ') < Lllx = yl.

Thus, we can define V :[a,b) x X x X — [0,00) by

Vit,x,y)=  sup  {max(0, Vo(t,x", y') = L(llx = 'l + [y = »'ID)}
(x'.) €20 x2(1)

for (z,x,y)€[a,b) x X x X. Since
Vo(t,x', »") < Vo(t,x",x) + Vo(t, x, y) + Va(t, », ')
< Vo(t,x, y) + L(llx = x| + {1y = »'I)

for t€[a,b) and (x,y),(x',)") € Q(¢) x Q(¢), we have V(t,x,y) < Vo(t,x, )
for t€a,b) and (x,y) e Q(¢r) x Q(f). The converse inequality follows readily
from the definition of V. Thus V(¢,x,y) = Vo(t,x, ) for t € [a,b) and (x, y) €
Q(#) x Q(f). This combined with (4.1) implies that the functional V" satisfies
(V4)" and (V2).

Let (x,y),(X,9) € X x X and t € [a,b). For any (x', y’) € Q(t) x Q(¢), we
have
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Vo(t,x", »') = L(llx = x| + {1y = »'II)
= (Vo(6,x", y") = LAIX = X"l + 117 = »'I1))

= L(Ix = x| + 17 = ¥'I) = Llx = X"l + 1y = »'I)

< L(|x = x[| + 1y = »ID),
which implies that

Vo(t,x", y') = L(llx = X"l + 1y = »'ll) < V(5, %, 9) + L(IX = x| + |9 = »ID)

and

V(t,x,y) < V(t,%,3) + L([|% = x[| + |7 = yI]).

Thus, we obtain (V'1).

To prove (V3), let t,€la,b) with ¢, —t€[a,b) as n— oo and let
(Xn, yn) € (t,) x Q(t,) with (x, yn) — (x,y) € 2(¢) x Q(t) as n— oo. Let
g€ (t,b) and N a number such that ¢ >, for n > N. Then we have

ag

Vo(tu, Xu, yn) = exp <—J w(H)d@) U (o, t,)x, — Ula, ty) yull for n > N.

by
Taking the inferior limit as n — oo, we have

liminf Vo(t,, xu, yu) = exp(—J w(@)d@) |U(a,t)x — U(o,1)y|.

n— o0 ¢

By (4.1), we have Vy(t,,xn, yn) = ||xn — yul| for n>1. Taking the inferior
limit as n — oo, we see that the above inequality is also valid for ¢ = ¢. Thus,
we have

liminf Vo (ty, Xn, yn) = Vo(t, x, y).

n—oo

Finally, we prove the dissipativity condition

DoV (1,%, 9)(A(t, %), A(1, 1) <o)V (1,x,y)  for x,yeQ(r) and 1€ [a,b).
For this purpose, let 7€ [a,b) and x, y € Q(¢). Since

|U(a,t+h)U(t + h, t)x — U(a, t + W) U(t + h, 1)y

~—

’ w(e)da> : exp( J w(e)d9> |U(a, 0)x — U(a, 1)y

t t

1

(
< exp( Gw(&)d@) Vo(t,x, y)
(

I+h w(@)d@) e (J" w(@)de) Vo(t, x, y)

Jt t+h
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for he (0,b—1t) and o€ [t+ h,b), we have

t+h
Volt+h, Ut + h 1), U(t+h, 1)) < exp (j

t

w(O)dO) Volt,x,y) (4.2)

for he (0,b—1t). Since V(t,x,y) = Vo(t,x, y) for t € [a,b) and x, y € Q(r) and
since V(¢,-,-) is Lipschitz continuous on X x X with Lipschitz constant L, by
(4.2) we have

(V(t+h,x+hA(t,x), y+hA(t,y)) = V(t,x, ) /h
<(V+h U@+ ht)x,Ult+ht)y)—V(t,x,y))/h
+ L(||x+hA(t,x) = Ut + h, O)x|| + ||y + hA(t, y) = U(t + h, 1) y||) /1

< % (exp <J:+h w(@)d@) - 1) V(e x, )

+ L(|lx + hdA(t,x) = Ut + b, O)x|| + ||y + hA(2, y) = Ut + h, ) y[]) /7
— o)V (tx,y) as h ] 0.

This means that the desired dissipativity condition holds true. O

Proof of the sufficiency part. By condition (Q5), Theorem 4 asserts
that for any (7,z) € @, there exists a unique global solution u = u(-;7,z) to
(IVP;7,2) on [t,b). Define {U(#,7)}(, ,)eqs by U(t,7)z = u(t;7,2) for (z,z) € Q
and 7 € [t,b). Then we see that for each (z,7) € 4, U(t,7) maps (1) to Q(¢).
We immediately obtain (E1) from the uniqueness of solutions to initial value
problem (IVP;z,z). By Proposition 1, we find, noting (V4)’, that

|U(t, 1)z — U(t,20)z|| < V(t,U(t,7)z, U(t,7)2)

t

< exp (JI w(@)d&) V(t,2,2) < Lexp (J

T T

w<9>d9)|z 3

for z,z e Q(r) and (7,7) € 4, namely, (E3) holds true.

It remains to show that (E2) holds true. Let (2,,7,),(¢,7) € 4, z, € Q(ty)
and z € (1) and suppose that (¢,,7,) — (¢,7) and z, — z as n — c0. We have
to show that u(t,;7,,z,) = U(ty,tn)zn — u(t;7,z) = U(t,7)z as n — oo. First,
we assume that > 7. Let d € (7,h) be a number such that # < d and take
o€ (t,t). Since t, — t as n — oo, we may assume that #, € [o,d] for n > 1.
Then, we deduce from Proposition 7 that lim, .. u(-;7,,z,) = u(-;7,z) uni-
formly on [o,d], and hence u(t,;7,,z,) — u(t;z,z) as nm— oo. Next, we
assume that 7=17. Since u(t;7,z) = U(t,7)z=12z, we need to show that
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u(ty; Ty, zy) — z as n — oo. To this end, let M > 0 and R > 0 be numbers such
that 7+ R<b and |A(s,y)[| <M for (s,y) e QNSg(r,z). Since
(tn,zu) — (7,z) as n — oo, there exists an integer N > 1 such that 7, + R/2
<b and (t,,z,) € Sg2(t,z) for n> N. Take r= R/2. Thus, we observe
that if n> N, then S,(t,,z,) = Sr(r,z) and ||A(s,y)|| < M for (s,y)e Q2N
Sy(tn, zn). Let o€ (0,r/(M +1)). Thus, we deduce from Theorem 3 that if
n> N then

(85 Ty zn) — U(8; 70y 2) || < M|s — 3§

for s,§ € [ty, 7, + 0]. Since 7, — 7 and t, — t =7 as n — oo, we find that ¢, €
[tu, Ta + o] for sufficient large n, and so the above inequality implies that

Hu(ln§fnazn) - ZnH S M|tn - 7:n|

for sufficient large n. Since z, — z as n — oo, we conclude that u(z,;t,,z,) —
z as n — oo. O

5. Application to wave equations

In this section, we apply Theorem 1 to the initial value problem for non-
linear wave equation with dissipation:

{ O = 0w, 0w =0y0a(t,u) =y, (5.1)

u(0,x) = up(x), v(0,x) = vo(x) for xeR and € [0, ).

Here y is a positive constant and o(-,-) a real-valued smooth function on
[0, c0) x R satisfying o(#,0) = 0 for 1 € [0, 0). We make the following assump-
tions on the function o.
(i) There exists a positive constant dy such that o,(¢,r) > Jy for (¢,r) €
[0,00) x R.
(ii) There exists a constant Ly > 0 such that

lov(t, )l = < Lo, llon(t, )ll- < Lo
and  ||o (1, )|l < Lo for ¢ €0, o0).

(i) There exists a continuous integrable function 4 : [0, c0) — [0, 00) such
that

low(t, )|l - < h(t) for 1€ [0, c0).

Let X =L*R)xL*R) with the standard norm ||(u,0)| =
(lull?> + ||o]13.)"/, and define H : [0, 0) x H*(R) x H*(R) — R by
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H(t,u,v) = HO(t,u,v) + HV(t,u,0) + H? (t,u,v)

J atrdr—|— v)dx

J“ (0, (£,0)(200)* + (yu + 0,0)*)dx

+ %J (a,(t, u)(&fcu)2 + (p0yu + aiv)z)dx

for (u,v) e H*(R) x H*(R) and t€[0,00). The assumptions imply that there
exist constants Cy > ¢o > 0 such that
<ol (V) |22 < H(t,u,0) < Coll (u,0) |72, 1r2 (52)

for (u,v) e H*(R) x H*(R) and t€[0,0). The following proposition will be
used in order to convert the problem (5.1) into the initial value problem for a
continuous mapping 4 : 2 (< [0,0) x X) — X.

PROPOSITION 9. Let t€[0,0) and (up,vy) € H*(R) x H*(R). Then there
exists 29 > 0 such that for any 1€ (0,4, the problem

(uz — uo)/ 2 = 0xv;, (5.3)
(v = v0) /4 = 0,(t,u0) 0ty — yv; (5.4)

has a solution (u;,v;) € H*(R) x H*(R) satisfying the following properties:
(i) The family {(u;,v;)} converges to (ug,vy) in H*(R) x H*(R) as 1 | 0.
(i) There exists a nondecreasing continuous function g : [0, 00) — [0, o0)
with g(0) =0, depending only y and o(-,-), such that

(H(t + /1,1/{/1, Ui) — H(l, U, U()))

ol =

1 t+4
= 2) (J h(s)ds> ||u}.||§{z — y50||0xu;~||12{]

t
+ (14 22)g(11 a0, 00) | gr2,cgz Vv 110, 03) | 212
X (0xttol g1 v 1002l 1) (5.3)

Sfor € (0, ).
Here and subsequently, we use notation av b = max{a,b} for a,beR.

PrOOF. Let t€[0,00) and (ug,v0) € H*(R) x H*(R). Define D(L(t)) =
H'(R) x H'(R) and

L(t)(u,v) = (0xv, 0,(t, 1) Oxtt — yv)
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for (u,v)e D(L(¢)). Let f, be a positive number such that f;,>
Lo||0xuio|| 1/ (24/00).  Since

10x (0, (£, u0))| o __ [low (2, u0) Oxto| .-

2vdo 2V

we deduce from [8, Proposition 5.7] that L(z) — I is m-dissipative in X =
L*(R) x L*(R) with inner product ((u,v),(#,9)) = (|, o.(¢,uo)uit + vd dx)'?
for (u,v),(@,0) e X. Choose 4y >0 so that Agf, < 1. Then, for 1€ (0, 1],
(uz,v;) = (I — AL(1)) "' (uo, vo) satisfies (5.3) and (5.4). Note that D(L(¢)") =
H*(R) x H*(R) for k =2,3. It follows from the proof of [8, Proposition
5.7] that (u;,v;) € D(L(1)*) and L(1)*(u;,v;) = (I — AL(1)) "' L(1)*(ug, vy) for
k =0,1,2 and that the family {L(r)*(u;,v;)} converges to L()*(ug,vo) in X as
410, for k=0,1,2. Hence the family {(u;,v;)} converges to (ug,vp) in
H?*(R) x H*(R) as 4] 0.

We shall show (ii). Since (#,0) =0, we have o(t,u;) e H'(R) and
Oxo(t,u;) = 0,(t,u;)0uy. By (5.4), we get

=< ﬂOv

(v, —vo) = Oxa(t,uy) — yv; + (o,(t,u0) — 0,(t,u;))0xuty.

| —

We multiply this equality and (5.3) by v, and o(z,u,), respectively. The sum
of these two equations gives us

1 1
IU(E w;)(uy — ug) + EUA(U). —vp)

= 0x(vy0(t,u;)) — yuf + (o, (t,u0) — a,(t,u;))0xu;.
Integrating this equality, we have
o0

%J ot uy) (u; — uo)dx + %J 03 (v; — vo)dx

—o0 —®

= —yJ vf dx +J v v, (0,(t,ug) — or(t,u;))0xu; dx

-0 -0

- ir (01(1, 140) — 0(1, u3)) X (Dttz) 2

L2 0 2L2 0
< 2] 0wy =20 [ @
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Since the function r — o(¢,r) is nondecreasing, we have

lr (J o, r)dr)dx—f—;; Jw (07 — vg)dx

;» —w U

AL} ”
0wl | @)

— o0

<

or
(H(O)(l + /1, uy, U,{) - H(O)(l, uop, U()))

< 1Jm (J""(a(wr ) —olt, r))dr) dx

_l—oo 0

+ ™ H@xv/HH,Jioc(ﬁxu/z) dx.

o =

The first term on the right-hand side is estimated as follows:

lr (J( (14 4, )—a(l,r))dr)dx

y)
L e
A ()
gi([hmmﬂm@.

Hence

1 \
5 (HO 1+ 2, u;,v;) — HO(t,u0, v0))

<o ([ H) sl + £ o toalle 56)
=7 , S)ds AN 4]) ollOxVA|| 1 || OxUp || 12+ .
Differentiating (5.3) and (5.4), we have
1
I (axul - aXMO) = 6x(axvﬂ.)a (57)
(5.8)

((yuy, + 0x05) — (yuo + Oxv9)) = Ox (0, (2, 119)Ox1ty).

ol —
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We multiply (5.7) and (5.8) by o,(¢,u0)0u; and yu,; + 0v,, respectively. The
sum of these two equations gives us

(110) (0 = (0a0)®) + 55 (G + 002)* = (o + 2a00)?)

< Ox(0,(t,10) 011, 050;) + y1u;0x (0, (t, u0) Out).

1
227

Integrating this equality, we have

;_AJT O-"(t7 u())((axu),)z - ((3xu0)2)dx

o0

1
+ 27] ((yuz, + 0x0,)* — (yug + Oxv0)?)dx

— 0

< —y JOC (0xu;) (o, (t, 1) 0xuy)dx.

-0

Thus

1
I(H(])(l + Aoz, 07) — HWY (1,10, v0))

o0

= %J (0:(t + 2, uz) — 0,(t,u0)) (6xu;) *dx — yJ (1, u0) (0uy) 2dx.

Since

|0,(1+ 4,u;) = 0r(tu0)| < |ov(t + 2, u5) — 0(t,u3)| + |00 (1,u5) — 0,2, u0)|

A
+ Loluy — uo| < J h(s)ds 4+ ALy|0yv,], (5.9)

t

<

7
J O (S7 u)v)ds

t

we have

(H<1)(t + lv Uy, Uﬂ) - H(l)(l7 Uy, UO))

o —

1 HA R 5 1 5
<5 h(s)ds | ||0xu||72 +§L0||3xvﬂ.||mHaxuxHLz

t

— 0ol x| - (5.10)

Differentiating (5.7) and (5.8), we have

—

7 (B3 = 0%uo) = 0.(33v), (5.11)
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1 2 2
7 ((yOyuy + 05v;) — (pOyug + Ovp))
= ax(arr(h uo)axuoaxui + O’r(l, ug)azuﬂ) (5.12)

We multiply (5.11) and (5.12) by o,(t,u0)0*u; and yd,u; + d2v;, respectively.
The sum of these two equations gives us

1 1
2t u0) (220)” = (B300)%) + o= (G0t + 820,) = (00 + B20))

< 0u(0,(t,u0) 02Uz 02v;) + y0xu; Ox (0, (2, 10) 021z
+ (0% + p0u1;) 0 (0, (1, 100) Do dsity).

Integrating this equality, we have

3| o) (@) - @

o0

1
+ ﬁj ((pOsuy + 0%v;)* — (pdsug + 02v0)?)dx

—00

< ny V a(t, uo)(éiul)zdx + J (yOxu; + dzvi)ﬁx(arr(t, 1ug)OxtigOxtty )dx
= —yJ o, (t, uo)(aiu;,)2dx — yJ aiu;y(o,,(t, o) Oyt Oxu; )dx

+ J (6§Ui>ax(az'r(ta UO)axanxu}.)dx-

—o0

Hence
1
S(HO(+ 4w 07) = HO (100,10))
< 1 P 62 2d 0 62 2d
=5 7m(0'r([+ Ju;) — o (tug))(Oxus) “dx —y B o, (t,up) (07u;) dx
- VJ 5§u/1(0',r(t, uo)(Oxto) Oty )dx
+ J (aivl)ax(@r(l‘, u0)OxttoOxuty )dx. (5.13)

The third term on the right-hand side is estimated by
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—yj 023 (01 (1, 10) (Dstto) Dsttz)dx

— 0

Oty 1.

< pLol| 03w 12 10ctol| Lo |1 0xuzl| 12 < yLolluo]l 2
Since
ax(o'rr(l; u0>axuoaxu2)

= G (£, 140) (Oxta0) > Oty + Gy (1, 10) 210005 + 6,y (1, 140) Ot

we have

J (aivg)ax(dw(l‘, uo)axuoaxui)dx

—
< Lollzvall 2 (100 | 2« 10z .
+ [[03uoll 2 100z o + 100l - 1032 12)
< Lol[vzl 2 ([luoll 21 Oxteol 71 10242 .2
+ N1 0xtto| g (1002 1 + x| 10501 2)
< Lol[vall g2 (ol 72 + 2) [ 0xtto| g1 |0taz | 11
We estimate the first term on the right-hand side of (5.13) by (5.9), and com-

bine the resulting inequality and the inequalities obtained above. This yields

(H(z)(t + /15 U, v/l) - H(2>(t, Ugp, U()))

ol —

1 +r LO
=% (J h(s)&’s)llﬁiu,alliz + 1002 g 1932021172 — 700ll03a| 7

t
2
+ Lo(lluoll 2 + [[vill g2 (ol 22 + 2)) (|10xtao][ 1 v (|t 1)

Combining this inequality with (5.6) and (5.10) we observe that the desired
inequality (5.5) is satisfied for the function

g(r) _Lor{ <];0yr> V(3—|-y+r)} for r > 0. [

Let ¢ be the constant in (5.2), and define A : [0, 0) x H*(R) x H*(R) —
R by

H(t,u,v) = exp (— 1 Jt h(s)ds) H(t,u,v)

€0 Jo
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for (t,u,v) € [0,00) x H*(R) x H*(R). Then we have
. 1 [~ 5
H(t,u,v) < H(t,u,v) <exp (c_J h(s)ds)H(t, u,v) (5.14)
0Jo
for (t,u,v) € [0, 0) x H*(R) x H*(R). Since g is continuous and ¢(0) = 0, we
choose a number Ry, > 0 so small that
. 2 R() 1 *©
if >0 and r* < — exp|—| Ah(s)ds) then g(r) < ydo, (5.15)
o €0 Jo
and define a subset Q2 of [0,00) x X by
@ = {(t, (u,v)) € [0, 0) x (H*(R) x H*(R)); H(t,u,0) < Ro}.

Let o = y/Ro/Co, where Cp is the constant in (5.2). Then, by (5.2) we
have

So = {(u,v) € H*(R) x H*(R); ||(tt, ) | sy2,05 <10} = (1) (5.16)

for any r€0,00), and there exists a connected component C of £ such
that [0,0) x Sp = C = Q. Let R be the positive number such that (R(’))2 =

1;—(;) exp((}—ofooc h(s)ds). Then, by (5.2) and (5.14) we have

Q(1) = Sg = {(u,v) € H*(R) x H*(R);[|(,0) | o> < RG}  (5.17)

for any 1e€[0,00). Let V be the functional on [0,0) x X x X defined by

V(t, (u,v), (a,0) = (JT (b—0)+ <J: \/mdr)zdx>1/z

-

for (u,v),(#,0) € X and 1€ [0,00). It is easily seen that conditions (V'1)—(74)
are satisfied. In particular, we see that for each ¢ € [0, c0), V' (¢,-,-) is a metric
on X and

min{1, v/do}|(,v) — (i, )] < V' (1, (u,v), (& )
< (1vV/Lo)|l(u,v) — (@, 9)]
for (u,v),(@,6) € X. Consider the operator A :Q — X defined by
A(t, (u,0)) = (90, dxa(t,u) — o)

for (z,(u,v)) € Q. Then the nonlinear wave equation with dissipation (5.1) is
converted into the initial value problem for 4. We can prove that the initial
value problem for A is globally well-posed, by Theorem 1 combined with the
following theorem which will be proved by a sequence of propositions.
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THEOREM 5. The operator A satisfies (21)—(Q4).

In view of (5.16) and (5.17), we are in a position to state the global
solvability of the nonlinear wave equation with dissipation (5.1).

COROLLARY 1. For any (ug,vo) such that ||(uo,v0)|| 22 < ro, there exists
a unique time global solution (u(-),v(-)) to (5.1) such that

(u(-),v()) € C'([0, 00); L*(R) x L*(R)) N L*(0, 03 H*(R) x H*(R)).

REMARK 2. Similar results are obtained in Yamada 23] and Matsumura
[14].

For the proof of Theorem 5 we follow the argument in [8]. We note here
that

oowll72 < [[wll 2102wl for we H*(R). (5.18)
ProprOSITION 10. The operator A is continuous on £2.

Proof. Let (¢, (u,v)), (4, (@,0)) € . Since a(¢,0) =0, we have

1 ~ ~ ~
a(t,u(x)) — a(t,u(x)) = u(x)J (a,(t,0u(x)) — o,(t,0u(x)))do
and

lo(t,u) = o (2, )|

1 2

_ J:C ((t ~ () J; JO o+ 0(t — 1), éu<x))d9dé) dx

1 2

< Jw (|z— il |u(x)|J0 hi + e(z—i))de) dx

— o0

_ (j;ms)ds)znuniz-

Since ||ul|;> < R{y by (5.17) and |o,(,-)||;» < Lo, we get
lo(t,u) = o(t, )]l > < llo(t,u) — ot u)ll 2 + ot u) — o(z, )| 2

< llll 22 + Lollu — 4|

Jt h(s)ds

t

t
<R, J h(s)ds| + Lollu — il .

t
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By (5.17) we have [|02(v — d)||;> < ||020];2 + |02 - < 2R}). Since
2o (t,u(x)) = dy(o,(t, u(x))dxu(x))
= 0 (1, u(x)) (051(x))* + 0,(1, u(x))0%u(x),

we get, by using the inequality |wl||;.. < |w|/y: for we H'(R),

103 (a(t,u) = ()|l 2 < 030 (2, w)ll 2 + (030 (F, @) .-

< Lo([[(80)*[l 2 + 10?1 12) + Lo([|03ull .= + (|03 )
< Lo(||0xull o [|0xtal| 2 + [|0x]| e (| Ol 12) + 2Lo Ry,
< 2Lo(R))* + 2LoR}.
Thus, using (5.18), we have
14(z, (u, v) = A(7, (4,9))]*

< [|0x(v = B)lI72 + [10x(a(t,u) — o (i, @) = y(0 = 9)|7-

< 0x(v = 972 + 2l10x(0(t,u) — a(E, )|z + 27 v - B2

< v = 8l 21930 = )ll 2 + 207 lv - 8]l 72

+2l|o(t, u) — o(d, w)|| 2|03 (a (¢, u) — a(d, )| 2

< 2R||v — Bl| 2 + 2% [|v — 8|7

t
+4LoR)(1 + R}) (R{) J h(s)ds

t

which implies the continuity of 4 on Q. O
ProposITION 11.  Condition (Q2) is satisfied for the set Q.

Proor. Let 7, €[0,00) with #, T 1€ [0,00) as n — o0. Let (u,0) € X and
let {(u,,v,)} be a sequence in X such that (u,,v,) € Q(t,) for n>1 and
(ty,vy) — (u,v) in X as n — oo. We have to show that (u,v) € Q(¢). Since
the sequence {(u,,v,)} is bounded in H?(R) x H?*(R) it follows that (u,v) e
H?*(R) x H*(R) and the sequence {(u,,v,)} converges weakly to (u,v) in
H?*(R) x H*(R) as n— co. By (5.18), we see that the sequence {(u,,v,)}
converges to (u,v) in H'(R) x H'(R) as n — co. Moreover, {(u,,v,)} con-
verges to (u,v) in L*(R) x L®(R) as n— co. Since H(ty,uy,v,) < Ry for
n>1, we have
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Ry exp(

—&-%J (o (2, un)(0: un)2 + (yu, + 6xv,,)2)dx
+%J (6, (tn, un)(0; u,,)2 + (yOyuy +6§vn)2)dx

© 1
J o(t,r)dr+ = v)dx
0 2

|
%
8

J% {O-Y(tv u)((axun)z + (afun)z) + (Vun + axvn)z + (Vaxun + aivn)z}dx

| | J (o(tn7) — o1, r))dr) dx

3] @) )@+ @)} for =1 (519)
Since
[, (J; teten=cteonar)as
(s o
sl i
and

|7 (tns tn) — 0 (8, )| < |07 (tny thn) — 01 (0, u)| + |07 (10, 1) — 0,2, 1)

S L()”un - uHLy;

+ Jtn h(s)ds

t

for n>1, we have Ry > H(t,u,v) by taking the inferior limit in (5.19) as
n— 0. 0
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PrROPOSITION 12.  There exists a real-valued continuous function w defined
on [0,00) such that

D,V (t,(u,v), (4,0))(A(t, (u,v)), A(t, (4,0)) < w()V(t, (u,v), (@1,0))
Jor (u,v), (4,0) € Q(t) and t € [0, o).

PROOF. Let (u,0), (i1, 9) € Q(1) for t€ [0, 0). Let (¢,7),(£,7) € X. Then
we get

2D,V (1, (u,0), (@, 0) (&), (EM) V1, (u,0), (4,0))
= i inf 5 (0 0) (G, @ 8) + HE ) = V0, (0,0),(0,9)°)
RSP B B PR 2 a2
= 11m1nfE{J (G+hj— (v+hn)” — (6—v))dx

110
(e

:Jl(““-v)ﬂ n+2| ¢—d{ N BNz o)

i auw(t,r)
—I—J 2\/0,— })dx (5.20)

Substituting (&,7) = A(z, (u,v)) and (&,7) = A(t, (4, 0)) into (5.20) yields

DV (1, (u, 0), (1, 0)) (A(t, (u, v)), A(t, (&, 0)) V (1, (u, v), (&, D))

- ((ﬁ —0)(0uo(t,) = o(t,) — (6~ )
+ Ju Vot r)dr( (0x0/ 0, (1, 1) — Oxvr/ 0, (1, 11))

i ouw(t,r)
* L 2\/o,(t,r) dr) ) dx
_ _yf (-0 - r 0ul6 — ) (a(t, ) — ot 1))dx
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+J‘y<] VT (/a0 — 0.0/ )

[ (Lo [ o)

:—yJw (5 — v) dx+J (J \/Tdrj 7)dr>d

—o o (1)

o] j<mm — ou(t,))drd
+Jf J \/J,T\/m ))drdx.

The second term on the right-hand side is estimated as follows:

J,‘ (J Vot rdr rz(\f/ngr%d>dx = \/2_\//1—()J (it — u)*dx.

The third and fourth terms are estimated as follows:

[ e[ aremyate - e

< [16dll r J e
B T —oo|Ju \/O‘r(l,ﬁ)+\/0'r(l,r)
SLonﬁnsz j|a—r|drdx:Lonﬁnmua—unz/z

and

< Lollol| gl — ul*/2.

J J Vo (t,r)\ o (t,u) — a.(t,r))drdx

Setting w(t) = Cj(1 + h(t)) for a suitable positive number CJ, we conclude that
DV, (,0), (i, ) (A(t, (, ), A, (1, ) < () V (1, (u,0), (i)
for (u,v),(i,9) € 2(¢) and 1€ [0, o0). O

PrROPOSITION 13.  For any t€[0,0) and (ugy,vy) € Q(1),

11rgllmf id((uo, vo) + AA(t, (uo, v9)), 2(t + 1)) = 0. (5.21)
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Proor. Let 1€ 0,00) and (ug,vp) € 2(¢). By (5.15) and (5.17), we note
that

=700 + ([l (wo, vo)ll 2 2) <0 (5.22)
By Proposition 9, there exists g > 0 such that for any 1 e (0, 4], the problem
{ (M)v - Ho)/;u = axvﬂva
(v, — v0)/2 = a,(t,ug)0xuy; — yv;

has a solution (u;,v;) € H3(R) x H*(R) satisfying the properties (i) and (ii)
in Proposition 9. If it is proved that (u;,v;) € (¢ + 1) for sufficiently small
A > 0, then the subtangential condition (5.21) is shown to be satisfied by using
the property (i) in Proposition 9.

We shall prove that (u;,v;) € Q(¢+ 1) for sufficiently small 2> 0. By
(5.2) and (5.5), we have

% ((1 ~ LJIH h(s)ds) H(t + 2, u;,0;) — H(t, uo, vo))

200 ¢

< (14 22)g( 0, 00) |22 v 1107, 02) |22 ) (05200 1 v 105203 10)?

— p00l x| (5.23)

+4
for 2€(0,4p]. Choose 4;€(0,4] so that lj h(s)ds <1 for A€ (0, 4]

Co Jys
and te[0,0). Noting that e <1 —r for 0 <r <1/2, we have

exp(—lJIH h(s)ds) <1 —ZLJIH h(s)ds

! €o J;

for 1€ (0,4;]. Hence

(H(t + 2yuz,v;) — H(t,up, vo))

ol =

1 t
< eXP<— EL h(S)dS) (=700l 71 + (14 22l (10, 20) | 7212

Vs 02) | g2z )l 0soll g v [[0ttil 1)) (5.:24)
for 1€ (0,4]. Since (u;,v;) — (ug,v0) in H*(R) x H*(R) as 4 | 0, we have

. 1
limsup — (H (t + 4, u;,v;) — H(t,uo, v9))
a0 A

1

<exp (——J h(S)dS> (=700 + g (110, 00) 22 )1 Oxtaoll . (5.25)
€0 Jo
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If [[Oxuoll 1 # 0, then we have (—ydo + g([/(u0, v0)ll 72 g2)) 10xtt0][ 2 < O by
(5.22). Hence (5.25) implies that H(t+ A,u;,v;) < H(t,uo,v9) < Ry and
(uy,v,) € 2(t+ 4) for sufficiently small 2> 0. If [|0uolly =0, then (5.24)
implies that

1, .. N
_<H<t + i,u)”l),{) - H(t7 Uy, UO))

< exp (— CLOLI h(s)ds)

x (=930 + (1+ 2)g(|[ (o, v0) | gr2serrs ¥ (1t 02) | g2 2 ) N0t o
for 2 e (0,4]. Since

tim(—70 + (1+ 22)g(1(w0, 00)l| 2.2 ¥ 110215 02) 1212))

= =700 + g([[ (w0, )l gr2c1r2) <O,

the right-hand side of the above inequality is less than or equal to zero for
sufficient small 4 > 0; hence H(t+ A, u;,v;) < H(t,up,v0) < Ro and (u;,v;) €
Q(t+ ) for sufficient small 4 > 0. O
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ABSTRACT. We classify all spherical monohedral (kite/dart/rhombus)-faced tilings, as
follows: The set of spherical monohedral rhombus-faced tilings consists of (1) the
central projection of the rhombic dodecahedron, (2) the central projection of the
rhombic triacontahedron, (3) a series of non-isohedral tilings, and (4) a series of tilings
which are topologically trapezohedra (here a trapezohedron is the dual of an antiprism.).
The set of spherical tilings by congruent kites consists of (1) the central projection
T of the tetragonal icosikaitetrahedron, (2) the central projection of the tetragonal
hexacontahedron, (3) a non-isohedral tiling obtained from 7 by gliding a hemisphere
of T with 7/4 radian, and (4) a continuously deformable series of tilings which are
topologically trapezohedra. The set of spherical tilings by congruent darts is a contin-
uously deformable series of tilings which are topologically trapezohedra. In the above
explanation, unless otherwise stated, the tilings we have enumerated are isohedral and
admit no continuous deformation. We prove that if a spherical (kite/dart/rhombus)
admits an edge-to-edge spherical monohedral tiling, then it also does a spherical
isohedral tiling. We also prove that the set of anisohedral, spherical triangles (i.e.,
spherical triangles admitting spherical monohedral triangular tilings but not any
spherical isohedral triangular tilings) consists of a certain, infinite series of isosceles
triangles /7, and an infinite series of right scalene triangles which are the bisections
of I.

1. Introduction

Ueno-Agaoka [16] classified all spherical tilings by congruent triangles.
Here, by a tiling, we mean an edge-to-edge tiling without two-valent vertices.
This paper presents two applications of their classification.

As the first application, we prove that the set of anisohedral, spherical
triangles consists of an infinite series of spherical isosceles triangles A,
(5#n>4) and an infinite series of spherical right scalene triangles ARS,,
(m = 4), each of which is the bisection of AI,. See Figure 7 and Theorem
1. Here a tile T of a monohedral tiling is said to be anisohedral, provided that

2010 Mathematics Subject Classification. Primary 52C20; Secondary 05B45, 51M20.
Key words and phrases. anisohedral tile, continuous deformation, Archimedean dual, isohedral
tiling, glide, spherical monohedral deltoidal tiling, spherical monohedral rhombus-faced tiling.
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for every monohedral tiling .7 with the tile being congruent to 7, J is not
isohedral. A tiling on a constant curvature space is said to be monohedral,
if the tiling consists of congruent tiles, while a tiling is said to be isohedral
(or tile-transitive), if the symmetry group of the tiling acts transitively on the set
of tiles. Monohedral tilings of the Euclidean space R¢ have long been studied
(see [10] for the survey). In his famous eighteenth problem, Hilbert posed
three problems. The second problem of the three is

(t) “are there any anisohedral tile of the Euclidean space R3?” [12, 3].

As for the problem with the Euclidean space replaced by the two-dimensional
sphere, the answer is yes. That is, there are anisohedral, spherical triangles,
and they are the following: Recall that any spherical triangle is determined
uniquely modulo congruence by the three inner angles [2, p. 62].

THEOREM 1. The set of anisohedral, spherical triangles consists of
(1) an infinite series of isosceles triangles AI, such that the list of three
inner angles is

1 1 1 1)\ 2z
(ﬂ(z-g),ﬂ<5—5>,7) (5#7’124), and

(2) an infinite series of right scalene triangles ARS,,, which is the bisection
of Al,. The list of three inner angles of ARS,, is

(o)D) wen

The second application of Ueno-Agaoka’s complete classification [16] of
spherical monohedral triangular tilings is a complete classification (Theorem 2)
of all spherical tilings by congruent kites, all spherical tilings by congruent
darts, and all spherical tilings by congruent rhombi. Here, by a kite (dart,
resp.), we mean a convex (non-convex, resp.) quadrangle such that the cyclic
list of edge-lengths is aabb (a # b). Figure 1 is the list of all spherical
monohedral (kite/dart/rhombus)-faced tilings. Each tiling in a square frame
is an instance of a continuously deformable tiling, while the other tilings admit
no continuous deformation. The tilings left to the double strokes are sporadic,
and the others are instances of series. All the tilings in Figure 1 are isohedral
except a spherical monohedral kite-faced tiling gKy4 (see the image in the
topmost leftmost oval frame in Figure 1) and a spherical monohedral rhombus-
faced tiling gTR4,42 (n > 2; see the image in the bottom rightmost oval frame
in Figure 1). However, the tile of the spherical monohedral, non-isohedral
kite-faced tiling gK>4 is congruent to the tile of a spherical isohedral kite-faced
tiling K4 (see the image next to the image of gK4 in Figure 1), and the tile of
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Fig. 1. The first line consists of spherical monohedral kite-faced tilings gK»4, Ky, Kg and
TRY>. The second line is a spherical monohedral dart-faced tiling TR5.  The third line consists
of spherical monohedral rhombus-faced tilings Rj2, R3o, TRlﬁf, and gTRy4. See Section 2 for the
constructions of the tilings, and see Theorem 2 for the cyclic list of inner angles, the Schonflies
symbol and the list of vertex types of each tiling.

the other spherical monohedral, non-isohedral rhombus-faced tiling gTRy,. > is
congruent to the tile of a spherical isohedral rhombus-faced tiling TR, 5"
(see the image next to the image of g7 R4y in Figure 1). The definitions and
the symbols for the tilings are given in the next section.

The consequences of the classification of spherical monohedral (kite/dart/
rhombus)-faced tilings are: (1) none of spherical kites, spherical darts, and
spherical rhombi is anisohedral. This is a slight refinement of the affirmative
solution (Theorem 1) of Hilbert’s question (f) on an anisohedral tile in his
eighteenth problem adapted for the two-dimensional sphere. (2) In order to
classify all spherical monohedral quadrangular tilings, it is enough to classify
those consisting of congruent quadrangles such that the cyclic list of edge-
lengths of the tile is aaab or aabc (a, b, ¢ are mutually unequal), because of
Ueno-Agaoka [15]:

PROPOSITION 1.  In any spherical tilings consisting of congruent quadrangles,
the tile necessarily has at least two equilateral adjacent edges.

For an attempt to classify such spherical tilings, see [1].

The organization of this paper is as follows: In the next section, for each
spherical monohedral (kite/dart/rhombus)-faced tilings appearing in Table 1,
we give an explicit construction of it. Some constructions correspond to be
“kis”’ing [4, Chapter 21] for spherical tilings. This helps to show the isohe-
drality of spherical monohedral triangular tilings in Section 4. In Section 3,
we state our main classification result (Theorem 2 including Table 1 and Figure
1). In Subsection 3.1 (Subsection 3.2, resp.), we prove that (1) Table 1 lists all
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spherical monohedral (kite/dart)-faced (rhombus-faced, resp.) tilings, and (2)
for each spherical monohedral (kite/dart)-faced (rhombus-faced, resp.) tiling 2,
we provide values to each inner angle of the graph, represent the symmetry of
2 by a Schonflies symbol 5, p. 41], and decide whether the spherical (kite/dart)-
faced (rhombus-faced, resp.) tiling 2 is isohedral or not. In Subsection 3.2,
we also determine the spherical coordinates of the vertices and the length of
the edges of the spherical non-isohedral monohedral rhombus-faced tiling. In
Section 4, we identify all the anisohedral, spherical triangles by using Prop-
osition 2, and prove that there are no anisohedral, spherical (kites/darts/
rhombi).

By the sphere, we mean the unit sphere {(x, y,z) e R®| x> 4+ y> +z% = 1}.
Unless otherwise stated, the unit for inner angles is 7 radian, while that for
edge-length is radian. Ueno-Agaoka’s classification (Table of [16]) of all
spherical monohedral triangular tilings is included and is referred to as Table
2. The subscript of the name of a tiling indicates the number of the tiles,
and the names of spherical monohedral triangular tilings are from Table 2. A
spherical monohedral triangular tiling H,¢ in Table 2 is the central projection
of the regular icosahedron to the sphere [16, p. 485]. Let (g (21, resp.) be the
central projection of the regular octahedron (the regular dodecahedron, resp.)
to the sphere.

2. Explicit constructions of the spherical monohedral
(kite/dart/[rhombus)-faced tilings

We will explicitly construct
* three spherical monohedral kite-faced tilings Kgy, Kzs, gKpa,
* a deformable spherical monohedral (kite/dart/rhombus)-faced tiling TRS,
n=3) (1/2n) <a<1-1/2n), o #1/2), and
e three spherical monohedral rhombus-faced tilings Riy, R3p, gTR4ni2
(n>2).
We will construct the two spherical monohedral kite-faced tilings Kg and
Ky4, from two spherical tilings F)y and Fyg by congruent right scalene triangles,
and will construct the two spherical monohedral rhombus-faced tilings Rj»
and Ry, from two spherical tilings F»s and FJ by congruent isosceles
triangles. Here Fiyy, Fsg, F>4 and F610 are listed in Ueno-Agaoka’s complete
classification ([16, Table], included as Table 2). According to [16, Figure 17
and p. 484], Fy is kis(0s) and F{, is kis(Ha) where kis is the following
construction.

DermNiTION 1. Let J be a spherical tiling. The “kis”ing of 7 is a
spherical tiling by triangles obtained from 7 by joining the center of each
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tile to each vertex of that tile. The resulting tiling is denoted by kis(7).
If 7 is a spherical tiling by n congruent rhombi, then kis(7") is a spherical
tiling by 4n congruent right scalene triangles. If 7 is a spherical tiling by »
regular p-gons, then kis(77) is a spherical tiling by pn congruent isosceles
triangles.

The ““kis”’ing construction of spherical monohedral triangular tilings corre-
sponds to the “kis”ing construction [4, Chapter 21| of Archimedean duals. In
[4, Chapter 21], each Archimedean dual obtained via the “kis”’ing of a Platonic
solid or another Archimedean dual is named “kis....”

According to Ueno-Agaoka [16, Figure 21|, a spherical tiling Fiy (Fus,
resp.) by congruent right scalene triangles, listed in Table 2, is constructed from
P12 (Us, resp.), by (H) joining each center ¢ of each face @ of 2, (Us, resp.)
to each vertex v of the face @, and (C) joining ¢ to the midpoint m of each
edge of @. Each edge (H) is the hypotenuse of the right scalene triangle of
Fiao (Fus, tesp.). Fiao (Fas, resp.) is a barycentric subdivision [8] (or also the
chamber system) of D, (Og, resp.).

2.1. K and Ky4. A spherical monohedral kite-faced tiling Kgo (K4, resp.) is
constructed from the spherical monohedral triangular tiling Fjy9 (Fus, resp.), by
deleting the hypotenuse (cf. (H)) of each right scalene triangular tile. In other
words, K¢ (Ka4, resp.) is constructed from 2, (0s, resp.) by joining each
center to the midpoints of the surrounding edges.

K4 is indeed a spherical monohedral kite-faced tiling, because of the
following argument: All hypotenuses of the tiles of Fyg are of equal length
and bisect the inner angles 2/3 between two adjacent edges obtained by (C),
as well as an inner angle 1/2 of (3. Hence, deleting the hypotenuses of the
tiles of Fyg results in a spherical monohedral tiling. The tile of K54 is a kite,
because the tile has a pair (2/3,1/2) as opposite inner angles on the two
vertices of the edge (H). However, the other pair of opposite inner angles is
(1/2,1/2).

Kgo i1s a spherical monohedral kite-faced tiling, by a similar argument.

We will prove that the symmetry of Ky4 is that of the regular octahedron,
in order to assure that a construction (Subsection 2.2) of a spherical mono-
hedral kite-faced tiling gK,4 is well-defined. The symmetry of the regular
octahedron (the regular icosahedron, resp.) is represented by a Schonflies
symbol Oy, (I, resp.) [5, p. 48 (p. 49, resp.)].

LemMmA 1. The Schonflies symbol of Ky (Keo, resp.) is Oy (1, resp.).

Proor. Every symmetry operation o of (s (Z),, resp.) preserves the
triangular (pentagonal, resp.) tiles, the centers of the triangular (pentagonal,
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resp.) tiles and the midpoints of the edges of (s (2, resp.). Hence the
Schonflies symbol of Kys (Kgo, resp.) is O, (I, resp.), by [5, p. 50]. O

2.2. gKy. A spherical monohedral tiling gK>4 is constructed as follows:
K>, has three mutually perpendicular, great circles. Each great circle consists
of eight edges of K4 and is the intersection of K4 and some mirror plane
of K54. Choose one of the three great circles, and then a hemisphere ./ of
K54 determined by the chosen great circle. Any choice of .4 results in a
congruent spherical figure. It is because any great circle of Kj4 is trans-
formed to any other great circle of Ky; by some symmetry operation of Ky,
by Lemma 1. Glide the hemisphere /" by /4 radian against the other
hemisphere. Let the resulting spherical figure be gKy4. Because the bound-
ary of the hemisphere ./ is equally subdivided into eight edges of K4, the
n/4 radian rotation keeps the tiling being edge-to-edge. See Figure 2. gKn
is a spherical monohedral kite-faced tiling, since the tiles are not changed by
this gliding.

2.3. TR, A spherical monohedral tiling TR;, (n > 3) is constructed as in
Figure 3 so that each pole is shared by n tiles. TR}, is topologically the so-
called n-gonal trapezohedron of 2n faces [11]. Here an n-gonal trapezohedron
is the dual of an n-gonal antiprism. Let the cyclic list of four inner angles of
the tile of TR}, be (a,f,,0) such that f =2/n and 6 =2 — 20, as in Figure 3
(left, right). Note a # 1/2. Otherwise, 0 =1 and thus the tile of TR}, is a
triangle.

Fig. 2. The left is a graph of the spherical monohedral kite-faced tiling gK»4 by 24 congruent kites
(thick and dotted). The set of the thick, dotted, and thin edges represents a graph of the spherical
monohedral triangular tiling TFss. Cf. [16, Figure 88]. In gKas, the inner angles between thick
edges (thick edge and dotted edge, dotted edges, resp.) are f =2B (a = A, 0 =2C, resp.). The
right is the view of gKy from a two-fold axis of rotation. See Subsection 2.2.

This document is provided by JAXA.



Anisohedral spherical triangles, kites, darts and rhombi 315

B p

B R" BgP
i aa ab |
saaé 6 aaaéa

oa 5

Fig. 3. The left figure is an explicit construction of a spherical monohedral kite-faced tiling TRj,
(1/2<a<1-1/(2n), o #1—1/n, n>=3), and the right figure is an explicit construction of a
spherical monohedral dart-faced tiling TR}, (1/(2n) < o < 1/2, n > 3). The number of the tile is
2n. The inner angle f is 2/n.

LEMMA 2. Let n be an integer greater than or equal to three. Then

1
TRj, exists and the tile is a rhombus < o =1 — . (1)

1 1
TR, exists and the tile is a dart < S r<y (2)

1 1 1
TRj, exists and the tile is a kite<:>§<oc<l—ﬁ and oc;él—ﬁ. (3)

Proor. First we prove that TRj, exists as a spherical monohedral
quadrangular tiling if and only if 1/(2n) <a<1-1/(2n) and o #1/2.
Let 7 be obtained from TRj, by drawing the meridian diagonal segment
of each quadrangular tile Q of TRj,. Then TR}, exists as a spherical mono-
hedral quadrangular tiling, if and only if 7 exists as a spherical mono-
hedral triangular tiling. By Ueno-Agaoka’s classification ([16, Table], included
as Table 2) of all spherical monohedral triangular tilings and [16, Figure 4],
the tiling 7 exists as a spherical monohedral triangular tiling, if and only
if 7 is a spherical monohedral triangular tiling Gy, of Table 2 such that
the list of inner angles of the triangular tile of Ga, is (4,B,C) = (,0/2,/2),
if and only if 1/(2n) <o <1—1/(2n). Thus we have the desired conse-
quence.

The equivalence (1) follows because =0 if and only if the tile is a
rhombus. The equivalence (3) follows because the tile is a kite if and only if
all the inner angles o, f and J are less than 1 and f #J. The equivalence (2)
follows because 0 =2 — 2o > 1 if and only if the tile is a dart. O

Fact 1. T Ré/ 3 s the central projection of the regular hexahedron to the
sphere.
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ProOF. In TRé/ 3, the four inner angles of a tile Q are equal, and the
horizontal diagonal segment of a tile and the vertical diagonal segment of the
tile both bisect the inner angles of Q. Hence, the horizontal diagonal segment
of Q subdivides Q into two congruent isosceles triangles 7' and the vertical
diagonal segment of Q subdivides the tile into two isosceles triangles congruent
to T. Thus the vertical diagonal segment and the horizontal diagonal segment
are of the same length. Therefore Q is a regular square. O

24. Ry and Rj3). A spherical monohedral rhombus-faced tiling Rj» (Rso,
resp.) is constructed from the spherical monohedral triangular tiling Fos (F{,,
resp.) mentioned in the beginning of this Section, by deleting the base edge
of each isosceles triangular tile. Roughly speaking, Ry (Rj3p, resp.) is obtained
from Og (Hy, resp.) by replacing each edge with a rhombus.

2.5. gTR4p» (n>2). We construct a spherical monohedral rhombus-faced
tiling gTRy,12 (n > 2), as follows: Consider TRfZﬁzz”H) (white edges, the top
left image of Figure 4), and choose a hemisphere %~ (“‘western hemisphere”)
such that on the boundary of the hemisphere #°, from the north pole N,
we see a meridian edge, a meridian diagonal segment, another meridian edge
and another meridian diagonal segment of TRiZi(zz"H) (the second image
of Figure 4). Every such choice results in a congruent hemisphere, because
the polar axis of the tiling TRfZJ/rg”“) is a (2n+ 1)-fold axis of rotation.
Consider the copy of the hemisphere ¥, rotate it around the polar axis
by 7 radian (the third image of Figure 4). Let the resulting hemisphere
be W,

Let # be the horizontal axis which passes through the center of the
boundary of %" and is normal to the plane spanned by the boundary of #".
Rotate %' around the axis 7 in the length of a meridian edge of TR, 5",
Let & be the resulting hemisphere (“eastern hemisphere”). On the boundary of
&, we see meridian edges, and meridian diagonal segments, alternatingly. So
the boundary of & corresponds to that of #". Hence gluing #" to & produces
a spherical monohedral rhombus-faced tiling. Let the resulting tiling be
gTRy,» (the white edges of the fourth image of Figure 4).

gTRy4,» with n=1 is TRé/3 (cf. Fact 1).

REMARK 1. The Ky4, K¢y, Ri2 and R3y we have constructed are exactly
the quadrangle-faced Archimedean duals, topologically. In the terminology
of [4, Chapter 21], the corresponding quadrangle-faced Archimedean duals are
the tetragonal icosikaitetrahedron, the tetragonal hexacontahedron, the rhombic
dodecahedron and the rhombic triacontahedron. The last two Archimedean
duals are studied deeply in [6, Sect. 4.7].
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Fig. 4. The first column explains an explicit construction of a spherical monohedral rhombus-
faced tiling gTR4y,+> (the white edges of the bottom image) from TRfZi(Zz"“) (the white edges of the
top image), for n =2. The western hemisphere ¥  and the hemisphere ¥’ mentioned in Sub-
section 2.5 are the second and the third image of the first column. The second column is a graph
of gTR4y1> (n > 2) for n = 4, where the inner angles designated by black circles are f =2/(2n + 1),
and the other inner angles are o =2n/(2n+1). In the bottom image, we see two pairs of
antipodal vertices of type o+ (n+1)f. One is the pair of the north pole uy and the south
pole u,+1, and the other is the pair of the vertex vy (the front black vertex) and the vertex s,
(the back black vertex).

The spherical monohedral kite-faced tiling gK>4 has the same skeleton as
the dual of the elongated square gyrobicupola (or pseudorhombicuboctahedron).
The pseudorhombicuboctahedron is the 37-th Johnson solids [13], [18] con-
sisting of the eight regular triangles and the 18 regular squares. The vertex
figures of this solid are the same, but the action of the symmetry group of the
solid on the vertices is not transitive [14, p. 114]".

gTRyy» (n = 2) appears in [16, Figure 15]. gTRyg is the rightmost figure
of the first line of [16, Figure 15].

! For every Archimedean solid, the faces are regular and the symmetry group acts transitively on
the vertices. Prof. M. Deza let the second author know that a nickname of the pseudorhombi-
cuboctahedron is the “14-th” Archimedean solid and he suggested that the nickname is due to
Griinbaum [9].
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3. Classification of spherical monohedral (kite/dart/rhombus)-faced tilings

We say a vertex of the tiling has type njo + nyff + ns3d, if around the vertex
there are n; copies of the inner angle o, n copies of the inner angle f, and n;
copies of the inner angle ¢.

THEOREM 2. (1) The first column of Table 1 is the list of spherical
monohedral kite-faced tilings, spherical monohedral dart-faced tilings,
and spherical monohedral rhombus-faced tilings.

(2) The non-isohedral tilings in Table 1 are gKrs and gTRayn (n > 2).

For each spherical tiling listed in the first column of Table 1, the
cyclic list of inner angles of the tile, the symmetry (Schonflies symbol)
and the vertex types of the tiling are described in the second, the third,
and the fourth columns, respectively.

(3) The tilings appearing in Table 1 are non-congruent to each other.

The cyclic list (o, f,,0) | Symmetry
of inner angles of the (Schonflies Vertex types
Name of spherical tiling tile [z radian] symbol) [the number]
Koy x=0=3, f=3 Oy 4o [12], 40 [6], 3B [8]
4o [8], 34 [8]
_5_1 —2 3 )
9K #=0=3F=3 Dua {29(-}-25 8], 40 [2)
X 4o [30], 38 [20],
_1 p_2 §5_2
Keo “—zyﬁ 35() 3 I {5(5 [12]
TR}, (A<a<l-4 s _ 20040 [2n],
a#x1-1) (n=3) f=i2mro=2 Dn ng 2]
- 200+0 [2n]
TRS, (% i =2,2 =2 D ’
2 (E<a<i) (n=3) B=2, 2046 ud {n/f 2
Ri» a=1, p=1% Oy 4a (6], 35 [8]
Ry a=1% p=1 I 38 [20], 5o [12]
0/1
1-1/n a:nf’ (}123) 2fx+ﬁ [2’1]7
T, =3 (s Du |\ D)
(n>3)
2n
%= 5T a+(n+1)8 [4]
gTRups2 (n>2) {/)) _ #ﬂ D, {2“ B 4]

Table 1. A complete table of the spherical monohedral tilings consisting of (kites/darts/rhombi)
(from top to bottom). The three parts are separated by double horizontal lines. The subscript
of each tiling indicates the number of tiles. The spherical monohedral kite-faced tiling TR}, and
the spherical monohedral dart-faced tiling TR}, are continuously deformable, and the tilings gK»4
and gTR4y;2 are non-isohedral. For the Schonflies symbols Dy (Dyg, Op, I, resp.), see pp. 41-42
(p. 43, p. 48, p. 49, resp.) in [5]. The tilings appearing in the table are non-congruent to each
other. See Theorem 2.
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The rest of this section is devoted to the proof of Theorem 2.

As for Theorem 2 (1), the first column of Table 1 are exactly spherical
monohedral (kite/dart/rhombus)-faced tilings which are constructed in Section
2. To show that Table 1 is the list of spherical monohedral (kite/dart/
rhombus)-faced tilings, we combine Lemma 3, with Ueno-Agaoka’s complete
classification ([16, Table], included as Table 2) of spherical monohedral
triangular tilings.

DerINITION 2. We say a spherical monohedral triangular tiling 7 yields a
spherical monohedral quadrangular tiling 2, if 7 has twice as many tiles as 2,
and the deletion of some edges of J results in 2.

Then we have the following:

Lemma 3. (1) For every spherical tiling 2 by congruent kites or by
congruent darts, there is a spherical tiling 7 by F congruent non-
equilateral isosceles triangles or by F congruent scalene triangles, such
that J yields 2 and F > 12.

(2) For every spherical monohedral rhombus-faced tiling R, there is some
spherical tiling 9 by F > 12 congruent isosceles triangles T, such that
T yields # and the two base inner angles of the triangle 7" is smaller
than the other inner angle of 7.

ProoF. The number F of tiles of J is an even number greater than or
equal to 12, because 2 has more than six tiles by Euler’s theorem (see the first
part of the proof of [15, Proposition 1]).

(1) Each tile Q of the tiling 2 has a vertex u incident to two edges
of length a and a vertex v incident to two edges of length b such that
a # b, because the tile Q is a kite or a dart. The diagonal segment between u
and v subdivides Q into two congruent triangles 7. T is a non-equilateral
isosceles triangle or a scalene triangle, because 7 has an edge of length «
and an edge of length b such that a # b. Hence, subdividing each tile Q
of the tiling 2 results in a spherical tiling by congruent non-equilateral isosceles
triangles T or by congruent scalene triangles 7. (2) Assume otherwise. Then
there is a spherical monohedral rhombus-faced tiling # with the following
condition: whenever a spherical tiling 4 by congruent isosceles triangles T
yields #, the two base angles of the isosceles triangle 7' is greater than or
equal to the other inner angle. Now let the cyclic list of four inner angles of
the rhombic tile R be (o, f,a, ). A subdivision of R results in an isosceles
triangle such that the list of inner angles is (o,f/2,5/2) or (f,0/2,0/2).
Moreover, /2 > o and «/2 > f. This implies o = f =0, which is a con-
tradiction. O
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Name vV E inner angles A4, B, C [nrad] | vertex type [number]
UF, 4 6 A+B+C=2, A+ B+ C [4]
1/2< 4,B,C < 1
Fl, 8 18 A=2/3, B=C=1/3 34 [4], 6B [4]
2], 24+2B [2]
Fl 8 18 A=2/3, B=C=1/3 2]
12 /3 / {A+4B [2], 6B [2]
34 [1], 24+2B [3]
)i — —C=— ’
Ff 8 18 A=2/3, B=C=1/3 {A+4B 3, 68 [1]
Fo 14 36 A=2/3, B=C=1/4 34 (8], 8B [6]
_ _ _ 44 [12], 6B 8]
Fug 26 72 =1/2, B=1/3, C=1/4 {8C 6]
44 (8], 6B [8]
TF, 2 2 A=1/2, B=1 =1/4
“® 6 ! /2 /3 =1/ {SC [2], 24 +4C [8]
Fl 32 90 A=2/3, B=C=1/5 34 [20], 10B [12]
FlI 32 90 A=2/5 B=C=1/3 54 [12], 6B [20]
44 30 6B [20
Fix 62 180 =1/2, B=1/3, C=1/5 130 120]
10C
A+B=1C=1/n 24+ 2B [21]
U Gy, >2 2n+2 |6 ’ ’
 (n22) S L<aB<! {ZnC 2]
44 [2n+1]
Ganpr (n=1) 2n+3 | 6n+3 A=B=1/2, C=5% {2n+1
44 [4n—2]
—B— 1
TGy, (n>2) dn+2 | 12n A=B=1/2, C=4 {2A+2nC u
A+B=1, C=5 A+B+(2n+1)C [4]
UTGga (n>1) 4n+4 | 12n+6 L {
" s <A, B< il 24+ 2B [41]
A+ B+ (2n+1)C 2]
" A+3B+C 2]
MTG{,,, (n=1) | 4n+4 | 12n+6 | A= B=3i C=3l; 24428 [4n7)
24 +2nC [2]
A+3B+C [4
MTGE,, (n=2) [4n+4 | 12n+6 | A=4L B=st7 C=311|{ 2442B [4n—4]
24 +2nC [4]
Hy, (n>3) 2n+2 | 6n A=B=2Ll C=2/n 44+ C [2n], nC [2]
44+ C [4n)
THs, >3 dn+4|12n+6 | A=B= C=3%
snia (n=3) n+ n+ T 2n+1 {2A+(n+l)C [4)
44 Pn)
Iy (n>3) 4n+2 | 12n A=1/2, B=2%51 C=1/n 4B+2C [2n]
2nC 2]
44 [4n+72]
Theus (n>2) | 8n+6 | 24n+12 | A=1/2, B=3"1, C=5l7 | { 4B+2C [4n)]
2B+ (2n+2)C [4]

Table 2. The classification of the spherical monohedral triangular tilings [16, Table].

column lists the names.

The first

The explicit constructions of the tilings are explained in [16, Section 2].

There are ten sporadic tilings (above the horizontal line) and ten series (below the horizontal

line).

The mark U indicates that the tiling is continuously deformable.

None of these tilings are

isomorphic to each other except the trivial case given by the exchange of A+ B+ C =2 (F),

A+ B=1 (Ga, TGgp+4).
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We will prove all spherical monohedral (kite/dart)-faced (rhombus-faced,
resp.) tilings appear in Table 1, by exhausting the pairs (7, 2) of Lemma 3 (1)
(Lemma 3 (2), resp.) in Lemma 5 (Lemma 7, resp.), with Lemma 4 (Lemma 4
(I), resp.).

LEMMA 4. Let F > 12 be an even number. Let I be a spherical tiling
by F congruent isosceles triangles T. In Ueno-Agaoka’s complete classification
([16, Table], included as Table 2) of spherical monohedral triangular tilings, the
Sollowing two assertions hold:  Inside “'{---}", the greatest and the smallest inner
angles of the triangular tile T are given.

(1) If the two base angles of the spherical isosceles triangle T are smaller
than the other inner angle of T, then the spherical monohedral
triangular tiling 7 is one the following:
© F), F3, FJ, Fu, F§, Fg.

* Gy (n=3) {1 —1/n,1/n},

o TGgpia (n=1) {2n/(2n+1),1/(2n+ 1)},
e« MTG], {2/3,1/3},

© Dha {1/2,1/3},

e Hy {2/3,1/3}, Hie {1/2,3/8}.

(I) If the two base angles of the spherical isosceles triangle T are greater
than the other inner angle, then the spherical monohedral triangular
tiling 7 is one of the following:

o Gua (n>3) {1/2,2/(2n+ 1)},
° TGSn (n = 2) {1/2’ 1/(21’1)},

* Hiy (n26), THyua (n>3),

e Gy (n=3) {1/2,1/n},

o TGguia (n>1) {1/2,1/2n+ 1)}.

Proor. The lemma is [16, Proposition 6] where the number F is greater
than or equal to 12. O

In Subsubsection 3.1.2, to prove Theorem 2 (2), we will use the following:

Fact 2. Let T be a spherical tiling by congruent triangles such that the
list of three inner angles is (A, B, C), and let 2 be a spherical monohedral (kite/
dart)-faced (rhombus-faced, resp.) tiling such that the cyclic list of four inner
angles of the tile is

(a7ﬁ’ a75) ((a’ﬁ7 a7ﬁ)7 resp')'

If 7 yields 2 and (a,p,0,0) =(A,2B,A4,2C) ((o,p,a,f) = (2B,A,2B, A),
resp.), then the vertex types of 2 are exactly obtained from those of I by
applying a substitution (A :=o,B=[/2,C=0/2) ((4:=p,B:=0a/2), resp.).

This document is provided by JAXA.



322 Yudai SAkaNO and Yohji AKAMA

Theorem 2 (3) follows from Theorem 2 (2), because spherical mono-
hedral tilings in Table 1 are not congruent to each other by the form of the
tiles (i.e., kites, darts, rhombi), by the symmetry, or by the number of the
tiles.

3.1. A complete classification of spherical monohedral (kite/dart)-faced tilings.
3.1.1. The completeness (Theorem 2 (1)).

LemMmA 5. Let 7 be a spherical tiling by congruent non-equilateral
triangles T, and 2 be a spherical kite-faced or dart-faced monohedral tiling.
Then if T yields 2, then (7 ,2) is (Fas,Ko), (TFas,gKz), (Fia,Keo) or
(Gan, TR3,) for some integer n >3 and some o€ (1/(2n),1—1/(2n))\{1/2,
1 —1/n}.

To prove the previous lemma, we will use the following “uniqueness’
lemma:

LEMMA 6. Assume that F is a spherical tiling by congruent triangles T, 2
is a spherical tiling by congruent quadrangles Q, and 7 yields 2 in a manner
that Q is a kite or a dart. Then the following two assertions hold:
(1) 7 is none of entries TGgy4 (n>1), MTG], 4 (n>2), and MTG .,
(n=2) of Table 2.

(2) When T is a non-equilateral isosceles triangle, T is not rectangular.
Moreover, the quadrangular tile Q is unique modulo congruence for the
given spherical monohedral triangular tiling 7.

ProoF. From the assumption, 7 yields 2 in a manner that Q is a kite
or a dart. So, the tile Q of 2 has a pair (2X,2Y) of opposite inner angles
for some inner angles X, Y of the triangular tile 7. It is because we must
glue two copies of the triangular tile T of Z at the edges of the same length,
to obtain the quadrangular tile Q@ of 2. Thus there is an inner angle X
of T such that the number of occurrences of X is even for any vertex type
of 7.

According to Table 2, however, if 7 is TGgya (n>1) or MTGg’n 4
(n > 2), then for every inner angle X € {4, B, C}, the number of occurrences
of X is odd in a vertex type A+ B+ (2n+1)C of 7. So TGgyia (n>1)
and MTG{,., (n>2) are impossible. Similarly, for MTG{ , (n>2), for
every X € {4, B, C}, the number of occurrences of X is odd in a vertex type
A+3B+C of MTGH,,. So MTG{., (n>2) is impossible too. Thus the
assertion (1) follows.

The first part of the assertion (2) is proved as follows. The list of three
inner angles of the isosceles triangular tile 7 is (X,X,Y) without loss of
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generality. Because the quadrangular tile Q is not a rhombus, the cyclic list of
the four inner angles is (X,2Y,X,2Y). If X or Y is n/2 radian, then some
inner angle of Q is n radian, which is a contradiction. Hence, the triangular
tile of 7 is not rectangular. This argument proves the second part of the
assertion (2), as well. This completes the proof of the assertion (2) and thus
Lemma 6. O]

PrOOF OF LEMMA 5. We use Lemma 3 (1). The non-equilateral trian-
gular tile 7 is either a scalene triangle (Case 1) or a non-equilateral isosceles
triangle (Case 2).

Case 1. The tile T is a scalene triangle.

By Lemma 6 (1), the spherical tiling by F > 12 congruent scalene
triangles is one of the following entries of Table 2 (Ueno-Agaoka’s complete
classification [16, Table] of the spherical monohedral triangular tilings):

Fug, TFyg, Fr20, Gay (n>3), Iy, (n>4), or, Tlheg (n>2).

The case T =1y, (n>4) or Tlg,ys (n>2) is impossible, by Table 2.
Indeed, 7 has a vertex of type 44 and 4B+ 2C. Here (4, B, C) is the list of
three inner angles of the triangular tile of . By 4 = 1/2 and Proposition 1,
the cyclic list of four inner angles of the tile Q of 2 is (a,f,a,0) =
(4,2B,A4,2C). Hence, some 7 -vertex of type 4B + 2C causes some 2-vertex
v of type 28 +J. So the J-edge CA and the 7 -edge BA are both 2-edges and
should match, but this is impossible because the triangular tile ABC of 7 1is
scalene.

Therefore the remaining cases are J = Fug, TFas, Fi20, Gay, (n = 3).

Case 1.1. 9_=F43,F120 or TF4g.

If a spherical tiling J = Fug (Fi, resp.) by congruent right scalene
triangles yields a spherical monohedral quadrangular tiling 2, then 2 is Ky
(Ko, resp.), by the construction (Subsection 2.1) of Ky (Kso, resp.) and the
following:

Fact 3. FEvery spherical tiling 7 by congruent right scalene triangles
T yields at most one spherical monohedral quadrangular tiling 2, modulo
congruence.

ProoF. By Proposition 1, the tile Q of 2 cannot be a parallelogram. If
7 yields another spherical monohedral quadrangular tiling, we must remove a
cathetus of 7', so some inner angle of Q should be 1. This is a contradiction.

O

A spherical monohedral triangular tiling TFyg yields gK»4. It is proved
as follows: For each tile of gK»4, draw a diagonal segment between opposite
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vertices having unequal inner angles. This subdivision of the tiles results in
a spherical tiling 2’ consisting of 48 congruent right scalene triangles having
inner angles 1/3 and 1/4. Tt is because Ky has the same tile by the construc-
tion of gK»4. According to Table 2, 2’ is either Fyg or TFyg. Fug yields Ky
but not gK»4 by Fact 3. So TFg yields gKyq.

Case 1.2. 7 =Gy (n=3).

Let the three inner angles A, B, C of the triangular tile T of I = Gy,
satisfy that A+ B=1, C=1/n, and 1/(2n) < A,B < (2n — 1)/(2n) as in Table
2. Since the triangular tile 7 is scalene, none of 4 and B is C = 1/n, and we
can assume A4 > B, without loss of generality. Hence

1 1 1 1
l-—>1-B=A4>->B>— B#—. 4
5> >35> B> and * (4)
The Mollweide-like projection of Gy, is given by the thick edges and the thin
edges of Figure 5, according to [16, Figure 4, p. 471]. Let the spherical
monohedral triangular tiling 7 = Gy, yield a tiling 2 consisting of 2n con-
gruent quadrangles Q. If Q is obtained by gluing two copies of the triangular

S

Fig. 5. The set of the thick edges and thin edges represents the Mollweide-like projection of Gy,
according to [16, Figure 4, p. 471]. The marks o, e in the figure stand for the angles A4, C, while
the other inner angles are B. Identify the leftmost thin (thick, resp.) edge with the rightmost thin
(thick, resp.) edge. The tiling TRs! by congruent kites is determined by the set of the thin edges
(NA’s and SA’s) and the horizontal thick edges (4B’s), and the tiling TRZ by congruent darts is
determined by the thick edges (NB’s, SB’s, and AB’s). Here we suppose the inner angles satisfy
A+B=1, C=1/n,A> B. See Case 1.2.
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tile 7 of 7 at their edges AB, then the tile Q becomes a lune (i.e, a digon) but
not a quadrangle because 4 + B=1. Hence the tile Q is obtained either by
gluing two copies of tile 7 (Case (i)) at the edges AC (thin edges in Figure 5)
or (Case (ii)) at the edges BC.

Case (i). The graph of 2 is given by the thick edges of Figure 5, and is
of the form Figure 3 (right). The cyclic list of four inner angles of Q is
(B,24,B,2C). The tile Q is a dart, because Lemma 2 (2) and the above (4).
Thus the tiling 2 is listed as TR2 (1/(2n) < B < 1/2, B # 1/n) in the fifth entry
of Table 1 with (o,f,a,0) = (B,2C, B,24).

Case (ii). The graph of 2 is given by the thin edges of Figure 5 and
the horizontal thick edges (the “equator.”) The cyclic list of four inner
angles of Q is (4,2B,4,2C). By above (4), the angle A ranges over
(1/2,1 =1/2n))\{1 — 1/n}. By Lemma 2 (3), the tiling 2 is TRs. of the
form Figure 3 (left).

Applying the same argument of Case (i) and Case (ii) to the case 4 < B,
we obtain TRsl where 4 e (1/(2n),1—1/(2n))\{1/2,1 = 1/n,1/n}.

Case 2. 7 1is a spherical tiling by F > 12 congruent non-equilateral
isosceles triangles 7.

Let B and C be the two base angles of 7" and A (# B = C) be the other
inner angle of the triangular tile 7. If a kite or a dart is obtained from
gluing two copies of the isosceles triangle 7', it has inner angle 24. Actually,
the cyclic list of the four inner angles is (24,B,2C,B), (24,C,2B,C), or
(24,B,C+ B,C). Thus J cannot have a vertex type where 4 occurs odd
times. So 7 is none of Ff, Fl, FHI Fu, FL, F, Hy, (5#n>3) and
THgya (n=3). (In Table 2, the non-base inner angle of the non-equilateral
isosceles triangular tile of Hyg, (5 #n>3) (THgya (n>3)) is C.) Thus if
B = C > A4, then no tiling is possible, by Lemma 4 (II) and Lemma 6 (2).
Hence, the tiling 7 amounts to be G4, (n >3) where A =1—1/n and B=
C = 1/n, by the previous two sentences, Lemma 4 (I), and Lemma 6 (1), since
Lemma 6 (2) implies 7 # Du.

From [16, Figure 11], we observe that the Mollweide-like projection of
Gy (A=1-1/n>B=C=1/n, n>3) is given by the thick edges (NC’s,
SC’s, and AC’s) and the thin edges (NA’s and SA4’s) of Figure 6. Here the
upper leftmost thin (thick, resp.) edge is identified with the upper rightmost thin
(thick, resp.) edge. In Figure 6, the Mollweide-like projection of the spherical
monohedral dart-faced tiling 2 is determined by the thick edges (NC’s, SC’s,
and AC’s). Note that the set of the thin edges (NA’s and SA’s) and the
horizontal thick edges (CA’s) determines the Mollweide-like projection of a
spherical monohedral rhombus-faced tiling by B = C.

The cyclic list (a,f,o,0) of inner angles of the quadrangular tile of 2
is (C,2B,C,24) = (1/n,2/n,1/n,2 —2/n). So the tiling is indeed a dart-
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N

S

Fig. 6. The Mollweide-like projection of Gj, is given by the thick and the thin edges, and that of
TRzl}f" is given by the thick edges. The marks o, e stand for the inner angles 4, C, while the other
inner angles are B. See Case 2 of the proof of Lemma 5 and Subsubsection 3.1.2 (4).

faced TR%" by Lemma 2 (2) and n>3. This completes the proof of
Lemma 5. ]

By Lemma 5 and Lemma 3 (1), we have verified Theorem 2 (1) for the
case the tile is a kite or a dart. O

3.1.2. Theorem 2 (2). By using a procedure [5, p. 55 and Figure 3.10 (p. 56)],
we will prove Theorem 2 (2) for spherical monohedral kite-faced tilings (1) Ky
and Ke, (2) gKos and (3) TR}, (1/2<a<1-1/(2n), a#1—1/n, n=3).
Then we will prove Theorem 2 (2) for the spherical monohedral dart-faced
tiling (4) TR, (1/(2n) <a < 1/2, n = 3).

(1) Ky (Keo, resp.) is isohedral. It is proved by Lemma 1 as follows:
Each triangular (pentagonal, resp.) tile @ of (3 (2,2, resp.) can be transformed
to another tile @’ of Og (91, resp.) by the symmetry of Og (%15, resp.).
Within the tile @, any tile of Ky (Kgo, resp.) can be transformed to any other
tile of K4 (Keo, resp.), due to the following:

Fact 4. Let P be the central projection of a Platonic solid with the faces
being p-gons to the sphere. Then for each tile T of 2, a p-fold axis of rotation
of P is through the center of T.

ProOF. See [5, p. 47] for 2 being the central projection of the regular
tetrahedron, [5, p. 49] for # = 9, and Hyy, and [5, p. 48] for the other £.
]
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Hence any tile of Ky (Kgo, resp.) can be transformed to any other tile of
K>y (Keo, resp.), as desired.

The cyclic list of inner angles of the tile and the list of vertex types of Ky
(Koo, resp.) are as in Table 1. It is due to Fact 2, since according to Lemma 5,
the graph of Ky (Keo, resp.) is obtained from that of Fus (Fia, resp.), by
deleting all the hypotenuses of the triangular tiles joining the vertex B and
vertex C.

(2) The list of inner angles of the tile of gKy4 is the list of inner angles of
the tile of Ky4, by the construction (Subsection 2.2).

The Schonflies symbol of gKjps is Dy4y. We prove it according to the
procedure [5, p. 55 and Figure 3.10 (p. 56)], as follows:

The polar axis is the only four-fold rotation axis of gK4. The polar
axis of gK»4 is a four-fold axis of rotation, because gK>4 is obtained from Ky
by gliding the northern hemisphere around the four-fold, polar axis of Kyy.
Assume p is another four-fold axis of rotation. Then p is not through a tile, as
the tile is not regular. The four-fold axis p of rotation is not through a vertex,
because every four-valent vertex other than the pole is incident to edges of
different length.

gKy4 has no three-fold axis of rotation. Assume p is a three-fold axis
of rotation. Then p is through neither a quadrangular tile nor a four-valent
vertex. If p is through a three-valent vertex, then the antipodal point is strictly
between edges (or is a four-valent vertex), according to the image (Figure 2
(right)).

By the same image, the tiling gK>4 has (i) four two-fold axes of rotation
perpendicular to the four-fold axis of rotation, and (ii) four mirror planes
passing between two-fold axes of rotation. Each mirror plane contains exactly
six consecutive edges. Thus the Schonflies symbol of gKj4 is Dyy, as desired.

The tiling gK>4 is not isohedral, because the number 24 of the tiles does
not divide the order 16 of the symmetry group Dy,.

The cyclic list of inner angles of the tile and the list of vertex types of gK>4
are as in Table 1. It is due to Fact 2 and Lemma 5, because, as in Figure 2
(left), we can obtain the graph (thick edges and dotted edges) of gK>4 from
the graph (thin edges, thick edges and dotted edges) of TFus by deleting each
hypotenuse joining a vertex of the inner angle B and a vertex of the inner angle
C (# B).

(3) In Figure 3 (left), for the cyclic list of inner angles (o, f, ,0) of TR},
we see the type of each pole is nf and the type of each non-pole vertex is
20+ 9. Hence, the inner angles and the vertex types are as in Table 1.

The tile is a kite, by Lemma 2 (3) and the condition on the inner angle o.
Thus the length a of each meridian edge is not equal to the length » of each
non-meridian edge, in the tiling.
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We prove that the Schonflies symbol of TR}, is D,s, by the procedure
[5, p- 55 and Figure 3.10 (p. 56)], as follows:

If TR3, has a three-fold or four-fold axis of rotation passing through a
vertex, then the axis is the polar axis. It is verified as follows: Every non-
pole vertex is three-valent and incident to an edge of length a and to two
edges of length b (# a). A three-fold axis of rotation is not through an inner
point of a tile T, because T is a non-regular quadrangle. Obviously, a three-
fold or four-fold axis of rotation cannot pass through a point of an edge
of TRZ,.

Clearly, TR5, has an n-fold axis p of rotation through the poles.

TR;, has 2n two-fold axes of rotation, perpendicular to p. It is
because TR}, has 2n points where the equator and the non-meridian edges
intersect, and has 2n vertical mirror planes which pass between the horizontal
two-fold axes of rotation. So the Schénflies symbol of TRJ, is D,s, as
desired.

TRj, is isohedral. Indeed, if two quadrangular tiles 7 and 7" of the tiling
share a meridian edge of the tiling, then T is rotated to T’ around the vertical
n-fold axis of rotation. If T and T’ share a non-meridian edge of the tiling
TR}, then T is rotated to T’ around a horizontal two-fold axis of rotation.

(4) It is proved as in the previous assertion (3).

This completes the proof of Theorem 2 (1) and (2) for the case where the
tile is a kite or a dart. O

3.2. A complete classification of spherical monohedral rhombus-faced tilings.
3.2.1. The completeness (Theorem 2 (1)).

LemMA 7. Suppose R is a spherical monohedral rhombus-faced tiling and
suppose that 7 is a spherical tiling by congruent non-equilateral isosceles
triangles T such that the list of inner angles A, B, C of T satisfy A > B = C.
Then if T yields R, then one of the following holds:

(1) 2 is TR, while 7 is Fh, FI, F', MTG!,, Hy, TGy, (4 =2/3,

B=C=1/3), or G (4=2/3,B=C=1/3);

(2) R is R12 while T is F24 or 124,'

(3) % is Ry while 7 is F} or FH;

@) R is TR;’/4 while 7 is Hig (A=1/2, B=C=3/8. In the entry
of Hie of Table 2, we read A=B=3/8<C=1/2) or 7 is Gie
(A=3/4,B=C=1/4),

(5) 2 is TRY " and T is Gay with A=1—1/n, B=C = 1/n for n > 5;
or

6) Z is gTRayn and 7 is TGgya with A=2n/2n+1), B=C=
1/(2n+1) for n>2.
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We will prove the previous lemma by using Lemma 3 (2) and the
following ‘“‘uniqueness” lemma:

LemMmA 8. Every spherical tiling 7 by congruent non-equilateral isosceles
triangles T yields a spherical monohedral rhombus-faced tiling # uniquely
modulo congruence. If the list of inner angles of T is (4,B,C) and A #
B=C, then the cyclic list of inner angles of the rhombic tile of R is
(4,2B,4,2C).

Proor. By removing the base edges of 7, we obtain a spherical
monohedral rhombus-faced tiling. If 7 yields another spherical monohedral
quadrangular tiling, then the cyclic list of inner angles of Q should be
(2B,C,24,C). Since A # B, the tile Q is a kite or a dart. O

ProposITION 2. (1) For any n >3, the spherical monohedral triangular
tiling Gay (A=1—1/n,B=C =1/n) (Ha,, resp.) is obtained from
the spherical monohedral rhombus-faced tiling T R;n_ I/n by drawing the
meridian (the “horizontal,” resp.) diagonal segment of each tile.
Iy, = kis(TR) /") (n > 3).

(2) The spherical monohedral triangular tiling THg,.4 (n > 3) is obtained
from the spherical monohedral rhombus-faced tiling gTR4,1> by draw-
ing the shorter diagonal segment of each tile. Tl gy1s = kis(gTRay12)
(n=2).

Proor. (1) See Figure 11, Figure 12, Figure 14, Figure 20, and Figure 21
of [16]. (2) See [16, Figure 21]. O

THE PROOF OF LEMMA 7. We use Lemma 3 (2). Let J be one of
spherical monohedral triangular tilings listed in Lemma 4 (I).

Case 1. 7 is Fly, Fi, FlII, MTG!,, H\5, Gi2 (A =2/3,B=C =1/3), or
TGy (A=2/3,B=C=1/3).

We draw one diagonal segment in each square tile of TRé/ 3. Then the
resulting tiling is exactly a tiling 7. Combinatorially, there exist just seven
tilings, which are exactly the tilings 4 of this case, according to [16, pp. 481—
482). So 7 yields TR

Case 2. J is Fy or Dy.

By the construction (Subsection 2.4) of Rj», the spherical tiling F»4 by
congruent right, non-equilateral isosceles triangles yields Rj,.

The spherical tiling 4 by congruent non-equilateral isosceles triangles
yields Rjy, too. It is verified as follows: According to Subsection 2.4, Rj; is
constructed from F»4 = kis(¥g) by deleting the 12 edges of (Ug. By recalling
the image [16, Figure 20] of R, and the duality between T Ré/ ? and (g, we can

construct Ry, from by = kis(TRé/ 3) by deleting the 12 edges of T. Ré/ 3,
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Case 3. 7 is FJ, or F{l.

By the construction (Subsection 2.4) of Rjp, spherical monohedral trian-
gular tiling F{, yields Ry. Moreover, F{l yields Rjy, by [16, Figure 36].

Case 4. 7 is Hig or Gyy (A=1—1/n,B=C=1/n,n=>4).

Proposition 2 (1) implies the assertion (4) and the assertion (5) of
Lemma 7.

Case 5. 7 is TGgya (A=2n/2n+1),B=C=1/2n+1),n>2).

Then 7 yields gT R4, ». It is proved as follows: subdivide each rhombic
tile of gTR4,;» Into two congruent non-equilateral isosceles triangles, by
drawing the longer diagonal segment. This results in a spherical monohedral
tilings 7' consisting of 8xn + 4 non-equilateral isosceles triangles. The cyclic
list of inner angles of the rhombic tile of gTRy,,» and the cyclic list of inner
angles of the rhombic tile of TRfZﬁ;”“) are both (2n/(2n+1),2/(2n+ 1),
2n/(2n+1),2/(2n+ 1)), by the construction of gTR4,12. So, the cyclic list of
inner angles of the isosceles triangular tile of 7' are (2n/(2n+1),1/(2n+ 1),
1/(2n+1)).

Owing to Ueno-Agaoka’s classification (Table 2) of all spherical mono-
hedral triangular tilings, the spherical monohedral triangular tiling 7' is either
Ggnis or TGg,q. Here we have verified that Gg, 4 yields TRiZi(zzn’Ll), in the
previous Case 4. By Lemma 8, a spherical monohedral, isosceles triangular
tiling 7Gg,4 yields gTR4,». This completes the proof of Lemma 7. O

By Lemma 7 and Lemma 3 (2), we established Theorem 2 (1) for the case
the tile is a rhombus. U

3.2.2. Theorem 2 (2).

LEMMA 9. gTR4ni2 (n>2) is the spherical monohedral, non-isohedral
rhombus-faced tiling by the tiles of spherical monohedral tiling TRi'Zi(ZZ"H).
The smallest inner angle [ and the largest inner angle o of the rhombic tile

are

2 2n

F=%71  “Tai1

The Schonflies symbol of gTRay.2 is Dy,  The vertex types of gTR4ni2 are as
in Table 1.
Actually, the edges of gTR4,2 have length

a = arccos (cos %ﬂ/(l + cos %ﬁ>> # g (5)

The vertices v;, u; (0 <i<2n+1) have the following cartesian coordinates:

This document is provided by JAXA.



Anisohedral spherical triangles, kites, darts and rhombi 331

v,-:(sinacos %,—sinasin #,(—l)icosa) (6)

u = (M sin 2a, sin a sin @,sin2 a cos inp (—=1)" cos? a). (7)
2 2 2

Proor. By Lemma 8§ and Fact 2, the vertex types of gTRy4,.» are those
of TGg,14 applied by a substitution (4 := o, B:=/2,C :=f/2).

(5) is proved by applying spherical cosine law for angles [17, Proposition
2.8] to the following isosceles triangle 7: The rhombic tile of gT R4,y is
subdivided into two copies of T such that the base edge has length 7= — a, the
non-base inner angle is no radian, and the two base inner angles are 7f3/2
radian.

Recall the construction (Subsection 2.5) of the tiling ¢g7TR4,.». The
western hemisphere #~ of gTRy,,, is that of a spherical monohedral rhombus-
faced tiling TR;"3"*") (see the first and the second images of Figure 4). We
set xyz-coordinate system so that the north pole N is (0,0,1), the part of
the unit sphere with positive x-coordinates is the front hemisphere, and the
hemisphere #" is the part of the unit sphere with negative y-coordinates.

The vertices of the western hemisphere #" are: the north pole u, the south
pole w41, and v; (0 <i<2n-+1) where the angle from u, to each v; is
n/2 — (—1)(n/2 — a) and the longitude of each v; from the boundary of # is
—inf/2 radian. So, the cartesian coordinates of the vertices on ¥~ are as
in (6).

The edges of the hemisphere #~ are:

{M(),l)k} (k:072747"'a2n)3 (8)
{ugny1, v} (I=1,3,5....2n+1), 9)
{Ujavj-’-]} (]:0,1,2,,21’1) (10)

The eastern hemisphere & of gTR4,.» is the image of the western
hemisphere #~ by the orthogonal transformation 7,K. Here K is the n-radian
rotation operation around the z-axis, and 7, is the rotation in ¢ radian around
the y-axis from the z-axis toward the x-axis.

So the vertices of gTRy4,,» on the hemisphere & are

u; .= T,Kv; (0<i<2n+1). (11)

Hence the cartesian coordinate of u; is (7). By this, uy and wuy,,; are indeed
the north pole and the south pole, and thus 7,KN = vy and T,KS = vy,.1.

The edges of the eastern hemisphere & are the edges (8), (9), and (10) with
u and v swapped.
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This is exactly the graph of Figure 4 (right).

We will prove the angle assignment of g7TRy4,4, is as in Figure 4 (right),
as follows: If an inner angle of g7TRy4,.» corresponds to some inner angle of
the western hemisphere of TRiZi(Zz"H), then the type of the inner angle is o or 8
as in Figure 4 (right). The two newly arisen inner angles /vjvoua, and /ujugva,
of gTRy,.» near the boundary of ¥~ have the desired values. For example,
L0100U2y = LU100U41 + LUy 1 V0UDy = LV1 00U + L024U0V2041 = LUoUoV2 and sO
on.

We will prove that the Schonflies symbol of gTR4,.» is D, by the
procedure [5, p. 55 and Figure 3.10 (p. 56)], as follows:

If gTRy4y.» has a k(> 2)-fold axis p of rotation, then k =2. To see it, let
p be a point where p and gTRy, ., intersects. If p is an inner point of a tile
of gTRy4, 12, then k = 2 because the tile is a thombus. If & > 2, then p is not
a vertex of the tiling g7 Ry4y,4», because each vertex type of the tiling is of the
form i4 + mB for some different inner angles 4, B, some positive integer m,
and some positive integer i < 3. If p is on a edge, then k =2 clearly.

9gTR4,1> has three mutually perpendicular two-fold axes of rotation:

(1) The y-axis.

The n-radian rotation around it transforms the vertex v; to the
vertex vy,.1_; and the vertex u; to the vertex uy,.;_;,. This rotation
preserves the edges of gTR4,>. Indeed, in the western hemisphere,
this rotation transforms the edges (8) to the edges (9) and vise versa,
and preserves the edges (10). In the eastern hemisphere, this rotation
transforms the edges similarly.

(2) ¢ through the midpoint of uy and wvp.

The z-radian rotation around it is a transformation 7,,KT_,.
The transformation maps the vertex u; = T,Kv; (0 <i<2n+1) to
(Ta/zK)zv,- =v;, and vice versa. Clearly, this rotation preserves the
edges of gTR4y.5.

(3) ¢’ through the midpoint of uy and vy, ;.

The n-radian rotation around it is the composition of the two
n-radian rotations around the y-axis and /.

To show that the tiling g7'R4,.» has no mirror plane passing between two of
the three two-fold axes, it is sufficient to show that vyugvs, 12,11 1S @ proper
rectangle, because the symmetry of gTR4,., fixes the proper rectangle. Here
voUoUa 11 18 Indeed a rectangle, because the vertex vy is antipodal to vy,
by (6) and (7) and the vertex ug is antipodal to u,;. The rectangle is not
regular, because the edge-length a of gTR4,. > is not n/2 radian.

The xz-plane containing the two axes # and /' of rotation is not a mirror
plane of gTR4,>. To see it, first observe that the y-coordinate of the vertex
vy of gTRy, 1> 1s 0. Among the vertices adjacent to vy, the number of vertices
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having positive y-coordinates is, however, greater than that of vertices having
negative y-coordinates, by (7) and f=2/(2n+1). Therefore the Schonflies
symbol of gTR4,.» is D».

gTR4y2 (n > 2) is not isohedral, because the number 4n + 2 of tiles does
not divide the order four of the symmetry group D,. This completes the proof
of Lemma 9. 1

We finish the proof of Theorem 2 (2), by verifying the data of the
following spherical monohedral rhombus-faced tilings given in Table 1:
(1) TRy, /" and (2) Ry, and Ry.

(1) By Fact 1, the Schonflies symbol of T. Ré/ s Oy, and the symmetry
group transitively acts on the tiling TRé/ 3,

Consider a spherical monohedral rhombus-faced tiling TRzl,: Un with n > 3.
Then, the list of three inner angles around any three-valent vertex of TRzl,; s
(ot,0,0) = (1 = 1/n,1 —1/n,2/n), where o # 0 because n > 3. Hence, we can
prove that the Schonflies symbol of TRZI,:I/ " is D,q and the tiling TR}, Vn s
isohedral, as in the proof for the spherical monohedral kite-faced tiling TRj,
(1/2<a<1-=1/2n), a#1—1/n, n>3) of Theorem 2 (2).

(2) The Schonflies symbol of the spherical tiling Foy (F{,, resp.) by
congruent isosceles triangles is O (I, resp), because of [5, p. 50] and the
following:

LemMa 10. If 2 is the central projection of some Platonic solid to the
sphere, then every symmetry operation of P is that of kis(?), and kis(2P) is
isohedral.

Proor. Every symmetry operation of & is that of kis(#), because it
transforms a tile of 2 to a tile of 2, a vertex of Z to a vertex of #2, and the
center of a tile of # to the center of a tile of 2.

Suppose a tile T of 2 is a regular p-gon. By Fact 4, within the tile T,
the p tiles of kis(#) rotated to each other around a p-fold axis. Moreover T
is transformed to another tile of 2, by a symmetry operation of 2. Thus,
in kis(#), any tile is transformed to any other tile by a symmetry operation
of kis(2). O

The Schénflies symbol of Ry» (R, resp.) is that of Fay (F{,, resp.), because
each symmetry operation of F»y (FJ), resp.) preserves the tiles and the edges of
Foy (FJ, resp.).

By the construction (Subsection 2.4) of Rj» (Rso, resp.) and Fact 4, if T,
T’ are tiles of Ry» (R3, resp.) sharing the center ¢ of a tile of s (Hy, resp.),
then T is rotated to 7' around the three-fold (five-fold, resp.) axis p of the
rotation such that p passes through the center ¢. If T and T’ does not share
any vertex, then some symmetry operation of (g (H,y, resp.) rotates 7T to
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another tile 7”7 of Rjy (R3p, resp.) such that 7”7 and T’ share the center of
some tile of (3 (Hy, resp.).

By Table 2, the list of inner angles of the isosceles triangular tile 7" of F»y
(Ff), resp.) is (4,B,C) =(2/3,1/4,1/4) ((2/3,1/5,1/5), resp.). As we glue
two copies of T at the base edges, the cyclic list of inner angles of the rhombic
tile of Ry» (R0, resp.) is (a,f, o, ) = (2B, A,2B, A). So, the vertex types of
Ri2 (Rs, resp.) are as in Table 1, by Fact 2. O

4. The anisohedral spherical triangles

We will prove that the tiles of the following spherical monohedral
triangular tilings are not anisohedral.

LemMma 11. The followings are spherical isohedral triangular tilings:

(1)  Every instance of a continuously deformable tiling Fy, Fl,, F>s, Fas, F{),
Fgé, and F120-

(2) Every instance of a continuously deformable tiling Gy, (n>2), and
Gapaa (I’l = ]).

(3) An instance Hy of an infinite series Ha, (n > 3).

(4) An instance DLy of an infinite series Iy, (n > 3).

Proor. (1) Let 7 be an instance of Fy. Z has two two-fold axes of
rotation, each of which is through the midpoint of an edge and that of the
opposite edge, in view of the development map of Fy [16, Figure 17]. We can
transform any tile 7 of 7 to any other tile 7', by n-rotation around an axis p
which is through the midpoint of the edge shared by the two tiles 7 and T'.
Hence Fj is isohedral.

Next, we prove that Fyg is isohedral. Indeed, every symmetry operation
of (g is that of Fyg, as in the proof of Lemma 1.

For each tile T of ()3 and each vertex 4 of T, there is a mirror plane o
passing through 4 and bisecting the edge of 7" opposite to A4, because of [5, (ix)
of p. 48]. Let M be the midpoint of the edge. The mirror plane ¢ passes
through M and the center ¢ of T.

Within the tile T of (g, a pair of right scalene triangular tiles of Fyg
adjacent at the edge ¢M are reflected to each other by the mirror plane o,
and another pair of right scalene triangular tiles of Fyg adjacent at their
hypotenuses cA are reflected to each other by another mirror plane o.
Therefore within the tile 7" of (g, the six right scalene triangular tiles of
Fys are transformed to each other by repeated reflection operations with
appropriate mirror planes ¢’s of g where all such ¢’s pass through the center
cof T.
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Consider that tiles S and S’ of Fyg are in different tiles 7 and T’ of Og.
Then, to S apply a symmetry operation p that maps 7 to T’, and then to the
resulting tile of Fyg apply a symmetry operation mentioned above in order to
get S’. Hence, Fug is isohedral.

The proof of the isohedrality of Fjyy is obtained from the proof of the
isohedrality of Fus, by replacing Fyg with Fiy, Og with Hpy, and “(ix) of p. 48”
with “(v) and (vi) of p. 49.”

The isohedrality of Fj,, F», F{, and F{ is by Lemma 10 and their
constructions (cf. FI =kis(21,) by [16, Figure 17 and p. 484)).

(2) An instance 7 of Gy, (n>2) has n horizontal two-fold axes of
rotation and n vertical mirror planes passing between two horizontal two-fold
axes, according to [16, Figure 4]. Let T and T’ be any tiles of 7. If T’
shares a meridian edge e of T, then T is reflected to T’ by a vertical mirror
plane ¢ of 7 such that ¢ contains e. Moreover, if T’ shares a non-meridian
edge ¢’ of T, then there is a horizontal two-fold axis p of rotation of J such
that p passes through the midpoint of ¢’ and T is rotated to 7' around p.
Hence, any tile of 7 is transformed to any other tile of . by a symmetry
operation of 7. Thus, 7 is isohedral.

Gunio (n > 1) is isohedral by the vertical (2rn + 1)-fold axis of rotation and
the horizontal mirror plane, according to [16, Figure 4].

(3) An instance Hy is the central projection of the regular icosahedron to
the sphere, and thus the Schonflies symbol of Hj is I, and Hg is isohedral.

(4) This is due to Proposition 2 (1) and Lemma 10. O

The other spherical triangular tilings are not isohedral.

LEmMMA 12.  Spherical monohedral triangular tilings Ha, (5 #n>3), Ig,
(n>4), THgyra (m = 3), and Thgnis (m > 2) are non-isohedral.

Proor. For J =Hy, (S#n=>3) or Iy, (n>4), the Schonflies symbol
of 7 is D,;. 1t is due to Proposition 2, because every symmetry operation of
TR;I/ " preserves the diagonal segments of the tile and the Schénflies symbol
of T Rzln_ 1/ is D,q by Theorem 2.

Iy, (n > 4) is not isohedral, since the order of the symmetry group D,,; of
Iy, is 4n according to [5, p. 44] but the number 8n of the tiles of I3, does not
divide 4n.

Hy, (5 #mn>3) is not isohedral, because no symmetry operation trans-
forms a tile around the pole to a tile on the equator (See the first line of
Figure 7).

We can prove that the Schonflies symbol of THg,a (m > 3) (Themss
(m > 2), resp.) is D,, in a similar manner as we proved that the Schonflies
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symbol of gTR4,> is D, in Lemma 9, in view of the construction (Proposition
2 (2)) of TH8n1+4 (T116m+87 resp.).

THsyia (m>3) (Themss (m > 2), resp.) is not isohedral, because the
number 8m+4 (m > 3) (16m+8 (m > 2), resp.) of tiles does not divide the
order 4 of the symmetry group D,. O

Although H), is not isohedral, the tile of Hj, is congruent to the tile of
the tiling Gy, with 4 =2/3,B= C =1/3. G}, is isohedral by Lemma 11 (2).
The other spherical monohedral, non-isohedral triangular tilings listed in the
previous lemma are spherical tilings by anisohedral triangles, owing to the
following lemma:

Lemma 13. (1) If the tile of Ha, (5 # n > 4) is the tile of another spherical
monohedral triangular tiling 7, then 7 is THgy4 for some m >3
with 4n = 8m + 4.

(2) If the tile of THgyuia (m > 3) is the tile of another spherical mono-
hedral triangular tiling 7, then I is Hgya.

(3) If the tile of Is, (n>4) is the tile of another spherical monohedral
triangular tiling 7, then 7 is Tligu.g for some m > 2 with 8n =
16m + 8.

(4) If the tile of Themss (m > 2) is the tile of another spherical mono-
hedral triangular tiling 7, then I is Lign.is.

ProoF. (1) The number of tile of 7 is 4n (5 # n > 4) and the tile of Hy,
is an isosceles triangle. So, if 7 is sporadic, then n > 6 and 7 is Fu, F}
or F{f. However, the non-base inner angle of 7 is greater than the non-base
inner angle 2/n of Ha, for each case. Thus J is a non-sporadic spherical
tiling by congruent isosceles triangles. Hence, 7 is Gy, TG4y, or THgy, 4 for
some m > 3 such that 8m +4 =4n. By [16, Table] (included as Table 2), the
tile of Gy, and that of TGy, have an inner angle 1/n but the tile of Hy, does
not, as S#n>4. Thus 7 is THg, 4, as desired.

(3) The number of tile of 7 is 8 > 32 and the tile of I3, is a right
scalene triangle. So, if 7 is sporadic, then (1) n = 6 and J is Fus3 or TFyg, or
(2) n=15 and J = Fiz9. Then the smallest inner angle of 7 is greater than
the smallest inner angle 1/n of Iy,. Thus 7 is a non-sporadic spherical tiling
by congruent right scalene triangles. So J is Gg,, or Tl,. By [16, Table]
(included as Table 2), an inner angle 1/(2n) of the tile of Gg, is smaller than
the smallest angle 1/n of the tile of I, for each case. So the tile of 7 is not
congruent to the tile of Gg,. Thus J = Tl,, as desired.

Assertion (2) (assertion (4), resp.) follows from assertion (1) (assertion (3),
resp.), because the tile of THgy4 (m = 3) (Themts (m = 2), resp.) is also the
tile of Hga (116;11+8, resp.). Ol
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Fig. 7. The first (the second, resp.) line consists of spherical tilings Has, (n=4,6) (THgmia
(m=3,4,5), resp.) by 4n (8m+ 4, resp.) congruent anisohedral isosceles triangles AL, (A1,
resp.). The third (the fourth, resp.) line consists of spherical tilings Iy, (n=4,5) (TTiemis
(m=2,3,4), resp.) by 81 (16m+ 8, resp.) congruent anisohedral right scalene triangles ARS,
(ARS2m+1, resp.). See Theorem 1 and [16, Table] (included as Table 2 in this paper).

Lemma 14. The spherical tilings by congruent anisohedral triangles are
exactly Hy, (5 #n> 4)J THgp 14 (m > 3), I3, (n > 4), and Tlgps (m > 2).

PROOF. Hy, (S #n=>4), Ly, n>4), THspra (m>3) and Thepis (m > 2)
are spherical tilings by congruent anisohedral triangles, because of Lemma 12
and Lemma 13.

We will prove that for any other 7 listed in Ueno-Agaoka’s complete
classification ([16, Table], included as Table 2) of spherical monohedral
triangular tilings but not listed in Lemma 11, the tile T of  is congruent
to some spherical isohedral triangular tiling. We will argue such .7 from top
to bottom of Table 2. If 7 is F4, or F[¥| then the tile T of 7 admits
F,, because the list of three inner angles of the tile T is the list of three inner
angles of the tile of F,. As F[, is isohedral by Lemma 11 (1), the tile of 7 is
not anisohedral. The tile of TF,;3 admits Fyg, because the list of three inner
angles of T is the list of three inner angles of the tile of Fy3. Fyg is isohedral
by Lemma 11 (1). Hence, the tile of TFug is not anisohedral. If 7 is TGg,

This document is provided by JAXA.



338 Yudai SAkaNO and Yohji AKAMA

(n>2), TGguys (n>1), MTG{, , (n>1), MTG{ ., (n>2), or H,, then the
tile T of 7 admits an instance of G,, where m is the number of tiles of 7.
J is isohedral by Lemma 11 (2). Hence, the tile of 7 is not anisohedral.

O

Because Ueno-Agaoka’s complete classification of spherical monohedral
triangular tilings describes the inner angles of the tiles, Theorem 1 follows from
the previous Lemma (see Figure 7).

THEOREM 3. No spherical (kite/dart/rhombus) is anisohedral.

Proor. By Theorem 2 (2) and Table 1, the tiles of the only spherical
monohedral, non-isohedral (kite/dart/rhombus)-faced tilings gK>4 and gT R4y i2
(n>2) are those of spherical isohedral rhombus-faced tilings K>4 and

2n/(2n+1)
TR, - O
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ABSTRACT. In this paper, we study quasi-Monte Carlo (QMC) rules for numerical
integration. J. Dick proved a Koksma-Hlawka type inequality for o-smooth integrands
and gave an explicit construction of QMC rules achieving the optimal rate of conver-
gence in that function class. From this inequality, Matsumoto, Saito and Matoba
introduced the Walsh figure of merit (WAFOM) WF(P) for an F,-digital net P as a
quickly computable quality criterion for P as a QMC point set. The key ingredient for
obtaining WAFOM is the Dick weight, a generalization of the Hamming weight and the
Niederreiter-Rosenbloom-Tsfasman (NRT) weight.

We extend the notions of the Dick weight and WAFOM over a general finite
abelian group G, and show that this version of WAFOM satisfies Koksma-Hlawka type
inequality when G is cyclic. We give a MacWilliams-type identity on weight enu-
merator polynomials for the Dick weight, by which we can compute the minimum
Dick weight as well as WAFOM. We give a lower bound on WAFOM of order
NS0z N)/s and an upper bound on lowest WAFOM of order N~Ce(logN)/s for given
(G,N,s) if (log N)/s is sufficiently large, where C/, and Cg are constants depending
only on the cardinality of G and N is the cardinality of quadrature rules in [0,1)".
These bounds generalize the bounds given by Yoshiki and others given for G =F,.

1. Introduction

Quasi-Monte Carlo (QMC) integration is a method for numerical inte-
gration using the average of function evaluations as an approximation of the
true integration value. In QMC integration, sample points are chosen deter-
ministically, while in Monte-Carlo integration they are chosen randomly.
Thus, how to construct point sets has been a major concern in QMC theory.
One of the known good construction frameworks is digital nets, which is based
on linear algebra over finite fields (or more generally over finite rings).

A strong analogy between coding theory and QMC point sets is well
known (see, e.g., [2, 13, 17]). In coding theory, the minimum Hamming
weight is used for a criterion for linear codes. Analogically, Niederreiter-

The work of the first author was supported by the Program for Leading Graduate Schools,
MEXT, Japan.

2010 Mathematics Subject Classification. Primary 11K45, 65D30, 11K38.

Key words and phrases. numerical integration, Quasi-Monte Carlo, WAFOM, Dick weight, digital
net, MacWilliams-type identity.
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Rosenbloom-Tsfasman (NRT) weight is a criterion for digital nets in QMC
theory [12, 15]. More precisely, the minimum NRT weight is essentially
equivalent to z-value and gives an upper bound on the star-discrepancy, which
are important criteria for QMC point sets. Recently, based on Dick’s work
[3], Matsumoto, Saito and Matoba defined the Dick weight x4 on digital nets
over F, and related it to a criterion called the Walsh figure of merit (WAFOM)
in [10]. In this paper, as a generalization of [10], we extend the notions of
the Dick weight and WAFOM for digital nets over Z;, and more generally,
for subgroups of G**" where G is a finite abelian group. Furthermore, we
establish a MacWilliams-type identity for the Dick weight, which gives a
computable formula of the minimum Dick weight and WAFOM.

Let us recall the notion of QMC integration. For an integrable function
f:10,1)" — R and a finite point set in an s-dimensional unit cube 2 < [0,1),
quasi Monte-Carlo (QMC) integration of f by £ is an approximation value

L) =3 Y 1)

xe?

of the actual integration
1= S,
[0,1)*

where N := |2| is the cardinality of 2. The QMC integration error is defined
as Err(f;2) .= [I»(f) — I(f)|. If the integrand f has bounded variation in
the sense of Hardy and Krause, the Koksma-Hlawka inequality shows that
Err(f;2) < V(f)D(2), where V(f) is the total variation of f and D(Z) is the
star-discrepancy of #. There have been many studies on the construction of
low-discrepancy point sets, i.e., point sets with D(2) e O(N~'*#). In partic-
ular, digital nets and sequences are a general framework for the construction of
good point sets. We refer to [6] and [13] for the general information on QMC
integration and digital nets and sequences.

Recently, higher order convergence results for digital nets, i.e., Err(f;2)
converges faster than N ', has been established. For a given integer o > 1,
Dick gave quadrature rules for a-smooth integrands which achieve Err(f;2) €
O(N~**%) [3]. He introduced a weight which gives a bound on a criterion
WF,(2) (he did not give a name and we use the name in [10]) for a digital net
2 over a finite field with cardinality b, and proved a Koksma-Hlawka type
inequality Err(f;2) < Cp 5.0l fl, - WF.(2), where ||f]|, is a norm of f for a
Sobolev space and Cj 4, is a constant depend only on b, s, and «. Later he
improved the constant factor of the lowest WF, for digital nets over a finite
cyclic group [4].
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As a discretized version of Dick’s method, Matsumoto, Saito and Matoba
introduced the Dick weight x4 and a related criterion WAFOM WEF(P) for
an F,-digital net P [10]. WAFOM also satisfies a Koksma-Hlawka type
inequality (with some errors due to discretization). One remarkable merit of
WAFOM is that WAFOM is easily computable by the inversion formula [10,
(4.2)], which is easier to implement than the formula of WF, derived from [1,
Section 4]. Using this merit, they executed a random search of low-WAFOM
point sets and showed that such point sets perform better than some standard
low-discrepancy point sets. There are several studies on low-WAFOM point
sets. The existence of low-WAFOM point sets was shown by Matsumoto and
Yoshiki [11]. The author proved that the interlacing construction for higher
order QMC point sets with Niederreiter-Xing sequences over a finite field gives
low-WAFOM point sets [18].

In this paper, as a generalization of [10] we propose the Dick weight
and WAFOM for digital nets over Z; and for subgroups of G*** where G is a
finite abelian group. WAFOM over Z; is also a discretized version of Dick’s
method and thus satisfies a Koksma-Hlawka type inequality. Moreover, we
give a MacWilliams-type identity of weight enumerator polynomials for the
Dick weight. Using this identity we obtain a computable formula of the min-
imum Dick weight as well as WAFOM, which is a generalization of the
inversion formula for WAFOM in the dyadic case. Furthermore, we give
generalizations of known properties of WAFOM over F, in [11] and [19].
More precisely, we give a lower bound on WAFOM and prove the existence
of low-WAFOM point sets. In particular, we improve some of the results in
[11]. These results imply that there exist positive constants C, D, D’ and F
depending only on » and independent of s, » and N such that N—ClogN/s <
min{WF(P) | P is a digital net, |P| < N} < FN-PUogN)/stD" if (log N)/s is
sufficiently large.

These results are similar to the works of Dick, but there is no implication
between them. Dick fixed the smoothness «, while our method requires
n-smoothness on the function where n is as above. Thus, in our case, the
function class is getting smaller for n being increased.

The rest of the paper is organized as follows. In Section 2, we introduce
the necessary background and notation, such as the discretization scheme of
QMC integration, the discrete Fourier transform, and Walsh functions. In
Section 3, we define the Dick weight and WAFOM over a general finite abelian
group G, and prove a Koksma-Hlawka type inequality in the case that G is
cyclic. In Section 4, we define the weight enumerator polynomial, give the
MacWilliams-type identity for the Dick weight, and give a computable formula
of WAFOM. In Section 5, we give a lower bound on WAFOM, prove the
existence of low-WAFOM point sets, and study the order of WAFOM.
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2. Preliminaries

Throughout this paper, we use the following notation. Let N be the set of
positive integers and Ny :=NU{0}. Let b be an integer greater than 1. Let
Z, = Z/bZ be the residue class ring modulo ». We identify Z, with the set
{0,1,...,b—1} = Z. For a set S, we denote by |S| the cardinality of S. For
a group or a ring R and positive integers s and n, we denote by R**" the set of
s X n matrices with components in R. We denote by O the zero matrix. We
denote by e the base of the natural logarithm.

2.1. Discretized QMC in base b. In this subsection, we explain discretized
QMC in base b. This discretization is a straightforward generalization of the
b =2 case in [10].

Let s be a positive integer. Let 2 <[0,1)* be a point set in an
s-dimensional unit cube with finite cardinality || = N, and let f :[0,1)" — R
be an integrable function. Recall that quasi-Monte Carlo integration by £ is
an approximation value

() =5 3 1)

xeP

of the actual integration

1= rwax
[0,1)°
The QMC integration error is Err(f;2) := |I»(f) — I(f)|.

Here, we fix a positive integer n, which is called the degree of discretiza-
tion or the precision. We consider an n-digit discrete approximation in base
b. We associate a matrix B:= (b;;) € Z;*" with a point xp = (x},...,x5) =
(b, 30 by b ) €[0,1)°, and with an s-dimensional cube Ip :=
[T, L =[0,1)", where each edge I; := [xL,x5+b~") is a half-open interval
with length 57". We define n-digit discrete approximation f, of f as

1
W L — R, B:= (b; ; |—>7J x)dx.
f b ( a]) VOI(IB) IBf( )
Let P be a subset of Z;*". We define n-th discretized QMC integration of f
by P as

Iralf) = gy > SiB)

BeP

and define the n-th discretized QMC integration error as

Err(f; P,n) := |Ip,(f) — I(f)].
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For each B € P, we take the center point of the cube Ip. Let 2 < [0,1)" be the
set of such center points given by P. By a slight extension of [10, Lemma 2.1],
if f is continuous with Lipschitz constant K then we have |Ip ,(f) — I»(f)| <
K.\/sb™". We take n large enough so that K./sb™" is negligibly small
compared to the order of QMC integration error |I»(f)—I(f)| by 2.
Then we may regard the n-th discretized QMC integration error Err(f; P, n)
as an approximation of the QMC integration error Err(f;P).

As point sets, in this paper we consider subgroups of Z;*" as well as
digital nets. The definition of digital nets over finite rings is given in [7], we
adopt an equivalent definition of digital nets, which is proposed as digital nets
with generating matrices in [5, Definition 4.3].

DeFNITION 1. Let Cy, ..., C; € Z* be matrices and let X7,..., X, € Z3"
be defined by the j-th row of X; is the transpose of the i-th column of C;.
Assume that Xj,...,X; are a free basis of Z;*" as a Z,-module. For an

integer k with 0 <k <bh?—1, we define a matrix xk€Zy" as x; =

Zid:1 ki 1X;, where k=ro+rb' +- g 1h (0<K;<b—1) is the
b-adic expansion of k. We call the set {xo,...,x,s_;} the digital net generated
by the matrices Ci,..., C;.

It is easy to see that digital nets become subgroups of Z;*".

2.2. Discrete Fourier transform. In this subsection, we recall the notion of
character groups and the discrete Fourier transform. We refer to [16] for
general information on character groups. Let G be a finite abelian group.
Let T:={zeC||z|] =1} be the multiplicative group of complex numbers of
absolute value one. Let w, = exp(2nv/—1/b).

DeriNITION 2. We define the character group of G by GY := Hom(G, T),
namely GV is the set of group homomorphisms from G to 7.

There is a natural pairing e: GYx G — T, (h,g) — heg:=h(g).

We can see that Z, is isomorphic to Z, as an abstract group. Through-
out this paper, we identify Z, with Z, through a pairing e:Z, x Z;, — T,
(hyg) — heg:= a)llfg, where hg is the product in Z,.

Let R be a commutative ring containing C. Let f: G — R be a function.
We define the discrete Fourier transform of f as below.

DerFmNiTiION 3. The discrete Fourier transform of f is defined by

7 G.v — R, h.v—> llazye(;f(g)(hog). Each value f(h) is called a discrete
Fourier coefficient.
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We assume that P = G is a subgroup. We define P :={he G'|heg=1
for all ge P}. Since Pt is the kernel of the restriction map G — PV, we
have |P4|=|G|/|P|. We recall the orthogonality of characters.

LemMA 1. Suppose that P = G is a subgroup and g€ G. Then we have

o [Pt i geP,
2k g{o if g¢P.

This lemma implies the Poisson summation formula and the Fourier
inversion formula.

THEOREM 1 (Poisson summation formula).

me = f

gep he Pt

PROOF.

> =Y > fineo)

he Pt hePi geG
Z|G| (9) > heg
geG he Pt

(e
|G|Zf -|P~| (" Lemma 1)

gepP

Zf O

geP

TreoreM 2 (Fourier inversion formula). For a complex-valued function
f:G—C, we have f(g) =3 co f(— -h)(heg) for any g€ G.  Moreover, if f
is real-valued, we have f(g) =, f(h)(heg).

Proor. By Lemma 1, we have >, _, heg=0if g#0and >, _, hey
= |G| if g=0. Thus we have

> f(=h)(heg) = §j Zf )eg')(heg)

heGY heGv geG
Zf )Y (he(g—g")
|G‘qeG heGY
=f(9),
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which proves the complex-valued case. If f is real-valued, we have f (=h) =
f(h), and thus the complex-valued case implies the real-valued case. ]

2.3. Walsh functions. In this subsection, we recall the notion of Walsh
functions and Walsh coefficients, and see the relationship between Walsh
coefficients and discrete Fourier coefficients. As a corollary, we prove that
the n-digit discrete approximation f, of f is essentially equal to the appropriate
approximation of the Walsh series of f. We refer to [6, Appendix A] for
general information on Walsh functions.

First, we define Walsh functions for the one dimensional case.

DerINITION 4. Let keN, with b-adic expansion k =g+ Kb +
Kkab? +--- (this expansion is actually finite), where ;€ {0,1,...,b— 1} for
all jeNy. The k-th b-adic Walsh function ,wali : [0,1) — {0,wp,..., ) '} is
defined as

KoX]+K1 X2+
pwalg(x) == 0 TR

for xe[0,1) with b-adic expansion x = x;b~" +xb72 + x3b73 + - with x; €
{0,1,...,b— 1}, which is unique in the sense that infinitely many of the x;
must be different from b — 1.

This definition is generalized to the higher-dimensional case.
DerFINITION 5. For dimension s > 1, let k= (ky,...,k;) e N;. The k-th
b-adic Walsh function ,wal : [0,1)* — {0,®p,..., 07"} is defined as

pwalg(x) = H pwalg, (x;).
i1

for x = (x1,...,x,) €[0,1)".
Walsh coefficients are defined as follows.

DErINITION 6. Let f:[0,1)" — R. The k-th b-adic Walsh coefficient of
f is defined as

F(f)(k) := J f(x) pwalg(x)dx.

[0’1>s

We see the relationship between Walsh coefficients and discrete Fourier
coefficients in the following. Let A4 = (a;;)€Z,". We define maps
¢ L) — Ny as ¢(4) =37 a;;b/7" and ¢:Zy" - N§ as $(4) =
(¢,(A4),...,¢,4)). Note that ¢;(4) < b" holds for all 1 <i<sand 4eZ;*".

LEMMA 2. Let f:[0,1)" = R and A = (a;;) € Z;*". Then we have
F(NPAD) = fu(4).
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ProoF. Since ¢;(4) < b” holds for all 1 <i <s, for all x = (x1,...,x,) €
Iz we have
bwal¢ H bwal¢ Hw“: it tainbin _ po g

i=1

Therefore we have

F@A) = j{o ) vl

> J S (x) pwalyq)(x)dx

BeZ5" Iz

= J f(x)(Be A)dx
BeZ5" 1

= Z (BoA)J f(x)dx

BeZ," Iy

— Z (Be A)-Vol(Ig) fu(B)

BeZ)"
= D (Bed) b7"u(B) = fu(A).
BeZ)*"
which proves the lemma. O
Let f ~ ZkeNg F (f)(k) pwal; be the Walsh expansion of a real valued
function f:[0,1)° — R. Lemma 2 implies that considering n-digit discrete
approximation f, of f is the same as considering the Walsh polynomial

Yowepn Z (f) (k) - pwali, where k = (ky,..., kg) <b" means that k; < b" holds
for every i =1,...,s, namely we have the following.

ProposiTioN 1. Let f:[0,1)" = R. For BeZ;", we have f,(B)=
> kepn 7 (f) (k) pwal(xp).

PRrOOF.

Z mB'A (*." Theorem 2)

AeZy"

= Z F()($(A)) pwaly4)(xp) (. Lemma 2)
ALy

=Y (/) (k) ywali(xp). -

k<b"
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3. WAFOM over a finite abelian group

In this section, we expand the notion of WAFOM defined in [10], more
precisely, we define WAFOM over a finite abelian group with b elements.

First, we evaluate the n-th discretized QMC integration error of f with
its discrete Fourier coefficients. Let P < Z;*" be a subgroup. We have
I1(f) = f;(O) by the definition of the discrete Fourier inversion, and we have
Ipn(f)=>4cpe ﬁ(A) by the Poisson summation formula (Theorem 1).
Hence we have

Ere(f;Pn) = |Ipa(f) = 1Nl =| Y. A< > 1A

AePI\{0} Ae P[0}

and thus we would like to bound the value | ﬁ(A)|. Dick gives an upper
bound of the k-th h-adic Walsh coefficient 7 (f)(k) for n-smooth function f
(for the definition of n-smoothness, see [3] or [6, §14]).

THEOREM 3 ([6], Theorem 14.23).  There is a constant Cy s, depending only
on b, s and n such that for any n-smooth function f :[0,1)" — R and any k e N*
it holds that

\F (f)(K)| < Cpnllf1], - b,

where || f||, is a norm of f for a Sobolev space and w,(k) is the n-weight of k,
which are defined in [6, (14.6) and Theorem 14.23] (we do not define them here).

Instead of ,, we define the Dick weight u on dual groups of general finite
abelian groups below, which is a generalization of the Dick weight over F,
defined in [10]. Actually, x is a special case of w,o¢. More precisely, if
G=2Z, and o>n hold, then we have pu=py,o¢ as a function from
(Z))"" (=~ Z;") to No.

DEFINITION 7. Let G be a finite abelian group and let 4 € (G¥)*". The
Dick weight u: (GY)™" — Ny is defined as
w(A) =" jxdai),
iJ

with d(h) =0 for h=0 and 6(h) =1 for h # 0.
We obtain the next corollary.

COROLLARY 1. There exists a constant Cy s, depending only on b, s and n
such that for any n-smooth function f :[0,1)" — R and any A € (Zy)*"" it holds
that

£ (A)] < Cosnll 1, - b
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Proor. This is the direct corollary of Theorem 3, Lemma 2, and the
equality 1(A) = p, o ¢(4). O

By the above corollary, we have a bound on the n-th discretized QMC
integration error

Err(f5 P,n) == [I(f) — Ip.a(f)| < Cosnllf1l, x Z b~
AePT\{0}
for a subgroup P of Z;*".
Hence, as a generalization of [10], we define a kind of figure of merit
(the Walsh figure of merit or WAFOM).

DermNiTION 8. Let s, n be positive integers. Let G be a finite abelian
group with b elements. Let P < G*" be a subgroup of G**". We define the
Walsh figure of merit of P by

WE(P):= > b4
AeP\{0}

In order to stress the role of the precision n, we sometimes denote WF”(P)

instead of WF(P).
Then, as we have seen, we have the Koksma-Hlawka type inequality

Ere(f; P,n) = [I(f) = Ip.n(S)] < Cpsnllf1l, x WE(P)

for a subgroup P < Z;*". This shows that WF(P) is a quality measure of the
point set P for quasi-Monte Carlo integration when G = Z,.

4. MacWilliams identity over an abelian group

In this section, we assume that s, n are positive integers. Recall that G is
a finite abelian group and GV its character group. We consider an abelian
group G*". Let P < G*" be a subgroup.

We are interested in the weight enumerator polynomial of P+

Wpe(x,y) Z M=)y d) e Clx, y),
AeP+
where M :=n(n+ 1)s/2.
Let R:=Clx;;(h)], where x;;(h) is a family of indeterminates for
1<i<s, 1<j<n, and he GY. We define functions f;;:GY— R as
f,7/(l’l) = X,‘}j(/’l) and f: (Gsxn)\/ = (GV)SXH — R as

=[] fistaiy) =[] xiai).

I<i<s I<i<s
1<j<n 1<j<n
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Now the complete weight enumerator polynomial of P', in a standard sense
[8, Chapter 5], is defined by

GWPLXU Zszjaz]

Ae Pl 1<i<s
I<j<n

and similarly, the complete weight enumerator polynomial of P is defined
by

GWPx*l] ZHX*I] l/

BeP I<i<s

I<j<n

in R* := C[x,; ;(g9)] where x,; ;(g) is a family of indeterminates for 1 <i <s,
Il <j<n, and g€ G. We note that if we substitute

Xi’j(O) “— )Cj, Xj’j(h) — yj for h # 0, (1)
we have an identity

GWp. (xl'sj(h)) |above substitution — Wp. (x7 y)'

A standard formula of the Fourier transform tells that, if f; : G — R,
f>»: G, — R are functions and f) f; : G; x G, — R is their multiplication at the
value, then

hf=Fh
holds. This implies that

B) =[] £bi) = ek LTSS fume ).

I<i<s I<i<s he GV
1<j<n I<j<n

Hence, by the Poisson summation formula (Theorem 1), we have

GWPL X,] Z f

AePt

=|P'Y f(B)

BeP

H > fij(h)(he b ).

l<l<rhEGv
1<j<n

Thus we have the MacWilliams identity below, which is a variant of
Generalized MacWilliams identity [8, Chapter 5 §6]:
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ProposITION 2 (MacWilliams identity).

GWp.(x; ;(h) = % GW, (substituted),

where in the right hand side every x.; ;(g) is substituted by
X j(9) — Y (heg)xi;(h).
heGY

We consider specializations of this identity. First, we consider a special-
ization GWp.(X1,...,Xp, Y1,...,Vn) of GWpi(x; ;(h)) obtained by the substi-
tution

Xi_j(O) — Xj, Xl'yj(h) — yj fOI' h # 0.

We have
> (heg)x; (h) —(0eg);+ Y (heg)y
heGY above substitution he G¥\{0}
—xi—yi+ Y (heg)y
heGY

_ by; (if g=0)
=Nyt { 0  (otherwise)

_ [+ G=1y (f g=0)
Sl -y (otherwise)’

where we use Lemma 1 for the third equality. Thus, we have the following
formula.

COROLLARY 2.

N 1
GWpi(Xt,e oy X, Y1y evey V) = mz 1T G+ 1)),
BeP l<i<s

where n(b; ;) =b—1if b; ;=0 and yn(b; ;) = —1 if b;; # 0.

Second, we consider the specialization (1) of GWp.. We have already
seen that GWp.|gupsitution (1)) = We+(x, ) holds.  Since

Wpi(x,y)=GWpi(x!,... x" y' ... ")

follows, Corollary 2 implies the following formula:
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THEOREM 4.

WPLX.V ZHXJ+’7 lj )a

BeP I<i<s

l<j<n

where n(b; ;) =b—1if bj; =0 and n(b;;) = —1 if b;; #O0.

Using Theorem 4, we can compute WF(P) and Jdp:, the minimum Dick
weight of P, The minimum Dick weight of Pt is defined as
Op1 = in B
Pt Beril”lil\{O} lu( )a
which is used for bounding WAFOM (see Section 5.3). First, we introduce

how to compute WF(P). The following formula to compute WAFOM is a
generalization of [10, Corollary 4.2], which treats the case G = F,.

COROLLARY 3. Let P < Z;*" be a subgroup. Then we have

WE(P) |P| Z [T )b).

BeP l<iss

I<j<n
PROOF.

WE(P) = > b4
AePL\{0}

=1+ Y b4

AePt

= 1+ Wp (1,71

|P|Z [Ta )b [

BeP l1<i<s

I<j<n

The merit of Theorem 4 and Corollary 3 is that the number of summation
depends only on |P| linearly, not |PL|=b*"/|P|. We can calculate weight
enumerator polynomials by sz times multiplication between an integer poly-
nomial with a binomial, and |P| times addition of such polynomials of degree
n(n+1)/2. In the case of computing WAFOM, we need sn times of mul-
tiplication of real numbers and |P| times of summation of such real numbers,
thus we need O(sn|P|) times of operations of real numbers. On the other
hand, to calculate weight enumerator polynomials based on the definition,
we need |Pt| times of summations of monomials, and to calculate weight
WAFOM based on the definition, we need |Pt| times of summations of real
numbers.
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For QMC, the size |P| cannot exceed a reasonable number of computer
operations, so |Pt|=5b"/|P| can be large if sn is sufficiently large. This
implies that the computational complexity of calculating weight enumerator
polynomials or WAFOM using Theorem 4 or Corollary 3 is smaller if sn is
large.

Second, we introduce how to compute dp.. The minimum Dick weight
op. is equal to the degree of leading nonzero term of —1 + Wp. (1, ), namely:

LemMA 3. Let Wpi(l,p)=1+>7,a;y". Then we have 0Jp. =
min{i|a; # 0}.

Thus we can obtain the minimum Dick weight of P* by calculating the
weight enumerator polynomial of P+.

REMARK 1. Because of Lemma 8 in Section 5.5, in order to compute
Op. it is sufficient to compute Wpi(1,y) only up to degree dp. < d*/(2s) +
3d/2 +s.

5. Estimation of WAFOM

The following arguments from Section 5.1 to Section 5.4 are general-
izations of [11] which deals with the case G = F, and arguments in Section 5.5
are generalizations of [19], which deals with the case G =F,. The methods
for proofs are similar to [11] and [19]. In this section, we suppose that s and n
are positive integers and that G is a finite abelian group.

5.1. Geometry of the Dick weight. Recall that G is a finite abelian group
with 5 > 2 elements, GV its character group. The Dick weight u: (GY)™" —
Ny induces a metric

d(4,B) :=u(A—B)  for A,Be(G")"™"

and thus (GY)*™" can be regarded as a metric space.

Let Sy ,(m) := [{4 € (G¥)™" | u(A) = m}|, namely S; ,(m) is the cardinality
of the sphere in (GY)"" with center 0 and radius m. A combinatorial
interpretation of S;,(m) is as follows. One has s x n dice. Each die has
b faces. For each value i = 1,...,n, there exist exactly s dice with value 0 on
one face and 7/ on the other b — 1 faces. Then, S;,(m) is the number of ways
that the summation of the upper surfaces of s x n dice is m. This combina-
torial interpretation implies the following identity:

n

[Ja+@-1)xb = iss_n(m)xm.

k=1 m=0
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You can also see this identity from Theorem 4 for P = {O}, x — I, and y « x.
Note that the right hand side is a finite sum. It is easy to see that S ,(m) is
monotonically increasing with respect to s and n, and S ,,(m) = Sy ps1(m) =
Sy, m+2(m) = --- holds.

DEFINITION 9. Si(m) := Ss, m(m).

We have the following identity between formal power series:

(14 (b—1)x"* = iSs(m)xm. 2)

1 m=0

-

k

For any positive integer M, we define
By n(M) = {4 e (GV)™" |u(4) < M}, voly (M) := | B, n(M)],

namely % ,(M) is the ball in G* with center 0 and radius M, and vol; ,(M)
is its cardinality. We have vol,,(M) =S ,(m), and thus vol, (M)
inherits properties of S; ,(m), namely, vol, ,(M) is also monotonically increas-
ing with respect to s and n, and volg (M) = voly y1(M) = voly yy2(M) = ...
holds.

DEerFINITION 10.  voly(M) := vol; y (M).

5.2. Combinatorial inequalities.

LemMma 4.
vol, (M) < voly(M) < exp(2+/(b — 1)sM).

ProoF. We have already seen the first inequality. We prove the next
inequality along [9, Exercise 3(b), p. 332], which treats only S =1 and b =2
case. If M =0 it is trivial, and so we assume that M > 0. Define a poly-
nomial with non-negative integer coefficients by

fx,M(X) : (1+(b— 1)xk)‘v,

-

k:

Il
R

Since f; p(x) has only non-negative coefficients, from Identity (2) we have
S M Sy (m)x™ < f, m(x) (x€(0,1)). Hence we have

M M
voly(M) =Y " S(m) < Y S(M)x" M < fiu(x)/xM (xe(0,1)).
m=0

m=0
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By taking the logarithm of the both sides and using the well-known inequality
log(1+ X) < X, for all xe(0,1) we have

volg ,(M) < s§M:log(l + (b — 1)x*) + M log(1/x)
k=1

M
<s(b—I)Zxk—i—Mlog<1—|—1 xx)
k=1
x 1 —x

+ M
- X X

<s(b—1)1

By comparison of the arithmetic mean and the geometric mean, the last

expression attains the minimum value 2+/(b — 1)sM when s(b — 1)x/(1 — x) =
M(1 — x)/x holds, namely x = (1++/(b— 1)s/M)"" € (0,1). O

LemMA 5.
Sun(M) < S,(M) < exp(2y/(b — 1)sM).
Proor. It follows from Lemma 4 and the inequality S;(M) < voly(M).
O
5.3. Bounding WAFOM by the minimum weight.

DerNiTION 11, Let P < G**" be a subgroup. The minimum Dick weight
of Pt is defined by

(5 1= i B
P Berlglil\n{O} u(B)

The next lemma bounds WF(P) by the minimum weight of P*.

LEMMA 6. For a positive integer M, define

8

Con(M) := > b = 3 S, u(m)b
Ae(GY) N\ By y(M—1) m=M

and

Then we have

WE"(P)= Y b < Culdp:) < Ci(dpr).
AeP\{0}
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Proor. The last inequality is trivial, so it suffices to prove the first
inequality. Since P\{O} = (GY)""\ %, ,(0p. — 1) holds, we have

AeP+\{0} Ae(GV) "\ By, u(0pL—1)

WE"(P) = Z p—HA) < Z p—H(4)

= Cv‘n(éPi) O
We shall estimate C;([M']) (C for the Complement of the ball) for rather

general real number M': from Lemma 5 it follows that

UMD = 3 Smp

m=[M"]

< i b7m€2 (b—1)sm
m=[M"]

oS
:bf(quzw/(bfl)s[M']_i_ Z bfmez (bfl)sm. (3)

m=[M"]+1

First, we estimate the second term of the above. The function

exp(2y/ (b — 1)sm)b™" = exp(2+/(b — 1)sm — m log b)

is monotonically decreasing with respect to m if

d 2(b—1)s
L /b= Dsm—mlogh) <0 =25 1555 <0
dm V(b = s = m log b) 2/ Dsm°

m

& m> (logb) 2(h—1)s,

hence we assume that M’ > (logh) (b —1)s. Then, we have

0
bfmez (b—1)sm

m=[M"]+1

o0
< J e log beZN/(hfl)sm dm

m=[M"]

s JE=Ds\ (b= 1)s
_J quxp(—(logb)(ﬁ— log b )—i— Tog b dm

m=
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2
* (b—1)s (b—1)s
< L:M, exp (—(log b) (\/m " logh ) + log b )dm

2
[ (b—1)s (b—1)s
= Jx: - exp( (log b) (x log b + Tog b 2x dx.

In order to bound the last integral from above, for a positive number c¢
we assume that /M’ > (1+¢)\/(b—1)s/logh or equivalently M’ >
(1+¢)*(log b) (b — l)s. This assumption is stronger than the previous as-
sumption M' > (log b)2(b—1)s. Then, on the domain of integration x>

VM' > (1+c¢)\/(b—1)s/logh, we have cx < (l+c)(x—+/(b—1)s/logb).

Hence the estimation continues:

EOC: bfme%/(bfl)sm

m=[M"]+1

2

” B=1s5\  (b—1)s
< L_Mexp< (log b) (x log b + og b

Xzi X—M dx

c log b

l+c 1 G5\ (b-1s) ]|

¢ —1)s —1)s
o logb[_eXp<_(10gb)<x_ log b >+ log b )}

x=vM'

_I4e 1 exp(—(logb)(x/_ /(b= s >+ logb)

¢ logh log b
I+c¢ 1 ,
= Togh exp(—(log b))M" +2+/(b — 1)sM’)

¢ logh

Second, we consider the first term of (3). We have already proved that
exp(21/(h — 1)sm)b™™ is monotonically decreasing if m > (log b) (b —1)s,
and thus the assumption M’ > (log b)) *(h — 1)s implies

pIM1 2V (=Ds[MTT =M’ 21/(b=1)sM

Therefore we have
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CS(I'M/"I) Sbf[M’]e%/(bfl)s(M"\ + i bfmeZN/(bfl)xm

m=[M"]+1
< b M 2V/BDsM | l+c¢ 1 p—M' 2/ (= D)sM’
- ¢ logh
(14 1+c¢ 1 b7M1(3'2 (b—1)sM’
c logh '

Now we proved:

PROPOSITION 3. Let ¢ be a positive real number. Let M' be a real number
with M' > (1 + ¢)*(log b) 2(b — 1)s. Then we have the following bound

/ / IT+c 1 M 2 /(b-T)sM’
Col ) = Gy < (14258 YoV,
5.4. Existence of low-WAFOM point sets. We denote the probability of the
event 4 by prob[4]. Let p, be the smallest prime factor of b. Let d be
a positive integer. Choose d matrices By,..., By € G independently and
uniformly at random. Let P=<By,...,B;> < G™" be the G-linear span of
By,...,By, namely P={g\1B1+ -+ gaBailgi,...,94 € G} where g € G acts on
B = (b;) by gB = (gb;). Note that |P| < b.

REMARK 2. If G =Zy, by the theory of invariant factor decomposition, we
can say that there exist matrices B, ..., Bl such that P' :== (Bj,..., B} includes
P and becomes a free Zy-module of rank d. Thus if G =7y, we can replace
“subgroup P’ in this subsection with a “digital net P,” since in this subsection we
consider only the existence of a subgroup which has large minimum Dick weight,
and P = P' implies that dp1 < Jpi.

First, we evaluate prob|perp,|, where we define perp; as the event that
By, ..., By are all perpendicular to Le (GY)"".

Lemma 7. Let Le(GY)™ be a nonzero matrix. Then we have
prob[L L B] < 1/ps.  Especially we have prob[perp;] < p;“.

ProOF. We consider the map (Le): G**" — C,B+— LeB. Then we
have the surjective group homomorphism G**" — Im(Le), and thus |Im(Le)]
divides G**". Moreover, since L is nonzero, |Im(Le)| is larger than 1. Hence
we have |Im(Le)| > p,. Therefore we have prob[L L B] = |Im(Lo)|_1 < 1/ps,
and especially we have prob[perp;] = prob[L L B]d <p;° O

Let M be a positive integer. We evaluate the probability of the event that
op. > M. We have
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prob[dp. = M| =1 — prob[dp. < M — 1]
=1 — prob[AL € &, ,(M — 1)\{O} s.t. L e P
=1—prob[AL € B, ,(M —1)\{O} st. L L By,...,L L By
=1- prOb[ULe,@S,,,(Mfl)\{o} perp,|

>1 - > prob|perp |
Led, ,(M-1)\{0})

>1— (voly,(M —1) = 1) - p;?
> 1 —voly (M —1) - p; <.
This shows:

PROPOSITION 4. If vol, (M — 1) < p{l holds, then there exists a subgroup
P < G with |P| < b? satisfying dp. > M.

By Lemma 4, the condition of this proposition is satisfied if it holds that

2 12
V=M= < o M < —(lo(gbpb) )d +1. (4)
- — 4b—-1)s

Therefore we have the following sufficient condition on the existence of M.

PROPOSITION 5. If M < (log p»)*d?/(4(b — 1)s) + 1 holds, then Inequality
(4) is satisfied, and hence there exists a subgroup P < G™" with |P| < b
satisfying op. > M.

From now on, we define o, := (log py)/2 and M’ := A?d*/((b— 1)s)
where 4 < o, and we take M to be |[M'+1] so that P with |P| <5b? and

O0pr = M exists. Then, by Proposition 3, we have the following upper bound
of WF(P):

PROPOSITION 6. Let oy := (log pp)/2. Take a real number A with A < o
and an arbitrary real number ¢ > 0. Then for any positive integers s, n, and
d> (1+¢c)(b—1)s/(Alogb), there exists a subgroup P = G™" with |P| < b?
satisfying

WE"(P) <1+ Tte 1 p— A (b=1)s) p24d
c logh

PrOOF. Define M’ := 4°d*/((b—1)s) and M := |[M'+1|. By Proposi-
tion 5, there exists a subgroup P = G**” with |P| < b? and dp. > M. For this
P, from Lemma 6 and Proposition 3 we have
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WE(P) < Cy(M)
= Cy([M')
<(1+ l+c¢ 1 M’ 23/ T)sM
¢ logh
_ (141 L N pewri-n 200
¢ logh
which proves the proposition. n

In particular, take 4 = o, and we have the next theorem.

THEOREM 5. Let op := (log pp)/2 and take an arbitrary real number
¢>0. Then for any s, n, and d > (1 +c)(b—1)s/(op log b), there exists a
subgroup P = G with |P| < b? satisfying

WF(P) < (1+ l+c ; b d?/(b=1)s) p2md
N ¢ logh

Applying Theorem 5 to the case G = F,, we can improve [11, Theorem 2
and Remark 5].

COROLLARY 4. Let o := oy = (log 2)/2 and take an arbitrary real number
¢>0. Then for any n and d > (1 + ¢)s/ (o log 2), there exists a linear subspace
P < F*" with dim P < d satisfying

WE(P) < <1 L 1)2“2d2/3e2“d.
¢ log?2
REMARK 3.  Suzuki [18] proved that the construction of higher order digital
nets on F, given in [3] combined with some Niederreiter-Xing point sets [14]
yields an explicit construction of low-WAFOM point sets, whose order of
WAFOM is almost the same with the order obtained in this paper.

5.5. A lower bound of WAFOM. In this subsection, we show a lower bound
on WAFOM(P), as a generalization of [19]. The next lemma gives an upper
bound on the minimum Dick weight of P+ for given P = G**", which implies a
lower bound of WAFOM(P).

LemMa 8. Suppose that s and n are positive integers. Let P < G**" be
a subgroup with |P| < b?. Let q, r be nonnegative integers which satisfy d =
gs+r and 0 <r<s. Then we have the following:
(1) 6pr <sq(qg+1)/2+(q+1)(r+1)<d*/2s+3d/2+s.
(2) Let C be an arbitrary positive real number greater than 1/2. If d/s >
(v/C+1/16 +3/4)/(C —1/2) holds, then we have ép. < Cd?/s.
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ProoF. We define a subgroup Q:={4 = (a;)e(G¥)""|a;=0 if
(q+2<j<n)or (j=q+1and r+2<i<s)}. We have |[Q|=5b®*!
=b™!. There is a Z-module isomorphism P+/(P+NQ) =~ (P++ Q)/0,
and thus we have

|PL| . |Q| - bxn—d . bd-H

PLm = = SX1
PTNOI= BT = Tien™

:b7

especially there exists a non-zero matrix 4’ € (P* N Q). Therefore we have
Ope < p(A') < max{p(4) | A = (a5) € O} = sqlq + 1)/2+ (g + D)(r + 1),
where the last equality holds if the components of A4 is as follows:

a;=01if (g+2<j<n)or (j=qg+1 and r+2<i<y)
a; #0if (1<j<q)or (j=g+1land 1<i<r+1)

In particular, since ¢ <d/s and r+ 1 <s, we have

Opr <sqg+1)/2+ (g+1)(r+1)

_d d+1 +d+1 _d? 1+3S+S2
T 2\s s T2 T a2)
which proves the first statement.
Let C be a real number greater than 1/2 and we assume d/s>

(v/C+1/16+3/4)/(C—1/2). Then we have 1/2+3s/2d+s?/d*><C.
Thus we obtain

> (1 3s s° )
(SPLS 3<2+2d+dz>SCd /S,

which proves the second statement. ]
The above lemma gives a lower bound of WF(P).

THEOREM 6. Suppose that s and n are positive integers. Let G be a finite
abelian group with b > 2 elements. Let P < G**" be a subgroup with |P| < b?.
Let C be an arbitrary positive real number greater than 1/2. If d/s>

(VC+1/1643/4)/(C —1/2) holds, then we have
WF”(P) > bfcdz/s.

PRrROOF.

WEF"(P) = Z hHA) > p=Ops > p=Cd/s, m
AeP\{0}
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5.6. Order of WAFOM. In this subsection, we consider the order of WF(P)
where P is a subgroup of G**" with |P|= b“.

We fix the base b. Let D:=a, = (log py)/2. We fix a positive integer
E satisfying E > (b—1)/(D logb). Let ¢ be the real number such that £ =
(I+¢)(b—1)/(Dlogh) (by the assumption that E > (b—1)/(Dlogbh), ¢ is
positive). Note that ¢, D and E depend only on b.

We assume that d/s > E. Then, by Proposition 6, there exists a subgroup
P c G™" with |P| < b? satisfying

WF"(P) < (1 + L+c L)b—Dzdz/((b—l)s)EZDd'
¢ logh

Moreover, by Theorem 6, for every P with |P| < b? we have WF"(P) > b~ C4'/s
where C = (1/2+3/(2E)+ 1/E?). Thus we have the following lemma.

LemMmA 9. If d/s > E, we have

—Cd?/s < min{log,(WF"(P))| P = G**" subgroup, |P| < b?}

I+c¢ 1
< -D°d°/((b—-1)s) +2Dd/10gb+logb<l +— Iog b)'

Especially, let N =5 and we have the following.

THEOREM 7. Let G be a finite abelian group with |G| =b. Let P < G**"
be a subgroup with |P| < N. Let ¢, C, D, and E are constants as Lemma 9,
which depend only on b. Suppose that (log N)/s > E. Then we have

N—CloeN)/s < min{WE"(P)| P = G**" subgroup, |P| < N}

<(14 l+c¢ 1 D (0g N)/((log b)(b~1)5)+2D/log b
log b
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