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Students’ perception of their own English skills 

* 

Reiko Umeda 

Summary 
Students with good skills of English tend to observe their own skills analytically.  While those with poor 

skills of English tend to see themselves just as “I am weak in English” or “English is too difficult a subject for 
me,” without analyzing the skills and knowledge they’ve acquired.  They judge their skills of English 
top-down, not bottom-up.  This “unconscious” perception can affect their attitude toward learning English 
negatively.  Breaking this wrong perception can be one of the ways to lower the psychological barriers those 
students have toward learning English. 

 
Keywords  unconscious, psychological barriers 
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Leonard Mlodinow (2012) unconscious
Sigmund Freud

“new unconscious”

Human behavior is the product of an endless 
stream of perceptions, feelings, and thoughts, at 
both the conscious and the unconscious levels.  The 
idea that we are not aware of the cause of much of 
our behavior can be difficult to accept. (Mlondinow, 
2012, p.16)
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Mlodinow (2012)  
As these studies suggests, the subtlety of our 

reasoning mechanisms allows us to maintain our illusions of 
objectivity even while viewing the world through a biased 
lens.  Our decision-making processes bend but don’t break 
our usual rules, and we perceive ourselves as forming 
judgments in a bottom-up fashion, using data to draw a 
conclusion, while we are in reality deciding top-down, using 
our preferred conclusion to shape our analysis of the data.  
When we apply motivated reasoning to assessments about 
ourselves, we produce that positive picture of a world in 
which we are all above average. Mlodinow (2012, 
pp.213-214) 

bottom-up top-down
2.1.1

2.1.2

top-down  

 

 
Psychologists call this tendency for inflated 

self-assessment the “above-average effect,” and they’ve 
documented it in contexts ranging from driving ability to 
managerial skills. Mlodinow (2012, p198) 
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1 Leonard Mlodinow (2012) “Subliminal: How your 
unconscious mind rules your behavior.” Vintage Books 
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Visualization of lubricant flow on surface texturing under hydrodynamic lubrication 

* 

Ryo TSUBOI 

Summary 
Surface texturing is one of the attractive techniques which changes lubricate properties. In hydrodynamic 
lubrication, one of the effects is generating of hydrodynamic pressure. This leads improvements of a load 
capability and friction characteristics. Some experimental and numerical studies are performed to clarify the 
mechanisms about generating hydrodynamic pressure with the surface texturing. However, small number of the 
researches described the information of the lubricants flow. In this study, visualization of lubricant flow on 
surface texturing using fluorescent particles and high-speed camera was performed and some results of the 
visualization are shown. 

 
Keywords Surface Texturing, Hydrodynamic Lubrication, Visualization 
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Repeatability Evaluation Using Contact Finite Element Modeling 

 
Kazunori SHINOHARA1), Kosei ISHIMURA2), Yoshiro OGI3),  

Hiroaki TANAKA4), Koji MATSUMOTO5) 

Summary 
High-precision deployable antennas have been developed for artificial satellites. To meet future demand for such antennas, we 

developed hinge and latch mechanisms with deployment repeatability, based on solid-type mechanical contact connections. 
The latch mechanism consists of a pair of mechanical structures/parts that come into contact with each other at their respective 
surfaces. Kinematic couplings are attached to the latch mechanism, which constrain the relative freedom of motion of the two 
constituent structures. In this study, we compared the experimental repeatability results for the latch structure of the solid-type 
antenna with computational results based on the contact finite element method (FEM). Developing a robust and efficient 
contact FEM is one of the most challenging tasks in deployable antenna FEM problems. To facilitate computation of the 
repeatability of the latch structure, modeling techniques for the contact interactions between two deformable bodies were 
developed. 

 
 
Keywords Satellite, Deployable Structure, Contact, Friction, Finite Element Analysis

1 Introduction 

Rockets represent the only way to transport satellites into 
space at present, and have limited available room to carry a 
satellite. In this respect, a deployable mechanism is required 
in order to fold a large antenna. Large deployable antennas 
are associated, however, with various technical issues, 
including those associated with: a) precise positioning 
control, such as the case of the parabolic antenna, and b) 
instability due to incomplete expansion. A major reason for 
such technical issues is the friction between parts that are in 
contact. As satellite observation systems become more 
sophisticated and highly developed, the demand for large 
and precise structural parts is increasing. In accordance to 

the literature, deployable antennas used thus far, are either 
mesh antennas (e.g., ETS-VIII [1]) or solid antennas (e.g., 
JWST [2] and LIDAR [3] ). 
To meet the future demand for high-precision deployable 

antennas, hinge and latch parts with deployment 
repeatability were developed, based on the mechanical 
contact connections. To verify proper functionality of the 
deployable latch parts in the solid antenna, we used a testbed 
comprising of contact facing surfaces with several attached 
fittings. When the two plates are overlaid, a slight shift 
occurs between them. 
The contact state between the two plates depends on the 

shape or position of the parts on the plate. As time elapses, 
the contact area and friction vary locally because of the 

1) Department of Integrated Mechanical Engineering, Daido University, Nagoya, Japan 
2) Institute of Space and Astronautical Science (ISAS), JAXA, Sagamihara, Japan 
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5) Research and Development Directorate, JAXA, Chofu, Japan 
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deformation and sliding of the parts in contact. The testbed 
was used (i.e., the latch deployable structure), to study the 
displacement repeatability, based on the rotational angles 
between the initial and subsequent positions of a plate after 
repositioning [4]. In the effort to create a computational 
model for the testbed, the contact model of this structure 
becomes an important problem. 
To the best of our knowledge, no repeatability calculation 

results relevant to both the backlash and shift of a latch 
structure have ever been published. To predict the latch 
repeatability, a computational model based on the finite 
element method (FEM) for the contact interactions between 
the two deformable bodies was developed. 

2 Structure of the Solid Antenna 

Fig. 1 shows the solid antenna. A folding mechanism is 
needed to fold the parabolic structure. The mechanism 
consists of the plates, hinges, and couplings. The plates are 
fixed to each other through the couplings that is the contact 
points. Coupling arrangements on the plate and the coupling 
contact state affect the position accuracy of the parabolic 
antenna surface.  
Fig. 2–Fig. 4 show the conceptual design schematics of the 

couplings. The couplings are sets of sphere-flat, sphere-vee 
and sphere-cup fittings that constrain motion to six relative 
degrees of freedom. As shown in Fig. 2, the sphere-flat 
consists of a sphere and a plate. The relative displacement 
between the plate and the sphere is fixed by friction. In this 
paper, the sphere-flat is referred to as “1DOR” [Degree Of 
Redundancy (DOR)]. 1DOR has a contact state between a 
plain surface and the spherical cap, and it constrains motion 
to one degree of freedom. As shown in Fig. 3, the sphere-vee 
consists of both the spherical cap and a V-shaped channel, 
subsequently referred to as “2DOR”. 2DOR has a contact 
state between a V-shaped channel and the sphere and 
constrains motion to two degrees of freedom. As shown in 
Fig. 4, the sphere-cup consists of both the sphere and a 
conical shape. In a similar manner, the sphere-cup is referred 
herein to as “3DOR”. 3DOR has a contact state between a 
conical shape and the sphere and constrains motion to three 
degrees of freedom. The principle of an object constrained 
by the kinematic coupling is applied, similar to the cases of 
machining devices and optical instruments for which 
positioning accuracy is required. 
As shown in Fig. 5, the sphere is sliced so that kinematic 

couplings can be implemented in the limited space between 

the upper plate and the lower plate. Similarly, to make the 
V-groove shown in Fig. 3 shallow, the area around the two 
contact points between the sphere and the V-groove is 
extracted from the structure shown in Fig. 3. Therefore, the 
slice from the spherical shape is constructed as shown in Fig. 
6. In the case of Fig. 4 (3DOR), the structure shown in Fig. 7 
is constructed by the same means. 
 

Fig. 1.  Structure of solid antenna with contact parts 
(1DOR, 2DOR, and 3DOR) 

Fig. 2  Sphere-flat (Conceptual figure of 1DOR) 

Fig. 3  Sphere-vee  (Conceptual figure of 2DOR) 

Fig. 4  Sphere-cup (Conceptual figure of 3DOR) 
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Fig. 5  Implemented 1DOR 

 

 
Fig. 6  Implemented 2DOR 

 

 

Fig. 7  Implemented 3DOR 
 

3 Test of Latch Deployable Structure 

Figs. 8 and 9 show the testbed of the latch deployable 
structure. The structure consists of two plates: the upper and 
the lower. The two plates are made from iron and come in 
contact at three locations on each plate, namely at contact 
states 1DOR, 2DOR, and 3DOR. 1DOR, 2DOR, and 3DOR 
are made from SUS440C and include mechanical structures 
to support each plate at one, two, and three contact points, 
respectively. The displacement of the lower plate is fixed. 
Lifting the upper plate draws it away from the lower plate. 
The upper plate is subsequently lowered toward the lower 

plate so that the two come in contact with each other. The 
rotational angles are measured by determining the 
displacement between the initial and subsequent positions of 
the upper plate. Table 1 represents the testbed results for the 
rotation with respect to the x-, y-, and z-axes. The symbol 

 in the figure 8 represents the positive direction of the 
z-axis. The positive direction is defined as the outward 
normal to the plane of the paper. 
At small angles, the upper plate becomes parallel with 
respect to the lower plate. At large angles, there is a slight 
relative displacement between the initial and subsequent 
positions of the upper plate. This relative displacement 
between the plates occurs because of a partial contact state 
of 1DOR, 2DOR, and 3DOR. In the testbed results, after the 
upper plate was repositioned on the lower plate, the relative 
displacements between the upper and lower plates with 
respect to the x- and y-axes were approximately ±0.1 mm. 
As shown in Table 1, the absolute values of the rotational 
angles were measured repeatedly, eight separate times. The 
average rotational angles along the z-, x-, and y-axes were 
4.42, 3.49, and 2.60 arcsec, respectively. 

 
Fig. 8.  Testbed [4] 

 
Fig. 9.  Configuration of latch structure with contact parts 
(1DOR, 2DOR, and 3DOR) [4] 
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Table 1.  Rotational angle of upper plate computed as 
differences between the initial and subsequent positions [4] 

 z rotational 
angle 

(arcsec) 

x rotational 
angle 

(arcsec) 

y rotational 
angle 

(arcsec) 
Testbed 

data 
(absolute 

value) 

1.08 2.25 2.58 
0.48 5.09 4.68 
6.73 1.19 0.93 
10.11 1.81 5.00 
5.18 5.52 2.43 
6.54 2.00 3.82 
2.99 5.44 0.59 
2.24 4.53 0.74 

Average 
value 

4.42 3.49 2.60 

 

 
Fig. 10.  Computational model 

 

4 Computational Model 

To explain the mechanism of the partial contact state on 
contact parts, we also attempted to construct an FEM 
computational model based on the latch deployable antenna. 
Fig. 10 shows the computational model and Table 2 lists the 
material properties used in the model. Indicatively, the 
Young’s modulus, density, coefficient of friction, and 
Poisson ratio values were set to 210 GPa, 7874 kg/m3, 0.17, 
and 0.3, respectively. The displacement of the downside 
surface (Fig. 10) on the lower plate is fixed. The model had 
approximate 48,000 nodes and 27,000 tetrahedral elements. 
In order to calculate the contact state with high accuracy, the 
FEM model divided the contact parts into small segments 
relative to the actual plate segments. The model was loaded 
with the force of gravity with respect to the negative z-axis. 
In the testbed, the relative displacements between the lower 

and upper plates were measured to be ±0.1 mm with respect 
to the x- and y-axes. Therefore, the relative displacements in 
the computational model were also set to ±0.1 mm with 
respect to the x- and y-axes. Figs. 11–19 show the nine 
calculation conditions of the relative displacements between 
the upper and lower plates with values (x, y) = (0.0, 0.0), 
(0.1, 0.0), (0.1, -0.1), (0.0, -0.1), (-0.1, -0.1), (-0.1, 0.0), (-0.1, 
0.1), (0.0, 0.1) and (0.1, 0.1). These were defined as 
conditions 1–9, respectively. 
 

 
Fig. 11.  Condition 1 of computational model 

 

 
Fig. 12.  Condition 2 of computational model 
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Fig. 13.  Condition 3 of computational model 

 

 
Fig. 14.  Condition 4 of computational model 

 

 

Fig. 15.  Condition 5 of computational model 

 
Fig. 16.  Condition 6 of computational model 

 

 
Fig. 17.  Condition 7 of computational model 

 

 

Fig. 18.  Condition 8 of computational model 
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Fig. 19.  Condition 9 of computational model 
 

Table 2.  Properties of the constructed computational 
model. 

Property Value 
Young’s modulus 210 GPa 
Density 7874 kg/m3 
Poisson ratio 0.3 
Gravity 9.8 m/s2 
Coefficient of friction 0.17 
Mass of upper plate 149.5 kg 
Mass of lower plate 148.5 kg 
Plate thickness 30.0 mm 
 

 

Fig. 20.  Displacement contour of the upper plate 
(condition 1) 
 
 
 
 

5 Computational Results 

5.1  Results of complete contact state (condition 1) 
The computational model was initially set to condition 1 

(see Fig. 11). The x- and y-coordinates of the four edges on 
the upper plate agreed with those on the lower plate. Fig. 20 
shows the resulting displacement contour results. The 
displacement scale factor of the upper plate was set to 5000. 
Around the domain A shown in Fig. 20, the upper plate is 
supported by 3DOR. On the other hand, around the domain 
B, the upper plate sagged under its own weight. 
Figs. 21–27 show the von Mises stress contours. In order to 
support the self-weight, a stress occurred at 1DOR, 2DOR, 
and 3DOR. Specifically, Fig. 22 and Fig. 23 show the von 
Mises stress contour of 1DOR on the upper and lower plates, 
respectively. The contact state occurred at the center of the 
sphere in 1DOR. Correspondingly, Fig. 24–27 show the von 
Mises stress contours of 2DOR and 3DOR on both plates. In 
such cases, the contact state occurred at two and three points, 
respectively. 

 
Fig. 21.  von Mises stress contour 

 

 
Fig. 22.  von Mises stress contour of 1DOR on upper plate 
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Fig. 23.  von Mises stress contour of 1DOR on lower plate 
 

 
Fig. 24.  von Mises stress contour of 2DOR on upper plate 
 

 

Fig. 25.  von Mises stress contour of 2DOR on lower plate. 
 

 
Fig. 26.  von Mises stress contour of 3DOR on upper plate 
 

 
Fig. 27.  von Mises stress contour of 3DOR on lower plate 
 

5.2  Results of partial contact state (condition 2) 
The case with a given displacement between the upper 

and lower plates was also calculated. As shown in Fig. 12 
(condition 2), the given displacement was set to 0.1 mm with 
respect to the x-axis.  
Fig. 28 shows the displacement contour. The deformation 
scale factor was set to 5000. As shown in Fig. 20, the 
contour of the displacement became symmetrical about the 
left-right axis in the complete contact state. As shown in Fig. 
28, the contour of the displacement becomes asymmetrical 
about the left-right axis under the partial contact state. 
Fig. 29–35 show the von Mises stress contour. The partial 
contact state between the upper and lower plates caused the 
non-uniform stress distribution at 1DOR, 2DOR, and 3DOR. 
Additionally, Fig. 30 and Fig. 31 show the von Mises stress 
contour of 1DOR on the upper and lower plates, respectively, 
whereas Fig. 32 and Fig. 33 show the corresponding von 
Mises stress contour of 2DOR. In the partial contact state, 
the individual weight of the upper plate was supported by 
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2DOR. Fig. 34 and Fig. 35 show the von Mises stress 
contour of 3DOR on the upper and lower plates, respectively. 
In the partial contact state, the individual weight of the upper 
plate was supported by 3DOR. 
 

 
Fig. 28.  Displacement contour of upper plate 

 

 
Fig. 29.  von Mises stress contour 

 

 
Fig. 30.  von Mises stress contour of 1DOR on upper plate 
 

 

 
Fig. 31.  von Mises stress contour of 1DOR on lower plate 
 

 
Fig. 32.  von Mises stress contour of 2DOR on upper plate 
 

 
Fig. 33.  von Mises stress contour of 2DOR on lower plate 
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Fig. 34.  von Mises stress contour of 3DOR on upper plate 
 

 
Fig. 35.  von Mises stress contour of 3DOR on lower plate 
 

 
Fig. 36.  Semi-log plot of the rotational angles of the upper 
plate along the direction as shown in Fig. 12 
 

 
Fig. 37.  Semi-log plot of the rotational angles of the upper 
plate along the direction shown in Fig. 13 
 

 
Fig. 38.  Semi-log plot of the rotational angles of the upper 
plate along the direction as shown in Fig. 14 
 

 
Fig. 39.  Semi-log plot of the rotational angles of the upper 
plate along the direction as shown in Fig. 15 
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Fig. 40.  Semi-log plot of the rotational angles of the upper 
plate along the direction as shown in Fig. 16 
 

 
Fig. 41.  Semi-log plot of the rotational angles of the upper 
plate along the direction as shown in Fig. 17 
 

 
Fig. 42.  Semi-log plot of the rotational angles of the upper 
plate along the direction as shown in Fig. 18 
 

 
Fig. 43.  Semi-log plot of the rotational angles of the upper 
plate along the direction as shown in Fig. 19 
 

5.3 Comparison of computational and experimental 
results 

Rotational angle data listed in Table 1 was obtained using 
the measurement equipment. The measurement equipment 
was placed at the original point in Fig. 8. Therefore, in the 
computational model shown in Fig. 10, the rotational angles 
were calculated by using the inclination of the convexity of 
domain A of the upper plate.  

The rotational angles with respect to the relative 
displacement between the upper and the lower plates are 
shown in Fig. 36–43. The unit of the rotational angle is 
arcsec. In Fig. 36-43, Fig. 11–19 represent the direction of 
the relative displacement. The solid, the dotted thin, and the 
dotted bold lines in Fig. 36 43 represent rotational angles in 
Table 1. The filled ,  and  symbols represent 
rotational angles with respect to the z-, x- and y-axes, 
respectively. Compared to the complete contact state, in the 
partial contact state case, contact points tend to be fewer. 
Therefore, differences in the rotational angles (which 
represent the relative displacement between the plates) 
occurred in the case of partial contact states. 

For the testbed, the relative displacement between the 
upper and lower plates is described in the form of three 
rotational angles, as presented in Table 1. The three 
rotational angles decreased within the range of 
approximately 0.0–10.0. Similarly, as described in Fig. 
36–43, with the exception of relative displacements of the 
order of 0.1 mm, these angles decreased within exactly the 
same range (approximately 0.0–10.0) in the case of contact 
state modeling. Therefore, the order of the rotational angles 
shown in Fig. 36–43 is almost in agreement with those listed 
in Table 1.  
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Based on the results of Fig. 36–43, the rotational angles 
are within a margin of approximately 1.0 arcsec with respect 
to every direction (Fig. 12–19), given that the relative 
displacement between the upper and the lower plates is 
within 0.01 mm. On the other hand, the rotational angle 
tends to increase irregularly, if the relative displacement 
becomes larger than 0.01 mm. Therefore, even if the upper 
and lower plates do not fit perfectly, the repeatability can be 
achieved when the relative displacements are within the 0.01 
mm. 
 

6 Conclusions 

For the development of a latch deployable antenna 
structure with high precision, a technique to evaluate the 
displacement between two plates based on FEM was 
presented. The computational and experimental results were 
compared that lead to the following conclusions. 
The rotational angle of the upper plate was measured as the 
difference between the initial and subsequent positions. A 
computational model based on FEM was created to obtain 
the calculated rotational angles between the initial and 
subsequent positions. The computational results agreed well 
with the test results. 
Through the computational model, information on the 

repeatability or the backlash mechanism can be obtained, 
using contact FEM. To quantitatively evaluate the 
repeatability of the latch structure, information related to 
repeatability is summarized in the form of rotational angles. 
Therefore, from an engineering viewpoint, important data 
can be obtained with sufficient accuracy. 

In future research, we will examine optimal arrangements 
of the contact parts on the plate to minimize changes to the 
rotational angles. 
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Special function: Leaf function r=sleafn(l)  
(First report) 

 
Kazunori Shinohara* 

Summary 
Special function: The leaf function sleafn(l), together with some of its features, is presented. A saw-tooth wave with 

periodicity can be defined as a continuous function sleafn(l). The exponent m of the function m
n lsleaf increases when 

differential operations are conducted. These leaf functions are closely related to trigonometric functions or the elliptic function. 
The inverse trigonometric and inverse elliptic functions are represented by 

21 x
dt and

41 x
dt , respectively. According 

to the Ref. [3], “mathematicians accepted the fact that 
41 x

dt  is a new function, which is one of a family called the elliptic 

integrals”. On the other hand, we have not discussed the higher order of the variable x, such as the inverse functions: 

61 x
dt , 

81 x
dt , and 

1001 x
dt  etc.  

 This paper presents a new special function, the leaf function, based on these inverse integral functions. Compared to the 
waves or curves produced by both the trigonometric functions and the elliptic function, different waves or curves with 
periodicity can be produced by using the leaf function.  

 
Keywords Leaf function, Leaf curve, Jacobi elliptic functions, Elliptic integrals, Lemniscate, Ordinary 
differential equation, Square root of polynomial 

1 Introduction 

In this paper, variables are always real numbers. Complex 
numbers are not considered. We discuss the following 
ordinary differential equation (ODE): 

 
12

2

2
nlrn

dl
lrd   (1) 

00r   (2) 

10
dl

dr  (3) 

 
The variable r(l) represents the function with respect to the 
variable l. Equations (2) and (3) represent the initial 

conditions of the ODE. The number n represents a natural 
number (n=1,2,3,  ). Ordinary differential equation (1) has 
interesting properties and can be solved by using numerical 
simulation techniques. In the graph, variables r and l are 
represented by the vertical and horizontal axes, respectively. 
With respect to any natural number n in Eq. (1), the graph 
shows various waves with periodicity.  
In the case of n=1 in Eq.(1), we can obtain trigonometric 

functions (such as r(l)=sin(l) or r(l)=cos(l) etc. ) as solutions 
of this equation. In the case of n=2 in Eq. (1), we can obtain 
the following: 
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3
2

2

2r
dl

rd   (4) 

 
Differentiating the function r generally leads to a decrease in 
the index n of the function r. Therefore, it is difficult to 
describe the function r by using elementary functions. As 
described later, in the case of n=2, Eq. (1) is closely related 
with elliptic function and integration. In the case of n=3, to 
the best of our knowledge, the following equation has not 
been discussed [1]-[10]: 
 

 5
2

2

3r
dl

rd   (5) 

 
Using the graph or numerical analysis, the relation between 

the geometry and equation (1) is described for Eq. (1). As an 
application, the present paper deals with n=1,2,3,4,5 and 
100. The leaf function sleafn(l) satisfied with Eq. (1) - (3) is 
presented. 

2 Symbols 

The symbols used in the paper are as follows: 
 
n: Natural number ( n=1,2,3,  ). In the paper, it is named 
as basis. 
r: Distance between the origin and the point on the curve 
 

022 yxr  (6) 

 
As described below, the negative variable r has to be defined 
in Eq. (1). 
:   The variable represents the angle. In this paper, the 

unit is radian. Counter-clockwise is positive. Clockwise is 
negative. 
l:    Arc length on a leaf curve 
 
Numerical values are rounded off to five decimal places, 

and calculated with a precision of up to four digits. 

3 Leaf function 

3.1  Elliptic function [1] 
The incomplete elliptic integral of the first kind l is defined 

as: 
 

11
110 222

r
tkt

dtl
r  (7) 

 
where the parameter k is the modulus of the elliptic integral. 
The inverse elliptic function arcsn(r,k) is defined as follows: 
 

11
11

,
0 222

r
tkt

dtkrarcsn
r  (8) 

 
Therefore, the following is obtained: 
 

klsnr ,  (9) 

 
3.2  Leaf curve ( x - y plane) 

The leaf curve is defined as follows: 
 

)0(,3,2,1sin rnnr n  (10) 
 
A point on the graph of Eq. (10) starts at the origin. As the 

angle  increases, the point moves farther away from the 
origin. After reaching r=1.0 (the distance between the point 
and the origin), the point returns to the origin. In the graph, 
the horizontal axis and the vertical axis are set to represent x 
and y, respectively. These curves on the graph resemble a 
leaf shape. Therefore, these curves are defined as the leaf 
curve. 
The leaf curve of n=1 is shown in Fig.1. In this case, the 

leaf curve represents a circle. In this paper, the curves are 
defined as one positive leaf curve. The reason as to why in 
one leaf curve is defined as positive, is described later. The 
leaf curve of n=2 is shown in Fig.2. This leaf curve 
represents the lemniscate with a slope of 45 degrees. The 
leaf curve (sleafn(l)) and the straight line (y=tan( /4)×x) 
intersect at a point, which takes the maximum value r = 1. 
The leaf curves of n=3, 4, 5, and 100 are shown in Figs. 

3-6, respectively. The graphs of these curves are described as 
three positive leaf curve, four positive leaf curve, five 
positive leaf curve, and hundred positive leaf curve, 
respectively. The leaf curve and the straight line 
y=tan( /2n)×x intersect at a point, which takes the 
maximum value r = 1. The parameter n represents the 
natural number in Eq. (10). As the parameter n increases, the 
number of leaves increases in the graph. 
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Fig. 1  One positive leaf curve 

 (Circle of center (0.0, 0.5)) 

 
Fig. 2  Two positive leaf curve  

( lemniscate with slope of 45 degrees ) 

 
Fig. 3  Three positive leaf curve 

 

 
Fig. 4  Four positive leaf curve 

 

Fig. 5  Five positive leaf curve 

 

Fig. 6  Hundred positive leaf curve 
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3.3  Leaf function r-l plane in first quadrant  
In this section, we discuss the ODE in Eq. (1). The 

parameter n represents a natural number. The variable l 
represents the length between the origin and the point on the 
leaf curve. 
For example, the cases of n=1,2,3,4,5, and 100 in Eq.(1) 

are shown in Figs.7 - 18. The distance r is the function 
consisting of the length l. 
 

,3,2,112
2

2

nlrn
dl

lrd n   (11) 

 
The function r(l) is abbreviated as r. By multiplying the 

derivative dr/dl, Eq. (12) is obtained as follows: 
 

,3,2,112
2

2

n
dl
drnr

dl
rd

dl
dr n  (12) 

 
By integrating both sides in Eq. (12), the following equation 
is obtained: 
 

,3,2,1
2
1

2
1

1
2

2

nCr
dl
dr n   (13) 

 
Using the initial condition in both Eq. (2) and Eq. (3), the 
constant C1 is determined. 
 

1
2

2

0
2
10

2
1 Cr

dl
dr n  (14) 

 
The following equation is obtained. 
 

2
1

1C  (15) 

 
By solving the derivative dr/dl in Eq. (13), the following 
equation is obtained. 
 

nr
dl
dr 21  (16) 

 
In Fig.7, the arc length l=0 indicates the distance r=0. As 

the variable l increases within the first quadrant (0 l /2) 
in Fig.7, the variable r increases. It is natural that the 
differential dr/dl is defined as positive. Therefore, it is 

obtained as follows: 
 

nr
dl
dr 21   (17) 

 
In this section, notice that variables r and l only occur in 

the first quadrant. As described in section 5.2, with respect 
to the range of the variable l, it is necessary to decide the 
sign of the differential dr/dl. After separating the variables, 
Eq. (16) is integrated from 0 to r and is obtained as follows: 
 

11
1

1
0 2

rldt
t

r

n
  (18) 

 
The inverse function of Eq. (18) is defined as follows: 
 

ldt
t

rarcsleaf
r

nn 0 21
1  (19) 

 
The following equation is obtained. 
 

lsleafr n  (20) 

 
In the case of n=1, the curve is shown in Fig. 7 and Fig. 8. 
The following equation is obtained. 
 

llsleaf sin1  (21) 
 
In the case of n=1, the arc length l is proportional to the 
radian angle. 
 
l=  (22) 

 
Therefore, Eq.(20) is as follows: 
 

sin1 lsleaf  (23) 
 
In the case of n=2, the curve is shown in Fig.9 and Fig.10 

and the following equation is obtained. 
 

ilsnlsleaf ,2  (24) 
 

The function sn represents Eq. (9). The variable i represents 
an imaginary number.  
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3.4  Relation between the geometry and the function: 
sleafn(l) 

In this section, the relation between the geometry and the 
function sleafn(l) is described. The coordinate system of the 
function sleafn(l) is shown as polar coordinates. 

 
cosrx  (25) 
sinry  (26) 

 
The functions x and y consist of both the variables  and r. 

Eq.(25) and Eq.(26) are differentiated with respect to the 
variable r to obtain the following equation. 
 

dr
dr

dr
dx sincos  (27) 

dr
dr

dr
dy cossin  (28) 

 
In a small domain, approximation of the length l on the 

curve is shown as follows: 
 

r
r
y

r
xyxl

22
22  (29) 

 
If the variable l takes an infinitely small value, the 
following equation is obtained. 
 

dr
dr
dy

dr
dxdl

22

 (30) 

 
By substituting Eq. (27) and (28) in Eq. (30), the following 
equation is obtained. 
 

dr
dr
dr

dr
dr
dr

dr
dr

dr
dr
dy

dr
dxdl

2
2

22

22

1

cossinsincos
 (31) 

 
By differentiating Eq. (10) with respect to the variable , the 
following equation is obtained.  
 

nn
d
drnr n cos1  (32) 

 
The above equation is as follows: 
 

n
r

dr
d n

cos

1
 (33) 

 
By substituting Eq. (33) in Eq. (31), the following equation 
is obtained. 
 

dr
r

dr
r

r

dr
n

rdr
n

r

dr
n

rrdr
dr
drdl

nn

n

nn

n

22

2

2

2

2

2

21
2

2
2

1
1

1
1

sin1
1

cos
1

cos
11

 (34) 

 

By integrating 
nr 21

1
 from 0 to r, the following 

equation is obtained. 
 

dt
t

l
r

n0 21
1  (35) 

 
The above equation is the same as the inverse function 
defined by Eq. (17). The following equation is obtained. 
 

)(
1

1
0 2

rarcsleafdt
t

l n

r

n
 (36) 

 
The following equation is obtained. 
 

lsleafr n   (37) 

 
By differentiating Eq. (35) with respect to the variable r, the 
following equation is obtained.  
 

nrdr
dl

21
1   (38) 

 
The above equation is obtained as follows: 
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nr
dl
dr 2

2

1  (39) 

 
By differentiating the above equation with respect to the 
variable l, the following equation is obtained.  
 

dl
drnr

dl
rd

dl
dr n 12

2

2

22  (40) 

 
By reason of the condition dr/dl 0, the following equation is 
obtained. 
 

12
2

2
nnr

dl
rd  (41) 

 
Using Eq. (36), the following equation is obtained. 
 

12

2

2
n

nn lsleafnlsleaf
dl
d  (42) 

 
Therefore, Eqs. (1)-(3) can be described by the leaf function. 
 

4 Numerical examination of leaf function 

In the case of n=1,2,3,4,5, and 100 in Eq.(10) and (37), the 
graph is plotted. In this section, the variables , x, and y are 
only in the first quadrant. Therefore these variables are 
satisfied as follows: 
 

2
0  (43) 

10 x  (44) 
10 y  (45) 

 
In the case of n=1, the function is as follows: 
 

sinr  (46) 
 
Using Eq. (6), Eq. (25), and Eq. (26), the relation between 
the variables r and  can be described by the relation 
between the variables x and y. It is obtained as follows:  
 

yyx 22  (47) 

 

These graphs are shown in Fig.7 and Fig.8. 

 

 

Fig.7 Leaf curve of n=1 (0 /2) 
(Vertical and horizontal axes are set to x and y, respectively) 

 

Fig.8 Leaf curve of n=1 (0 /2) 
(Vertical and horizontal axes are set to r and l, respectively) 

 
In the case of n=2, the function is as follows: 
 

2sin2r  (48) 

 
Using Eq. (6), Eq. (25), and Eq. (26), the relation between 
the variables r and  can be described by the relation 
between the variables x and y, which is obtained as follows:  
 

xyyx 2222  (49) 
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These graphs are shown in Fig.9 and Fig.10. 

 

 

Fig.9 Leaf curve of n=2 (0 /2) 
(Vertical and horizontal axes are set to y and x, respectively) 

 

Fig.10 Leaf curve of n=2 (0 /2) 
(Vertical and horizontal axes are set to r and l, respectively) 

 
In the case of n=3, the function is as follows: 
 

3sin3r  (50) 
 
Using Eq. (6), Eq. (25), and Eq. (26), the relation between 
the variables r and  can be described by the relation 
between the variables x and y, which is obtained as follows:  
 

32322 3 yyxyx  (51) 

 
These graphs are shown in Fig.11 and Fig.12. 

 

 

Fig.11 Leaf curve of n=3 (0 /3) 
(Vertical and horizontal axes are set to y and x, respectively) 

 

Fig.12 Leaf curve of n=3 (0 /3) 
(Vertical and horizontal axes are set to r and l, respectively) 

 
In the case of n=4, the function is as follows: 
 

4sin4r  (52) 
 
Using Eq. (6), Eq. (25), and Eq. (26), the relation between 
the variables r and  can be described by the relation 
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between the variables x and y, which is obtained as follows:  
 

xyyxyx 33422 44  (53) 

 
These graphs are shown in Fig.13 and Fig.14. 

 

 
Fig.13 Leaf curve of n=4 (0 /4)(Vertical and 

horizontal axes are set to y and x, respectively) 

 
Fig.14 Leaf curve of n=4 (0 /4) 

(Vertical and horizontal axes are set to r and l, respectively) 
 

In the case of n=5, the function is as follows: 
 

5sin5r  (54) 
 
Using Eq. (6), Eq. (25), and Eq. (26), the relation between 
the variables r and  can be described by the relation 
between the variables x and y, which is obtained as follows:  
 

2345522 105 xyyxyyx  (55) 

 
These graphs are shown in Fig.15 and Fig.16. 

 

 

Fig.15 Leaf curve of n=5 (0 /5) 
(Vertical and horizontal axes are set to y and x, respectively) 

 
Fig.16 Leaf curve of n=5 (0 /5) 

(Vertical and horizontal axes are set to r and l, respectively) 
 

In the case of n=100, the function is as follows: 
 

)100sin(100r  (56) 

 
These graphs are shown in Fig.17 and Fig.18. 
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Fig.17 Leaf curve of n=100 (0 /100) 

(Vertical and horizontal axes are set to y and x, respectively) 

 

Fig.18 Leaf curve of n=100 (0 /100) 
(Vertical and horizontal axes are set to r and l, respectively) 

 

5 Re-examination of leaf function 

5.1  Leaf curve  ( x – y plane) 
In earlier discussions, the leaf curve was described 

geometrically by assuming the variable r to have the range r
0. Therefore, various problems occur in the leaf function. 

In the case of an odd number n in Eq. (1), the inequality 
sin(n )<0 in Eq. (10) exist for an arbitrary variable . The 
distance r has a negative value, geometrically and a negative 
distance cannot be described using a graph, geometrically. 
On the other hand, a negative r occurs in Eq. (10).  
  In the case of an even number n, the right side rn in 
Eq.(10) consistently becomes positive, even if the left side 
sin(n ) in Eq.(10) becomes negative. Therefore, for real 
numbers, Eq.(10) is not satisfied for an arbitrary variable . 
The function (r –  function) is redefined as follows: 
 

,3,2,1sin nnr n  (57) 

 
In the above equation, the parameter n is a natural number. 

The variable r includes both positive and negative numbers. 
By replacing r by |r|, and replacing sin(n ) by | sin(n )|, the 
leaf curve can be related geometrically.  
In the case of n=1, the leaf curve is shown in Fig.19. 

Compared to Fig.1, an additional leaf is added in the range 
( 2 ), which occurs in the third and fourth quadrants. 
In Fig.19, the leaf (r 0) in the first and second quadrants is 
defined as the positive leaf. The leaf (r<0) in the third and 
fourth quadrants is defined as the negative leaf. As shown in 
Fig.19, the leaf curve is defined as consisting of one positive 
and one negative leaf. 
 In the case of n=2,3,4,5, and 100, the graphs on the x-y 
plane are shown in Fig.20-24. In this paper, the number of 
leaves is even, with positive and negative leaves arranged in 
alternating in order. The polar coordinates in Eq. (25)-(26) 
are redefined as follows: 
 

cosrx  (58) 

sinry  (59) 

 
 

Fig.19 One positive - one negative leaf curve. 
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Fig. 20 Two positive - two negative leaf curve. 

 

Fig. 21 Three positive - three negative leaf curve. 

 
Fig. 22 Four positive - four negative leaf curve. 

 
Fig. 23 Five positive - five negative leaf curve. 

 

 
Fig. 24 Hundred positive - Hundred negative leaf curve. 

 
5.2  Extended definition of leaf function 

The constants n/2 are defined as follows: 
 

),3,2,1(
21

11

0 2
ndt

t
l n

n
 (60) 

 
In the case of n=1, the constant 1 represents the circular 

constant . The constants n with respect to n=1,2,3,4,5, and 
100 are summarized in Table 1. Numerical values n are 
rounded off to five decimal places, and calculated with 
precision up to four digits. 
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Table 1 Values of constant n 
n n 
1 1=3.142 
2 2=2.622 
3 3=2.429 
4 4=2.327 
5 5=2.265 

100 100=2.014 
 
As shown in Fig.1 - Fig.5, the constant n geometrically 

represents the circumference length of one leaf. The leaf 
function sleafn(l) takes the constant 2× n with respect to one 
period. In the angle , the counter-clockwise direction is 
defined as positive. As the angle  increases from 0 to n /2, 
the distance increases from 0 to 1. Using Eq. (18), one input 
of the arc length l is calculated with respect to one output of 
variable r. The leaf function sleafn(l) is defined as a 
multivalued function, with one input associated with 
multiple outputs. 

First, the parameter n=2 in Eq. (35) is discussed. In the 
range 0 < /4 (domain (5) in Table 2 and Fig.20), the 
variable l is calculated as follows: 

 

)10(
1

1
0 4

rdt
t

l
r  (61) 

 
In the range /4 < /2 (domain (6) in Table 2 and 

Fig.20), using Eq. (16) with respect to r, the equation is 
obtained as follows: 

 

nrdr
dl

21
1  (62) 

 
In the range of /4 < /2 in Eq. (10), the distance r varies 
from r=1 to r=0, with the variable r decreasing in the range. 
The sign of the variation dr is negative; thus, the sign of the 
above equation becomes negative.  

 

241
1

4rdr
dl  (63) 

 
In the range /4 < /2, the arc length is as follows: 
 

)10(
1

1
2

1
1

1
1

1

4
2

1 4

1

0 4

rdt
t

dt
t

dt
t

l

r

r

 (64) 

 
The constant 2 is given in Table 1. In the range /2

<3 /4, the domain in the x-y graph is defined as the 
negative leaf. The sign of the variable r becomes negative. 
The variable r is increased with respect to the negative 
direction, and the sign of the variation dr becomes negative. 
On the other hand, the sign of the variation dl becomes 
positive by increasing the variable l. Therefore, the sign of 
Eq. (62) becomes negative.  

 

4
3

21
1

4rdr
dl  (65) 

 
The length l is obtained as follows: 
 

)01(
1

1
1

1
1

1
1

1

0

42

0 4

0

1 4

1

0 4

rdt
t

dt
t

dt
t

dt
t

l

r

r

 (66) 

 
In the range 3 /4 <  (domain (8) in Table 2 and 

Fig.20), the domain in the x-y graph is defined as the 
negative leaf. The sign of the variable r becomes negative. 
The variable r starts at r=-1 and finally reaches r=0. The 
variation dr becomes positive. On the other hand, the length 
l increases. The sign of the variation dl becomes positive. 
The sign of the variation dl/dr becomes positive. 

 

4
3

1
1

4rdr
dl  (67) 

 
The length l is obtained as follows: 
 

)01(
1

1
2
3

1
1

1
1

1
1

1
1

1 421 4

1

0 4

0

1 4

1

0 4

rdt
t

dt
t

dt
t

dt
t

dt
t

l

rr

 (68) 

 
In the negative case, the variable l should also be required to 
be defined. In this paper, the sign of the angle  is defined as 
positive with respect to the counter-clockwise direction. 
Corresponding to the angle , the length l is defined as 
positive. On the other hand, the sign of the angle  is defined 
as negative with respect to the clockwise direction. 
Corresponding to the angle , the length l is defined as 
negative. 
 In the range - /4 0 (domain (4) in Table 2 and Fig.20), 
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the domain in the x-y graph is defined as the negative leaf. 
The sign of the variable r becomes negative. The variable r 
starts at r=0 and finally reaches r=-1. The sign of the 
variation dr becomes negative. On the other hand, the length 
l increases with respect to the negative direction. The sign of 
the variation dl becomes negative. The sign of the variation 
dl/dr becomes positive. 

 

0
4
1

1
1

2nrdr
dl  (69) 

 
The length l is obtained as follows: 
 

)01(
1

1
0 4

rdt
t

l
r  (70) 

 
In the range – /2 - /4 (domain (3) in Table 2 and 

Fig.20), the domain in the x-y graph is defined as the 
negative leaf. The sign of the variable r becomes negative. 
The variable r starts at r=-1 and finally reaches r=0. The 
sign of the variation dr becomes positive. On the other hand, 
the length l increases with respect to the negative direction. 
The sign of the variation dl becomes negative. The sign of 
the variation dl/dr becomes negative. 

 

2
1

1
1

2nrdr
dl  (71) 

 
The length l is obtained as follows: 
 

)01(
1

1
2

1
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1
1

1 4
2

1 4

1
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rdt
t

dt
t

dt
t

l

r

r

 (72) 

 
In the range -3 /4 - /2 (domain (2) in Table 2 and 

Fig.20), the domain in the x-y graph is defined as the 
positive leaf. The sign of the variable r becomes positive. 
The variable r starts at r=0 and finally reaches r=1. The sign 
of the variation dr becomes positive. On the other hand, the 
length l increases with respect to negative direction. The 
sign of the variation dl becomes negative. The sign of the 
variation dl/dr becomes negative. 

 

2
3

1
1

2nrdr
dl  (73) 

 

The length l is obtained as follows: 
 

)10(
1

1
1

1
1

1
1

1

0 42
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0
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1
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rdt
t

dt
t

dt
t

dt
t

l

r

r

 (74) 

 
In the range - -3 /4 (domain (1) in Table 2 and 

Fig.20), the domain in the x-y graph is defined as the 
positive leaf. The sign of the variable r becomes positive. 
The variable r starts at r=1 and finally reaches r=0. The sign 
of the variation dr becomes negative. On the other hand, the 
length l increases with respect to the negative direction. The 
sign of the variation dl becomes negative. The sign of the 
variation dl/dr becomes positive. 
 

2
32

1
1

2nrdr
dl  (75) 

 
The length l is obtained as follows: 
 

)10(
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1
2
3

1
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1
1

1
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l
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 (76) 

 
In one period of both the positive and negative directions, 

the relation between the variables l and r is summarized in 
the case of n=2. For an arbitrary n, the same approach is 
applied. In the range -2 n l 2 n, the variables related to 
the function sleafn(l) are summarized in Table 2 and Fig.25. 
With respect to the arbitrary n, the relation between the 
variables r and l is summarized in Table 3. 

 
Fig. 25 Diagram of wave with respect to leaf function 

sleafn(l)  (In the figure, the numbers (1)-(8) represent the 
domain corresponding to Table 2 and Fig.20 ) 
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5.3 Waves of leaf function 
Table 3 describes two types of graph. In the first type of 

graph, the vertical and horizontal axes are set to the 
variables r and l, respectively. In the second type of graph, 
the vertical and horizontal axes are set to the variables r and 
, respectively. The curves in both the x-y graph and the 

r-l graph are described as follows: 
 

 

Fig. 26 Wave of leaf function r=sleaf1(l) (=sin(l)) 
1 period: T=6.283(=2 1)  

 
 
 

 
 
 
Table 2 Relation between variables l and r for the leaf function r=sleafn(l) with respect to one period in both the positive (0 l

2 n) and negative directions (-2 n l 0) 
Domain Range of angle  Range of length l Length l Range of 

variable r 
Derivation dr/dl 

(1) 
nn
1

2
312 nn l

2
32  dt

t
l

r n
n 1

21
1

2
3  0 r 1 nr

dl
dr 21  

(2) 
nn
11

2
3

nn l
2
3  dt

t
l

r

nn 0 21
1  0 r 1 nr

dl
dr 21  

(3) 
nn
1

2
11

nn l
2
1  dt

t
l

r

n
n

1 21
1

2
 -1 r 0 nr

dl
dr 21  

(4) 
01

2
1

n
0

2
1 ln

 dt
t

l
r

n0 21
1  -1 r 0 nr

dl
dr 21  

(5) 
n
1

2
10  

nl
2
10  dt

t
l

r

n0 21
1  0 r 1 nr

dl
dr 21  

(6) 
nn
11

2
1

nn l
2
1  dt

t
l

r n
n 1

21
1

2
 0 r 1 nr

dl
dr 21  

(7) 
nn
1

2
31

nn l
2
3  dt

t
l

r nn

0

21
1  -1 r 0 nr

dl
dr 21  

(8) 
nn
121

2
3

nn l 2
2
3  dt

t
l

r

n
n

1 21
1

2
3  -1 r 0 nr

dl
dr 21  

(Note) For domains (1)-(8), see Fig. 20 and Fig.25 
The derivation dr/dl represents the gradient of the function: r=sleafn(l). 
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Table 3 Relation between the variables r and l of the leaf function sleafn(l) 
Range of angle  Range of length l Length l Range of 

variable r 
Derivation dr/dl 

n
m

n
m 1

2
32122

 
nn mlm

2
3222

 
dt

t
ml

r

nn 0 21
122  0 r 1 nr

dl
dr 21  

n
m

n
m 1121

2
32

 
nn mlm 12

2
32

 
dt

t
ml

r nn

1

21
1

2
32  0 r 1 nr

dl
dr 21  

n
m

n
m 1

2
12112

 
nn mlm

2
1212

 
dt

t
ml

r nn

0

21
112  -1 r 0 nr

dl
dr 21  

n
m

n
m 121

2
12

 
nn mlm 2

2
12

 
dt

t
ml

r

nn 1 21
1

2
12  -1 r 0 nr

dl
dr 21  

Note The number m represents the integer (m=0, ±1, ±2, ±3, ±4, ±5, ) 
 
 

 
Fig. 27 Wave of leaf function |r|=|sin( )|  

1 period: T= ×2  

 

Fig. 28 Wave of leaf function r=sleaf2(l)  
1 period: T=5.244(=2 2  

 

Fig. 29 Wave of leaf function |r|2=|sin(2 )|  
1 period: T= /2×2  

 

 

Fig. 30 Wave of leaf function r=sleaf3(l)  
1 period: T=4.857(=2 3)  
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Fig. 31 Wave of leaf function |r|3=|sin(3 )| 

1 period: T= /3×2  

 
Fig. 32 Wave of leaf function r=sleaf4(l)  

1 period: T=4.654(=2 4)  

 
Fig. 33 Wave of leaf function |r|4=|sin(4 )| 

1 period: T= /4×2  

 
Fig. 34 Wave of leaf function r=sleaf5(l)  

1 period: T=4.529(=2 5)  

 

Fig. 35 Wave of leaf function |r|5=|sin(5 )| 
1 period: T= /5×2  

 

Fig. 36 Wave of leaf function r=sleaf100(l) 
1 period: T=4.028(=2 100)  

 

Fig. 37 Wave of leaf function |r|100=|sin(100 )| 
1 period: T= /100×2  

 

6  Conclusion 

The second derivative d2r/dl2 is equal to r2n-1. This type of 
ODE has interesting features. Using numerical techniques, 
we can find that this ODE can produce a wave with 
periodicity. These waves are different from the waves 
obtained by trigonometric functions; therefore, a new 
function, the leaf function, is defined in this paper to 
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describe these waves. The variable of the function consists 
of the variables r and l, which represent the distance 
between the origin and the point on the leaf curve and the 
length of the leaf curve, respectively. The relation between 
the variables and the geometry is also described. In the case 
of n=1 in a leaf function, the leaf curve is geometrically 
related to a circle and the leaf function is the trigonometric 
function sin( ). In the case of n=2 in a leaf function, the 
function is the elliptical functions sn(l,i)(i: imaginary 
number). As the parameter n increases, the waveform varies 
from a sine waveform to a saw-tooth waveform. 
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Special function: Leaf function r=cleafn(l)  
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Summary 
In the previous report, the special function: leaf function r=sleafn(l) was presented. The distance |r|n between the origin and 

the point on the leaf curve is equal to sin(n ) ( :angle, n:natural number). Using the equation |r|n=|sin(n )|, the shape of the 
leaf is described on the x-y plane. In this paper, the special function: leaf function cleafn(l) is presented. The relation between 
the function cleafn(l) and the function sleafn(l) is described. 

 
 
Keywords Leaf function, Leaf curve, Jacobi elliptic functions, Elliptic integrals, Lemniscate, Ordinary 
differential equation, Addition theorem, Square root of polynomial 

1 Introduction 

In this paper, variables are always real numbers. Complex 
numbers are not considered. We follow the ordinary 
differential equation (ODE): 

 
12

2

2
nlrn

dl
lrd   (1) 

10r   (2) 

00
dl

dr  (3) 

 
The variable r(l) represents a function with respect to the 
variable l. Equations (2) and (3) represent the initial 
conditions of an ODE. The number n represents a natural 
number (n=1,2,3, ). 
In the paper, a leaf function cleafn(l) satisfying Eqs. (1)-(3) 

is presented. The relation between the leaf function and its 
geometry is described through numerical results by 
substituting n=1,2,3,4,5, and 100 in Eq. (1). 

2 Symbols 

The symbols used in this paper are as follows: 
n: Natural number ( n=1,2,3, ) In the paper, it is named as 
basis. 
r: Distance between the origin and the point on the curve 
 

022 yxr  (4) 

 
As described below, the negative variable r has to be defined 
in Eq. (1). 
:   This variable represents the angle. In this paper, the 

unit is radian. Counter-clockwise is positive. Clockwise is 
negative. 
l:    Arc length on a leaf curve 
 
Numerical values are rounded off to five decimal places, 

and calculated with a precision of up to four digits. 

Department of Integrated Mechanical Engineering, Daido University 
Address: 10-3 Takiharu-cho, Minami-ku, Nagoya, JAPAN 
E-mail: shinohara@06.alumni.u-tokyo.ac.jp 
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3 Leaf function 

3.1  Elliptic function [1] 
The inverse Jacobi elliptic function arccd is defined as 
follows [1]: 
 

11
11

,
1

222

r
tkt

dtkrarccdl
r  (5) 

 
where parameter k is the modulus of the elliptic integral. The 
sign t represents a parameter. Therefore, Eq. (5) is as 
follows: 
 

klcdr ,  (6) 
 

3.2  Leaf curve ( x - y plane) 
In the first report, as geometrical features of the leaf 

function: sleafn(l), the leaf curve is defined as follows: 
 

)0(,3,2,1sin rnnr n  (7) 
 
When the curve is described by a graph consisting of two 

axes (the x-axis (the horizontal axis) and the y-axis (the 
vertical axis)), the shape of the curve is similar to the shape 
of the leaf. Therefore, the curve is defined as the leaf curve. 
As a pair of Eq. (7), the leaf curve is defined as follows: 
 

)0(,3,2,1cos rnnr n  (8) 
 

In the case of n=1, the graph of the equation r=cos ( ) is 
shown in Fig. 1. When the angle  increases, the point 
(x,y)=(1,0) is close to the origin along the circular arc. As 
shown in Fig.1, the curve is described on a graph consisting 
of two axes, the x-axis (the horizontal axis) and the y-axis 
(the vertical axis). The curve in Fig.1 represents the one 
right curve. In the case of n=2, the leaf curve is shown in 
Fig. 2. The leaf curve represents the lemniscate curve. In the 
case of n=3,4,5, and 100, these curves are shown in Fig. 2 - 
Fig. 6. These curves are defined as the two positive curves, 
the three positive curves, the four positive curves, the five 
positive curves, and the hundred positive curves. When the 
number n is increased in Eq. (1), the number of leaves in the 
figures increases. 

 

Fig. 1  One positive leaf curve 
 (Circle of center (0.5, 0)) 

 

Fig. 2  Two positive leaf curve  
( lemniscate ) 

 
Fig. 3  Three positive leaf curve 

 

Fig. 4  Four positive leaf curve 
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Fig. 5  Five positive leaf curve 

 
Fig. 6  Hundred positive leaf curve 

 
3.3  Leaf function r-l plane in first quadrant  
In this section, we discuss the ODE in Eq. (1). The 

parameter n represents a natural number. The variable l 
represents the length between the origin and the point on the 
leaf curve. 
 

,3,2,112
2

2

nlrn
dl

lrd n   (9) 

 
The function r(l) is abbreviated as r. By multiplying the 

derivative dr/dl, the following equation is obtained: 
 

,3,2,112
2

2

n
dl
drnr

dl
rd

dl
dr n  (10) 

 
By integrating the both sides of the above equation, the 

following equation is obtained: 
 

,3,2,1
2
1

2
1

1
2

2

nCr
dl
dr n   (11) 

 
Using the initial conditions in both Eq. (2) and Eq. (3), the 
constant C1 is determined. 
 

1
2

2

0
2
10

2
1 Cr

dl
dr n  (12) 

 
The following equation is obtained. 
 

2
1

1C  (13) 

 
By solving the derivative dr/dl in Eq. (11), the following 
equation is obtained. 
 

nr
dl
dr 21  (14) 

 
In the leaf function: sleafn(l), within the length range: 0 l

n/2, the above equation (the derivative dr/dl) is defined as 
the positive sign. In the leaf function: cleafn(l), the above 
equation (the derivative dr/dl) is defined as the negative sign. 
For example, as shown in Fig.14, the variable l=0 becomes 
the variable r=1. As the length l increases, the variable r 
decreases in Fig.14. Therefore, the derivative dr/dl takes the 
negative as follows: 
 

nr
dl
dr 21  (15) 

 
After separating the variables, Eq.(15) is integrated from 1 
to r as follows: 
 

ldt
t

r

n1 21
1   (16) 

 
The inverse function of Eq. (16) is defined as follows: 
 

ldt
t

rarccleaf
r nn

1

21
1   (17) 

 
The following equation is obtained. 
 

lcleafr n
  (18) 

 
In the case of n=1, the following equation is obtained. 
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llcleaf cos1  (19) 
 
In the case of n=1, the angle  is proportional to the arc 
length l. 
 
l=  (20) 

 
Therefore, the equation can be described as follows: 
 

cos1 lcleaf  (21) 
 
In the case of n=2, the following relation is obtained: 
 

ilcdlcleaf ,2  (22) 
 
The elliptical function cd represents Eq. (6). The symbol i 
represents an imaginary number. 
 

3.4  Relation between the geometry and the 
function: cleafn(l) 

In this section, the relation between the geometry and the 
function cleafn(l) is described. The coordinate system of the 
function cleafn(l) is shown as polar coordinates. 
 

cosrx  (23) 
sinry  (24) 

 
The functions x and y contain both the variables  and r. Eq. 
(23) and Eq. (24) are differentiated with respect to the 
variable r. The following equation is obtained. 
 

dr
dr

dr
dx sincos  (25) 

dr
dr

dr
dy cossin  (26) 

 
In a small domain, the approximation of the length l on the 
curve is shown as follows: 
 

r
r
y

r
xyxl

22
22  (27) 

 
If the variable l takes an infinitely small value, the 
following equation is obtained. 
 

dr
dr
dy

dr
dxdl

22
 (28) 

 
By substituting Eq. (25) and (26) in the above equation, the 
following equation is obtained. 
 

dr
dr
dr

dr
dr
dr

dr
dr

dr
dr
dy

dr
dxdl

2
2

22

22

1

cossinsincos
 (29) 

 
By differentiating Eq. (8) with respect to the variable , the 
following equation is obtained.  
 

nn
d
drnr n sin1  (30) 

 
The following equation is obtained. 
 

n
r

dr
d n

sin

1
 (31) 

 
By substituting the above equation in Eq. (29), the following 
equation is obtained. 
 

dr
r

dr
r

r

dr
n

rdr
n

r

dr
n

rrdr
dr
drdl

nn

n

nn

n

22

2

2

2

2

2

21
2

2
2

1
1

1
1

cos1
1

sin
1

sin
11

 (32) 

 
By integrating the above equation from 1 to r, the following 
equation is obtained. 
 

10
1

1
1 2

rdt
t

l
r

n
 (33) 

The above equation is the same as the inverse function 
defined by Eq. (17). The following equation is obtained. 
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)(
1

11

2
rarccleafdt

t
l nr n

 (34) 

 
The following equation is obtained. 
 

lcleafr n
  (35) 

 
By differentiating Eq. (34) with respect to the variable r, the 
following equation is obtained. 
 

nrdr
dl

21
1   (36) 

 
The above equation is obtained as follows: 
 

nr
dl
dr 2

2

1  (37) 

 
By differentiating the above equation with respect to the 
variable l, the following equation is obtained.  
 

dl
drnr

dl
rd

dl
dr n 12

2

2

22  (38) 

 
By reason of the condition dr/dl 0, the following equation is 
obtained. 
 

12
2

2
nnr

dl
rd  (39) 

 
Using Eq. (35), the following equation is obtained. 
 

12

2

2
n

nn lcleafnlcleaf
dl
d  (40) 

 
Therefore, equations (1)-(3) can be described by the leaf 
function: cleafn(l) . 
 

4 Numerical examination of leaf function 

4.1  Leaf curve 
In the previous section, we discussed the range: r 0. The 

leaf function: r=cleafn(l) takes the range r<0 (the reason for 
this is provided in the first report). The geometry and the 
leaf curve: cleafn(l) are related by redefining the leaf 

function r consisting of the variable  as follows: 
 

,3,2,1cos nnr n  (41) 
 
Using the above equation of n=1,2,3,4,5, ,100, the leaf 

curve is shown in Fig. 7 – 12. 

 

Fig. 7 One positive - one negative leaf curve. 

Fig. 8 Two positive - two negative leaf curve.  
 

 
Fig. 9 Three positive - three negative leaf curve. 
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Fig. 10 Four positive - four negative leaf curve. 

 

Fig. 11 Five positive - five negative leaf curve. 

 
Fig. 12 Hundred positive - Hundred negative leaf curve. 

 
4.2  Extended definition of leaf function 

The constants n/2 are defined as follows: 
 

),3,2,1(
1

1
2

1

0 2
ndt

t n
n  (42) 

 
In the case of n=1, the constant 1 represents the circular 

constant . The constants n with respect to n=1,2,3,4,5, and 
100 are summarized in Table 1. The numerical values n are 
rounded off to five decimal places, and calculated with a 
precision of up to four digits. 

 
Table 1 Values of constant n 

n n 
1 1=3.142 
2 2=2.622 
3 3=2.429 
4 4=2.327 
5 5=2.265 

100 100=2.014 
 
The leaf function cleafn(l) takes the constant 2× n with 

respect to one period. For the angle , the counter-clockwise 
direction is defined as positive. As the angle  increases 
from 0 to n /2, the distance decreases from 1 to 0. Using Eq. 
(33), one input of the arc length l is calculated with respect 
to one output of variable r. The leaf function cleafn(l) is 
defined as a multivalued function, with one input associated 
with multiple outputs. First, we discuss the parameter n=2 in 
Eq. (34). In the range 0 < /4 (domain (5) in Table 2 and 
Fig. 13), the variable l is calculated as follows: 

 

)10(
1
11

4
rdt

t
l

r
 (43) 

 
In the range /4 < /2 (domain (6) in Table 2 and Fig. 

13), using Eq. (14) with respect to r, the equation is obtained 
as follows: 
 

nrdr
dl

21
1  (44) 

 
In the range /4 < /2, the variable r becomes r<0. The 

sign of the variation dr becomes negative as  becomes 
increasingly negative. On the other hand, the length l 
increases in the positive direction. The sign of the variation 
dl becomes positive. Therefore, the sign of Eq. (44) becomes 
negative.  
 

241
1

4rdr
dl  (45) 

In the range /4 < /2, the arc length l is as follows: 
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)01(
1

1
21

1
1

1 0

4
2

0 4

1

0 4

r

dt
t

dt
t

dt
t

l
r

r

 (46) 

 
The constant 2 is given in Table 1. In the range /2
<3 /4, the domain in the x-y graph is defined as a negative 

leaf. The sign of the variable r becomes negative. The 
variable r varies from r=-1 to r=0. The sign of the variation 
dr becomes positive. On the other hand, the length l 
increases. The sign of the variation dl becomes positive. The 
sign of the variation dl/dr becomes positive. 
 

241
1

4rdr
dl  (47) 

 
The length l is obtained as follows: 
 

)01(
1

1
1

1
1

1
1

1

1 421 4

1

0 4

1

0 4

r

dt
t

dt
t

dt
t

dt
t

l

rr  (48) 

 
In the range 3 /4 < , the domain in the x-y graph is 

defined as the positive leaf. The sign of the variable r 
becomes positive. The variable r varies from r=-1 to r=0. 
The sign of the variation dr becomes positive. On the other 
hand, the length l increases. The sign of the variation dl 
becomes positive. The sign of the variation dl/dr becomes 
positive. 
 

4
3

1
1

4rdr
dl  (49) 

 
The length l is obtained as follows: 
 

)10(
1

1
2
3

1
1

1
1

1
1

1
1

0 42

0 4

0

1 4

0

1 4

1

0 4

rdt
t

dt
t

dt
t

dt
t

dt
t

l

r

r  (50) 

 
In one period of both the positive and negative direction, 

the relation between variable l and r is summarized in the 
case of n=2. For an arbitrary n, the same approach is applied. 
In the range of -2 n l 2 n, the variable related to the 
function cleafn(l) is summarized in Table 2 and Fig. 13. With 
respect to the arbitrary n, the relation between variable l and 
r is summarized in Table 3. 

 

 

Fig. 13 Diagram of wave with respect to leaf function: 
cleafn(l)  (In the figure, the numbers (1) - (8) represent the 

domain corresponding to Table 2 ) 
 

4.3 Waves of Leaf function 
Two types of graph are shown in Figs. 14-25. In the first 

type of graph, the vertical and horizontal axes are set to 
variable r and l, respectively. In the second type of graph, 
the vertical and horizontal axes are set to variable r and , 
respectively. The curves of both the x-y graph and the r-l 
graph are described as follows: 
 

 
Fig. 14 Wave of leaf function r=cleaf1(l) (=cos(l))  

(1 period: T=6.283(=2 1)) 
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Table 2 Relation between variables l and r for the leaf function: r=cleafn(l) with respect to one period in both the positive (0 l

2 n) and negative directions (-2 n l 0) 
Domain Range of angle  Range of length l Length l Range of 

variable r 
Derivation dr/dl 

(1) 
nn
1

2
312  

nn l
2
32  dt

t
l

r

n
n

0 21
1

2
3  0 r 1 nr

dl
dr 21  

(2) 
nn
11

2
3  

nn l
2
3  dt

t
l

r

nn 1 21
1  -1 r 0 nr

dl
dr 21  

(3) 
nn
1

2
11  

nn l
2
1  dt

t
l

r

n
n

0 21
1

2
 -1 r 0 nr

dl
dr 21  

(4) 
01

2
1

n
 0

2
1 ln

 dt
t

l
r

n1 21
1  0 r 1 nr

dl
dr 21  

(5) 
n
1

2
10  

nl
2
10  dt

t
l

r

n1 21
1  0 r 1 nr

dl
dr 21  

(6) 
nn
11

2
1  

nn l
2
1  dt

t
l

r

n
n

0 21
1

2
 -1 r 0 nr

dl
dr 21  

(7) 
nn
1

2
31  

nn l
2
3  dt

t
l

r

nn 1 21
1  -1 r 0 nr

dl
dr 21  

(8) 
nn
121

2
3  

nn l 2
2
3  dt

t
l

r

n
n

0 21
1

2
3  0 r 1 nr

dl
dr 21  

 
 

Table 3 Relation between the variables r, l, and  of the leaf function cleafn(l) 
Range of angle  Range of length l Length l Range of 

variable r 
Derivation dr/dl 

n
m

n
m 1

2
32122

 
nn mlm

2
3222

 
dt

t
ml

r

nn 1 21
122  0 r 1 nr

dl
dr 21  

n
m

n
m 1121

2
32

 
nn mlm 12

2
32

 
dt

t
ml

r

nn 0 21
1

2
32  -1 r 0 nr

dl
dr 21  

n
m

n
m 1

2
12112

 
nn mlm

2
1212

 
dt

t
ml

r

nn 1 21
112  -1 r 0 nr

dl
dr 21  

n
m

n
m 121

2
12

 
nn mlm 2

2
12

 
dt

t
ml

r

nn 0 21
1

2
12  0 r 1 nr

dl
dr 21  

Note The number m represents the integer (m=0, ±1, ±2, ±3, ±4, ±5, ) 
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Fig. 15 Wave of leaf function |r|=|cos( )|  
(1 period: T= ×2) 

 
Fig. 16 Wave of leaf function r=cleaf2(l) 

( 1 period: T=5.244(=2 2  

 

Fig. 17 Wave of leaf function |r|2=|cos(2 )|  
( 1 period: T= /2×2  

 

Fig. 18 Wave of leaf function r=cleaf3(l)  
1 period: T=4.857(=2 3)  

 
Fig. 19 Wave of leaf function |r|3=|cos(3 )| 

( 1 period: T= /3×2  

 
Fig. 20 Wave of leaf function r=cleaf4(l)  

( 1 period: T=4.654(=2 4) ) 

 

Fig. 21 Wave of leaf function |r|4=|cos(4 )| 
( 1 period: T= /4×2  

 

Fig. 22 Wave of leaf function r=cleaf5(l)  
( 1 period: T=4.529(=2 5)  
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Fig. 23 Wave of leaf function |r|5=|cos(5 )| 
( 1 period: T= /5×2  

 

Fig. 24 Wave of leaf function r=cleaf100(l)  
( 1 period: T=4.028(=2 100)  

 

Fig. 25 Wave of leaf function |r|100=|cos(100 )| 
( 1 period: T= /100×2  

5 Relation between the function cleafn(l) and the 
function sleafn(l) 

Using Eq. (35) and Eq. (41), the leaf function: cleafn(l) is 
obtained as follows: 
 

n
n

n lcleafrn )(cos   (51) 

 
The leaf function: sleafn(l) is also obtained as follows: 

n
n

n lsleafrn )(sin   (52) 

 
The variables r  and l  are described later. Using the 
trigonometric functions, the relation between sin(n ) and 
cos(n ) is obtained as follows: 
 

1cossin 22 nn   (53) 
 
Using the above equation, with Eq. (51) and Eq. (52), the 
following equation is obtained: 
 

1)()(

)()(cossin

22

22
22

n
n

n
n

n
n

n

n

lsleaflcleaf

lcleaflsleafnn  (54) 

 
As shown in Fig. 26, the variables l  and l  represent the 
length at the angle . With respect to the angle  in the x-y 
graph, the arc length l of the function: cleafn(l) is different 
from the arc length l  of the function: )(lsleaf n . The 
variable l in the leaf function cleafn(l) takes the arc length 
between the coordinates (x,y)=(1,0) and the point on the 
curve by the leaf function: cleafn(l). On the other hand, the 
variable l in the leaf function sleafn(l) takes the arc length 
between the coordinates (x,y)=(0,0) and the point on the 
curve by the leaf function: sleafn(l). For example, the case of 
n=2 (the lemniscate curve) is shown in Fig. 26. With respect 
to the angle =0, the function )(lsleaf n  takes r=0 at the 
point (x,y)=(0,0). The function cleafn(l) takes r=1 at the 
point (x,y)=(1,0). When the angle  increases, the arc length 
l increases. The ratio of increase in the leaf function 

)(lsleaf n  is different from the ratio of increase in the leaf 
function )(lcleafn . Therefore, with respect to the arbitrary 
angle , The variables of the arc length l and l  are not 
constantly satisfied with the equation ll . 
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Fig. 26 Geometric relation between the leaf 

function: )(2 lcleaf  and the leaf function )(2 lsleaf  
 
The variables in Eq. (54) consist of both the variables l and 
l . We discuss the following equation. 
 

1

21

2
1

1

1

arccos

n
n

n
n

n
nn

n

n
n

lcleafn

lcleaflcleafn
lcleaf

lcleaf
dl
d

 (55) 

 
The above equation is integrated from 0 to the variable l. 
 

l n
n

ln
n dttcleafntcleaf

0

1
0arccos  (56) 

 

n
n

n
n

n
n

n
n

ln
n

lcleaflcleaf

cleaflcleaftcleaf

arccos1arccosarccos

0arccosarccosarccos 0  (57) 

 
Therefore, it is obtained as follows: 
 

l n
n

n
n dttcleafnlcleaf

0

1cos  (58) 

 

Using the Eq. (8), the above equation and lcleafr n , the 

angle  in Fig.26 can be described as follows: 
 

n
n

l n
n lcleaf

n
dttcleaf arccos1

0

1  (59) 

 
Next, we discuss the following equation with respect to the 

variable l
 

1

21

2
1

1

1

arcsin

n
n

n
n

n
nn

n

n
n

lsleafn

lsleaflsleafn
lsleaf

lsleaf
ld

d

 (60) 

 
The above equation is integrated from 0 to the variable l . 
 

l n
n

ln
n dttsleafntsleaf

0

1
0arcsin  (61) 

 

n
n

n
n

n
n

n
n

ln
n

lsleaflsleaf

sleaflsleaftsleaf

arcsin0arcsinarcsin

0arcsinarcsinarcsin 0  (62) 

 
Therefore, it is obtained as follows: 
 

l n
n

n
n dttsleafnlsleaf

0

1sin  (63) 

 

Using the Eq. (7), the above equation and lsleafr n , the 

angle  in Fig.26 also can be described as follows: 
 

n
n

l n
n lsleaf

n
dttsleaf arcsin1

0

1  (64) 

 
However, Eq.(54) can be described by using only one 
variable l. In the case of n=1, the equation is obtained as 
follows: 
 

12
1

2
1 lcleaflsleaf   (65) 

 
The above equation is equal to the 
equation: 1cossin 22 ll . In the case of n=2, the 
arbitrary variable l is satisfied with the following equation: 
 

12
2

2
2

2
2

2
2 lcleaflsleaflcleaflsleaf   (66) 

 
In the case of n=3, the arbitrary variable l is satisfied with 
the following equation: 
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12 2
3

2
3

2
3

2
3 lcleaflsleaflcleaflsleaf  (67) 

 
(See proof in Appendix) Using the symmetry and the 
periodicity of waves in Figs. 14 - 25, the following equations 
are obtained: 
 

lsleaflsleaf nn
  (68) 

lcleaflcleaf nn
  (69) 

lcleaflsleaf n
n

n 2
  (70) 

lsleaflcleaf n
n

n 2
  (71) 

lsleaflsleaf nnn
 (72) 

lcleaflcleaf nnn
  (73) 

lcleaflsleaf n
n

n 2
  (74) 

lsleaflcleaf n
n

n 2
  (75) 

lsleaflsleaf nnn
  (76) 

lcleaflcleaf nnn
  (77) 

lsleaflsleaf nnn 2   (78) 

lcleaflcleaf nnn 2   (79) 

 
The following equations are obtained: 
 

),,,,,,,,,,,3,2,1,0(0 mmsleaf nn
  (80) 

),,,,,,,,,,,3,2,1,0(

1)34(
2

m

msleaf n
n   (81) 

),,,,,,,,,,,3,2,1,0(

1)14(
2

m

msleaf n
n   (82) 

),,,,,,,,,,,3,2,1,0(

0)12(
2

m

mcleaf n
n  (83) 

),,,,,,,,,,,3,2,1,0(
12

m
mcleaf nn  (84) 

),,,,,,,,,,,3,2,1,0(
1)12(

m
mcleaf nn  (85) 

 
The constant n is obtained by Eq .(42). 
 

6 Derivative of the leaf function 

In this section, the derivative of the leaf function is 
described. As shown in Fig. 26, with respect to the angle , 
the length l and the length l  represents the arc length l of 
the function: )(lcleafn  and the arc length l  of the 
function: )(lsleaf n . As shown in Fig. 26, the variable l  
depends on the length l. Therefore, we can regard the 
variable l  as the function: ll . The sign of the derivative 
of the leaf function depends on the range of the length l, and 
varies with respect to the range of the length l (See Table 2). 
We only discuss the range: 0 l n/2. Using the formula of 
the chain rule of differentiation, the following equation is 
obtained by differentiating Eq. (54) with respect to the 
variable l. 

 

012

12

212

212

lcleaflcleafn
dl

ldlsleaflsleafn

n
n

n
n

n
n

n
n   (86) 

 
Using Eq. (54), the above equation is as follows: 
 

02

2

12

12

lsleaflcleafn
dl

ldlcleaflsleafn

n
n

n
n

n
n

n
n   (87) 

 
The above equation is as follows: 
 

lsleaf
lcleaf

dl
ld

n
n

n
n

1

1   (88) 

 
The derivative of the leaf function: cleafn(l) is obtained as 
follows: 
 

lsleaflcleaflcleaf
dl
d n

n
n

nn
21  (89) 

 
Eq. (54) is applied to the above equation. Note that the 
variable l is different from the variable l . The second 
derivative of the leaf function: cleafn(l) is obtained as 
follows: 
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lcleafn
lsleaf
lcleaflcleaflsleafn

lcleafn
dl
ldlsleaflsleafnlcleaf

dl
d

n
n

n
n

n
nn

n
n

n

n
n

n
n

n
nn

12

1

1
1

12

21
2

2

1

 (90) 

 
The third derivative of the leaf function: cleafn(l) is obtained 
as follows: 

lcleaflcleafnn

lcleaflcleafnn

lcleaf
dl
d

n
n

n
n

n
n

n
n

n

222

222

3

3

112

112  (91) 

 
The fourth derivative of the leaf function: cleafn(l) is 
obtained as follows: 
 

lcleaf
lcleaf
lcleafnlcleafnn

lcleaflcleafnnn

lcleaf
dl
d

n
nn

n

n
nn

n

n
n

n
n

n

2

2

12
22

2
232

4

4

1
12

212

12212
 

 (92) 
The above equation is as follows: 
 

lcleafnnlcleafnn

lcleaf
dl
d

n
n

n
n

n

232

4

4

322212

 (93) 

 
Next, we discuss the derivative of the leaf function: 

lsleaf n . By differentiating Eq.(54) with respect to the 
variable l , the following is obtained: 
 

012

12

212

212

ld
dllcleaflcleafn

lsleaflsleafn

n
n

n
n

n
n

n
n   (94) 

 
The above equation is as follows: 
 

lcleaf
lsleaf

ld
dl

n
n

n
n

1

1   (95) 

 
The first derivative of the leaf function: lsleaf n  is obtained 
as follows: 
 

lcleaflsleaflsleaf
ld

d n
n

n
nn
21  (96) 

 
Note that the above equation is differentiated with respect to 
the variable l . The second derivative of the leaf function 

lsleaf n  is obtained as follows: 
 

lsleafn
lcleaf
lsleaflsleaflcleafn

ld
dllcleaflcleafn

lsleaf
ld

d

n
n

n
n

n
nn

n
n

n

n
n

n
n

n

12

1

1
1

21

2

2

1  (97) 

 
The third derivative is obtained as follows: 
 

lsleaflsleafnn

lsleaf
ld

d

n
n

n
n

n

222

3

3

112

 (98) 

 
The fourth derivative is obtained as follows: 
 

lsleaf
lsleaf
lsleafnlsleafnn

lsleaflsleafnnn

lsleaf
ld

d

n
nn

n

n
nn

n

n
n

n
n

n

2

2

12
22

2
232

4

4

1
12

212

12212
 

 (99) 
The above equation is as follows: 
 

lsleafnnlsleafnn

lsleaf
ld

d

n
n

n
n

n

232

4

4

232212

  

 (100) 
 

7  Addition theorem of leaf function 

The addition theorem of leaf functions is described. In the 
case of n=1 in Eq. (1), the functions that are satisfied with 
an ODE are the trigonometric functions: sin(l) and cos(l). 
Using the leaf function, the addition theorem is described as 
follows: 
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11212111211 lcleaflsleaflcleaflsleafllsleaf  (101) 

21112111211 lsleaflsleaflcleaflcleafllcleaf  (102) 
 
In the case of n=2, the addition theorem of the leaf function 

is described based on the theorem of the elliptical function. 
 

 

2
22

2
12

4
1222

4
2212

2
22

2
12

22122212
212

1
11

1

lsleaflsleaf
lsleaflsleaflsleaflsleaf

lsleaflsleaf
lsleaflfslealfslealsleafllsleaf

 

 (103) 

2
22

2
12

4
1222

4
2212

2
22

2
12

22122212
212

1
11

1

lsleaflcleaf
lcleaflsleaflsleaflcleaf

lsleaflcleaf
lsleaflfclealfslealcleafllcleaf

 

 (104) 
 
In the above equation, the superscript prime ’ of the leaf 

function represents the derivative with respect to the variable 
l. The sign of the derivative of the leaf function varied 
according to the range of the arc length l. As the range is 0
l n/2, we discuss the above equation. In the other range of 
the variable l, given in Table 2 and Table 3, note the sign of 
the derivative of the leaf function. 
 

8  Conclusion 

In the first report, the leaf function sleafn(l) is defined. In 
this report, the leaf function cleafn(l) is defined. The relation 
between the leaf function: cleafn(l) and the function: sleafn(l) 
is presented. 
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Appendix A 

In the case of n=2 and 3 in Eq.(1), the Taylor expansion 
of the leaf functions are described in the appendix. These 
Taylor expansions are satisfied with Eq. (1), Eq. (66), and 
Eq. (67). The Taylor expansion of the leaf function is created 
by deriving the leaf function. First, in the case of n=2, the 
first derivative of the leaf function sleaf2(l) is obtained as 
follows: 

 

lcleaf
lcleaflcleaflsleaflsleaf

dl
d

2
2

22
2

4
22 1

21  

 (A1) 
 
The second derivative of the leaf function sleaf2(l) is 
obtained as follows: 
 

lsleaflsleaf
dl
d 3

222

2

2  (A2) 

 
The third derivative of the leaf function sleaf2(l) is obtained 

as follows: 
 

lsleaflsleaflsleaf
dl
d 4

2
2

223

3

16  (A3) 

 
The fourth derivative of the leaf function sleaf2(l) is obtained 
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as follows: 
 

lsleaflsleaflsleaf
dl
d 4

2224

4

2112  (A4) 

 
The fifth derivative of the leaf function sleaf2(l) is obtained 
as follows: 
 

lsleaflsleaflsleaf
dl
d 4

2
4

225

5

110112  (A5) 

 
The sixth derivative of the leaf function sleaf2(l) is obtained 
as follows: 
 

lsleaflsleaflsleaf
dl
d 4

2
3

226

6

10772  (A6) 

 
The seventh derivative of the leaf function sleaf2(l) is 
obtained as follows: 
 

lsleaflsleaflsleaf

lsleaf
dl
d

4
2

4
2

2
2

27

7

1103504

 (A7) 

 
The eighth derivative of the leaf function sleaf2(l) is 
obtained as follows: 
 

lsleaflsleaflsleaf

lsleaf
dl
d

8
2

4
2

2
2

28

8

403631008

 (A8) 

 
The ninth derivative of the leaf function sleaf2(l) is obtained 
as follows: 
 

lsleaflsleaflsleaf

lsleaf
dl
d

4
2

8
2

4
2

29

9

11206013024

(A9) 

 
The tenth derivative of the leaf function sleaf2(l) is obtained 
as follows: 
 

lsleaflsleaflsleaf

lsleaf
dl
d

8
2

4
2

3
2

210

10

6006601216048

(A10) 

 

The eleventh derivative of the leaf function sleaf2(l) is 
obtained as follows: 

lsleaflsleaflsleaflsleaf

lsleaf
dl
d

4
2

8
2

4
2

2
2

211

11

120014011199584

 (A11) 
 

The twelfth derivative of the leaf function sleaf2(l) is 
obtained as follows: 

lsleaflsleaflsleaflsleaf

lsleaf
dl
d

13
2

9
2

5
22

212

12

1200156044211399168

 (A12) 
 
The thirteenth derivative of the leaf function sleaf2(l) is 

obtained as follows: 
 

lsleaflsleaflsleaflsleaf

lsleaf
dl
d

4
2

8
2

4
2

4
2

213

13

11201081713011399168

 (A13) 
 
It continues in the same way below. The Taylor expansion is 
obtained as follows: 
 

171395

171395

1713
213

13

3
22

2
2

22

2

222

15600
11

120
1

10
1

!13
4390848

!9
3024

!5
12

!1
1

0
!13

1

0
!3

10
!2

1

0
!1

10

lOllll

lOllll

lOlsleaf
dl
d

lsleaf
dl
dlsleaf

dl
d

lsleaf
dl
dsleaflsleaf

 (A14) 

 
The symbol O represents the Landau symbol. The symbol 

O(l17) represents the order of the error. 
The difference: 1395

2 15600
11

120
1

10
1 lllllsleaf  is 

within |l|17 when the variable l is sufficiently close to 0. The 
polynomial of Eq. (A14) is differentiated as follows:  
 

151173
22

2

100
11

5
32 lOllllsleaf

dl
d  (A15) 

 
Using Eq. (A14), the equation is obtained as follows: 
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151173

3
171395

3
2

100
11

5
32

15600
11

120
1

10
12

2

lOlll

lOllll

lsleaf
 (A16) 

 
Through the results of both Eq. (A15) and Eq. (A16), the 

leaf function: sleaf2(l) is satisfied with Eq. (1). Next, the 
Taylor expansion is applied to the leaf function: cleaf2(l). 
The first derivative of the leaf function cleaf2(l) is obtained 
as follows: 
 

lsleaf
lsleaflsleaflcleaf

lcleaf
dl
d

2
2

22
2

4
2

2

1
21

 (A17) 

 
The second derivative of the leaf function cleaf2(l) is 
obtained as follows: 
 

lcleaflcleaf
dl
d 3

222

2

2  (A18) 

 
The third derivative of the leaf function cleaf2(l) is obtained 
as follows: 
 

lcleaflcleaflcleaf
dl
d 4

2
2

223

3

16  (A19) 

 
The fourth derivative of the leaf function cleaf2(l) is 
obtained as follows: 
 

lcleaflcleaflcleaf
dl
d 4

2224

4

2112  (A20) 

 
The fifth derivative of the leaf function cleaf2(l) is obtained 

as follows: 
 

lcleaflcleaflcleaf
dl
d 4

2
4

225

5

110112  (A21) 

 
The sixth derivative of the leaf function cleaf2(l) is obtained 
as follows: 
 

lcleaflcleaflcleaf
dl
d 4

2
3

226

6

10772  (A22) 

 
The seventh derivative of the leaf function cleaf2(l) is 
obtained as follows: 
 

lcleaflcleaflcleaf

lcleaf
dl
d

4
2

4
2

2
2

27

7

1103504

 (A23) 

 
The eighth derivative of the leaf function cleaf2(l) is 
obtained as follows: 
 

lcleaflcleaflcleaflcleaf
dl
d 8

2
4

2228

8

403631008

 
 (A24) 
 
The ninth derivative of the leaf function cleaf2(l) is obtained 
as follows: 
 

lcleaflcleaflcleaf

lcleaf
dl
d

8
2

4
2

4
2

29

9

12060113024

 

 (A25) 
 
The tenth derivative of the leaf function cleaf2(l) is obtained 
as follows: 
 

lcleaflcleaflcleaf

lcleaf
dl
d

8
2

4
2

3
2

210

10

6006601216048

 (A26) 

 
The eleventh derivative of the leaf function cleaf2(l) is 
obtained as follows: 
 

lcleaflcleaflcleaflcleaf

lcleaf
dl
d

4
2

8
2

4
2

2
2

211

11

120014011199584

 (A27) 
 
The twelfth derivative of the leaf function cleaf2(l) is 
obtained as follows: 
 

lcleaflcleaflcleaflcleaf

lcleaf
dl
d

8
2

4
2

4
22

212

12

600780221211399168

 

 (A28) 
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It continues in the same way below. The Taylor expansion is 
obtained as follows: 
 

141210

8642

141210

8642

1312
212

12

3
22

2
2

22

2

222

1200
71

600
61

40
7

10
3

2
11

!12
28340928

!10
368928

!8
7056

!6
216

!4
12

!2
21

0
!12

1

0
!3

10
!2

1

0
!1

10

lOll

llll

lOll

llll

lOlcleaf
dl
d

lcleaf
dl
dlcleaf

dl
d

lcleaf
dl
dcleaflcleaf

 (A29) 

 
Using the above polynomial, the following equation is 
obtained: 
 

1412108

642
22

2

200
1253

100
781

20
183

5
49962

lOlll

llllcleaf
dl
d

 (A30) 

 
The following equation is obtained by Eq. (A29).  
 

1412108642

3
1412108642

3
2

200
1253

100
781

20
183

5
49962

1200
71

600
61

40
7

10
3

2
112

2

lOllllll

lOllllll

lcleaf

 (A31) 
 
By both Eq. (A30) and Eq. (A31), we find that the Taylor 
expansion of the leaf function: cleaf2(l) is satisfied with 
Eq.(1). On the other hand, by substituting Eqs. (A32)-(A34) 
to Eq. (66), all terms are cancelled except for “ 1 ”. 
 

1412108642

2
1412108642

2
2

75
44

75
64

5
6

5
8221

1200
71

600
61

40
7

10
3

2
11

lOllllll

lOllllll

lcleaf
 

 (A32) 

 

18141062

2
1513952

2

325
1

75
2

5
1

15600
11

120
1

10
1

lOllll

lOlllllsleaf  (A33) 

 

1412108642

2
2

2
2

75
44

75
62

5
6

5
92 lOllllll

lcleaflsleaf
 (A34) 

 
Therefore, a Taylor expansion can be used to satisfy these 

equations with Eq. (66).  
Next, in the case of n=3, the Taylor expansion is applied 

to the leaf function. The first derivative of the leaf function 
sleaf3(l) is obtained as follows: 
 

lsleaflsleaf
dl
d 6

33 1  (A35) 

 
The second derivative of the leaf function sleaf3(l) is 
obtained as follows: 
 

lsleaflsleaf
dl
d 5

332

2

3  (A36) 

 
The third derivative of the leaf function sleaf3(l) is 

obtained as follows: 
 

lsleaflsleaflsleaf
dl
d 6

3
4

333

3

115  (A37) 

 
The fourth derivative of the leaf function sleaf3(l) is 

obtained as follows: 
 

lsleaflsleaflsleaf
dl
d 6

3
3

334

4

7415  (A38) 

 
The fifth derivative of the leaf function sleaf3(l) is 

obtained as follows: 
 

lsleaflsleaflsleaflsleaf
dl
d 6

3
6

3
2

335

5

121445  

 (A39) 
 
The sixth derivative of the leaf function sleaf3(l) is obtained 
as follows: 
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lsleaflsleaflsleaflsleaf
dl
d 12

3
6

3336

6

231188845  

 (A40) 
 
The seventh derivative of the leaf function sleaf3(l) is 
obtained as follows: 
 

lsleaflsleaflsleaf

lsleaf
dl
d

6
3

6
3

6
3

37

7

14291887845

 

 (A41) 
 
The eighth derivative of the leaf function sleaf3(l) is 
obtained as follows: 
 

lsleaflsleaflsleaf

lsleaf
dl
d

6
3

6
3

5
3

38

8

14315271762025

 

 (A42) 
 
The ninth derivative of the leaf function sleaf3(l) is obtained 
as follows: 
 

lsleaflsleaflsleaflsleaf

lsleaf
dl
d

6
3

6
3

6
3

4
3

39

9

122115278022275

 

 (A43) 
 
The tenth derivative of the leaf function sleaf3(l) is obtained 
as follows: 
 

lsleaflsleaflsleaflsleaf

lsleaf
dl
d

12
3

6
3

6
3

3
3

310

10

419955121600732022275

 (A44) 
 
The eleventh derivative of the leaf function sleaf3(l) is 
obtained as follows: 
 

lsleaflsleaflsleaf

lsleaflsleaflsleaf
dl
d

12
2

6
2

6
2

6
3

2
3311

11

293932756048007320

166825   

 (A45) 
 
The twelfth derivative of the leaf function sleaf3(l) is 
obtained as follows: 

 

  253162341432

  004941481545-  002051848260

  01806948000- 42768000  

25
3

19
3

13
3

7
33

312

12

lsleaf
lsleaflsleaf

lsleaflsleaf

lsleaf
dl
d

(A46) 

 
The thirteenth derivative of the leaf function sleaf3(l) is 
obtained as follows: 
 

) 2366136528099708-

 7983248 378560-128 (

1334125

24
3

18
3

12
3

6
3

6
3313

13

lsleaflsleaf
lsleaflsleaf

lsleaflsleaf
dl
d

 (A47) 

 
It continues in the same way below. Using the Taylor 
expansion, the polynomial is obtained as follows: 
 

4337

3125

19137

2519

137
3

02566338607792
77686677

803059173644
3111273

54221440
4663

193648
145

728
5
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1

!19
00009108557568 

!13
42768000
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1

lOl
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llll
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llllsleaf

 (A48) 

 
Using the above polynomial, the following equation is 
obtained as follows: 
 

231775
32

2

5096
1305

14
153 lOllllsleaf

dl
d  (A49) 

 
Using Eq.(A48), the following equation is obtained: 
 

231775

5
2519137

5
3

5096
1305

14
153

193648
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728
5

14
13

3

lOlll

lOllll

lsleaf
 (A50) 

 
Next, the Taylor expansion is applied to the leaf function: 

cleaf3(l). The first derivative of the leaf function cleaf3(l) is 
obtained as follows: 
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lcleaflcleaf
dl
d 6

33 1  (A51) 

 
The second derivative of the leaf function cleaf3(l) is 

obtained as follows: 
 

lcleaflcleaf
dl
d 5

332

2

3  (A52) 

 
The third derivative of the leaf function cleaf3(l) is 

obtained as follows: 
 

lcleaflcleaflcleaf
dl
d 6

3
4

333

3

115  (A53) 

 
The fourth derivative of the leaf function cleaf3(l) is 

obtained as follows: 
 

lcleaflcleaflcleaf
dl
d 6

3
3

334

4

7415  (A54) 

 
The fifth derivative of the leaf function cleaf3(l) is 

obtained as follows: 
 

lcleaflcleaflcleaf

lcleaf
dl
d

6
3

6
3

2
3

35

5

121445

 (A55) 

 
The sixth derivative of the leaf function cleaf3(l) is 

obtained as follows: 
 

lcleaflcleaflcleaf

lcleaf
dl
d

12
3

6
33

36

6

231188845

 (A56) 

 
The seventh derivative of the leaf function cleaf3(l) is 

obtained as follows: 
 

lcleaflcleaflsleaf

lcleaf
dl
d

6
3

6
3

3
3

37

7

4291887845

 (A57) 

 
The eighth derivative of the leaf function cleaf3(l) is 

obtained as follows: 
 

lcleaflcleaflcleaf

lcleaf
dl
d

6
3

6
3

5
3

38

8

14315271762025

 (A58) 
 

The ninth derivative of the leaf function cleaf3(l) is 
obtained as follows: 
 

lcleaflcleaflcleaflcleaf

lcleaf
dl
d

6
3

6
3

6
3

4
3

39

9

122115278022275

 (A59) 
 
The tenth derivative of the leaf function cleaf3(l) is obtained 
as follows: 
 

lcleaflcleaflcleaf

lcleaflcleaf
dl
d

12
3

6
3

6
3

3
3310

10

4199551216007320

22275  

 (A60) 
 
The eleventh derivative of the leaf function cleaf3(l) is 
obtained as follows: 
 

lcleaflcleaflcleaf

lcleaflcleaflcleaf
dl
d

12
3

6
3

6
3

6
3

2
3311

11

293932756048007320

166825  (A61) 

 
The twelfth derivative of the leaf function cleaf3(l) is 
obtained as follows: 
 
 

lcleaflcleaf
lcleaflcleaf

lcleaflcleaf
dl
d

25
3

19
3

13
3

7
3

3312

12

 253162341432 004941481545-

 00205184826001806948000-

42768000 
(A62) 

 
It continues in the same way below. Using the Taylor 
expansion, the polynomial is obtained as follows: 
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1614

12108

642

1614

12108

642
3

1304576
47497095

7168
138333

1792
18579

896
5085

16
51

8
15

2
31

!14
3753173993373

!12
9244102725

!10
37622475

!8
228825

!6
2295

!4
45

!2
31

lOl

lll

lll

lOl

lll

llllcleaf

 (A63) 

 
Using Eq. (A63), the following equation is obtained: 
 

12108

642
32

2

1792
4564989

896
836055

16
5085

8
765

2
453

lOll

llllcleaf
dl
d

 (A64) 

 
Using Eq. (A63), the following equation is obtained: 
 

12108

642

5
12108642

5
3

1792
4564989

896
836055

16
5085

8
765

2
453

1792
18579

896
5085

16
51

8
15

2
313

3

lOll

lll

lOlllll

lcleaf

 

 (A65) 
 
By Eq.(A64) and Eq. (A65), the polynomial of the leaf 
function by Taylor is satisfied with Eq. (1). The following 
equation is obtained by substituting the polynomial in Eq. 
(67). 
 

1412108642

2
1412108642

2
3

7
708

7
348

7
17112631

7168
138333

1792
18579

896
5085

16
51

8
15

2
31

lOllllll

lOllllll

lcleaf  

 (A66) 

3226201482

2
25191372

3

70487872
10865

12103
30

637
12

7
1

193648
145

728
5

14
1

lOlllll

lOlllllsleaf
 

 (A67) 
 

1412108642

2
3

2
3

7
708

7
348

7
1701262

2

lOllllll

lcleaflsleaf
(A68) 

 
By substituting Eqs. (A66)-(A68) in Eq. (67), all terms are 

cancelled except for “ 1 ”. Therefore, a Taylor expansion can 
be used to satisfy these equations with Eq. (67).  

Next, in the case of n=4, the Taylor expansion is applied 
to the leaf function. The first derivative of the leaf function 
sleaf4(l) is obtained as follows: 
 

lcleaflsleaflsleaf
dl
d 4

4
8

44 1  (A69) 

 
The second derivative of the leaf function sleaf4(l) is 
obtained as follows: 
 

lsleaflsleaf
dl
d 7

442

2

4  (A70) 

 
The third derivative of the leaf function sleaf4(l) is 

obtained as follows: 
 

lsleaflsleaflsleaf
dl
d 8

4
6

443

3

128  (A71) 

 
The fourth derivative of the leaf function sleaf4(l) is 

obtained as follows: 
 

lsleaflsleaflsleaf
dl
d 8

4
5

444

4

5356  (A72) 

 
The fifth derivative of the leaf function sleaf4(l) is 

obtained as follows: 
 

lsleaflsleaflsleaflsleaf
dl
d 8

4
8

4
4

445

5

1133280 (A73) 

 
The sixth derivative of the leaf function sleaf4(l) is obtained 
as follows: 
 

lsleaflsleaflsleaflsleaf
dl
d 16

4
8

4
3

446

6

524531120

(A74) 
 
The seventh derivative of the leaf function sleaf4(l) is 
obtained as follows: 
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lsleaflsleaf

lsleaflsleaflsleaf
dl
d

16
4

8
4

8
4

2
447

7

9884959

11120 (A75) 

 
The eighth derivative of the leaf function sleaf4(l) is 
obtained as follows: 
 

lsleaflsleaflsleaf

lsleaflsleaf
dl
d

24
4

16
4

8
4

448

8

108681235725029

2240  

 (A76) 
 
The ninth derivative of the leaf function sleaf4(l) is obtained 
as follows: 
 

lsleaflsleaflsleaf

lsleaflsleaf
dl
d

24
4

16
4

8
4

8
449

9

271700210069225189

12240

 (A77) 
 
The tenth derivative of the leaf function sleaf4(l) is obtained 
as follows: 
 

lsleaflsleaflsleaf

lsleaflsleaf
dl
d

24
4

16
4

8
4

7
4410

10

5434076587259381287

313600

 (A78) 
 
The eleventh derivative of the leaf function sleaf4(l) is 
obtained as follows: 
 

lsleaflsleaflsleaf

lsleaflsleaflsleaf
dl
d

24
4

16
4

8
4

8
4

6
4411

11

168454017615013890709009

1313600   

 (A79) 
 
The twelfth derivative of the leaf function sleaf4(l) is 
obtained as follows: 
 

lsleaflsleaflsleaflsleaf

lsleaflsleaf
dl
d

16
4

8
4

8
4

8
4

5
4412

12

129580217953103521131628551727027

627200

  (A80) 
 
The thirteenth derivative of the leaf function sleaf4(l) is 
obtained as follows: 
 

lsleaflsleaflsleaflsleaf

lsleaflsleaflsleaf
dl
d

24
4

16
4

8
4

8
4

8
4

4
4413

13

4794460632063721739411628551710395

18153600

(A81) 
 
It continues in the same way below. Using the Taylor 
expansion, the polynomial is obtained as follows: 
 

3325179
4 110160

77
1224

7
18
1 lOlllllsleaf  (A82) 

 
Using the above polynomial, the following equation is 
obtained: 
 

3123157
42

2

918
385

9
144 lOllllsleaf

dl
d  (A83) 

 
Using Eq. (A82), the following equation is obtained: 
 

3123157

7
3325179

7
4

918
385

9
144

110160
77

1224
7

18
14

4

lOlll

lOllll

lsleaf
 (A84) 

 
We can find that the leaf function sleaf4(l) is satisfied with 

Eq. (1). 
 Next, the Taylor expansion is applied to the leaf 

function: cleaf4(l). The first derivative of the leaf function 
cleaf4(l) is obtained as follows: 
 

lcleaflcleaf
dl
d 8

44 1  (A85) 

 
The second derivative of the leaf function cleaf4(l) is 

obtained as follows: 
 

lcleaflcleaf
dl
d 7

442

2

4  (A86) 

 
The third derivative of the leaf function cleaf4(l) is 

obtained as follows: 
 

lcleaflcleaflcleaf
dl
d 8

4
6

443

3

128  (A87) 

 
The fourth derivative of the leaf function cleaf4(l) is 

obtained as follows: 
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lcleaflcleaflcleaf
dl
d 8

4
5

444

4

5356  (A88) 

 
The fifth derivative of the leaf function cleaf4(l) is 

obtained as follows: 
 

lcleaflcleaflcleaf

lcleaf
dl
d

8
4

8
4

4
4

45

5

1133280

 (A89) 

 
The sixth derivative of the leaf function cleaf4(l) is 

obtained as follows: 
 

lcleaflcleaflcleaf

lcleaf
dl
d

16
4

8
4

3
4

46

6

524531120

 (A90) 

 
The seventh derivative of the leaf function cleaf4(l) is 

obtained as follows: 
 

lcleaflcleaf

lcleaflcleaflcleaf
dl
d

16
4

8
4

8
4

2
447

7

9884959

11120  (A91) 

 
The eighth derivative of the leaf function cleaf4(l) is 

obtained as follows: 
 

lcleaflcleaflcleaf

lcleaflcleaf
dl
d

24
4

16
4

8
4

448

8

108681235725029

2240

 (A92) 
 

The ninth derivative of the leaf function cleaf4(l) is 
obtained as follows: 
 

lcleaflcleaflcleaf

lcleaflcleaf
dl
d

24
4

16
4

8
4

8
449

9

271700210069225189

12240

 (A93) 
 
The tenth derivative of the leaf function cleaf4(l) is obtained 
as follows: 
 

lcleaflcleaflcleaf

lcleaflcleaf
dl
d

24
4

16
4

8
4

7
4410

10

5434076587259381287

313600

(A94) 
 
The eleventh derivative of the leaf function cleaf4(l) is 
obtained as follows: 
 

lcleaflcleaflcleaf

lcleaflcleaflcleaf
dl
d

24
4

16
4

8
4

8
4

6
4411

11

168454017615013890709009

1313600

 (A95) 
 
The twelfth derivative of the leaf function cleaf4(l) is 
obtained as follows: 
 

lcleaflcleaflcleaflcleaf

lcleaflcleaf
dl
d

16
4

8
4

8
4

8
4

5
4412

12

129580217953103521131628551727027

627200

  (A96) 
 
It continues in the same way below. Using the Taylor 
expansion, the polynomial is obtained as follows: 
 

141210

8642

141210

8642
4

2673
2121700

81
16828

9
502

9
140

3
1421

!12
003802086400

!10
753894400

!8
2248960

!6
11200

!4
112

!2
41

lOll

llll

lOll

lllllcleaf

 

 (A97) 
 
Using the above polynomial, the following equation is 
obtained: 
 

12108

642
42

2

81
8486800

9
168280

9
28112

3
1400564

lOll

llllcleaf
dl
d

 (A98) 

 
Using Eq. (A97), the following equation is obtained: 
 

12108642

7
1412108642

7
4

1792
4564989

896
836055

16
5085

8
765

2
453

2673
2121700

81
16828

9
502

9
140

3
14213

4

lOlllll

lOllllll

lcleaf

 (A99) 
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We can find that the leaf function cleaf4(l) is satisfied with 

Eq. (1). 
 Next, in the case of n=5, the Taylor expansion is applied 

to the leaf function. The first derivative of the leaf function 
sleaf5(l) is obtained as follows: 
 

lcleaflsleaflsleaf
dl
d 5

5
10

55 1  (A100) 

 
The second derivative of the leaf function sleaf5(l) is 
obtained as follows: 
 

lsleaflsleaf
dl
d 9

552

2

5  (A101) 

 
The third derivative of the leaf function sleaf5(l) is 

obtained as follows: 
 

lsleaflsleaflsleaf
dl
d 10

5
8

553

3

145  (A102) 

 
The fourth derivative of the leaf function sleaf5(l) is 

obtained as follows: 
 

lsleaflsleaflsleaf
dl
d 10

5
7

554

4

13845  (A103) 

 
The fifth derivative of the leaf function sleaf5(l) is 

obtained as follows: 
 

lsleaflsleaflsleaflsleaf
dl
d 10

5
10

5
6

555

5

12215645

(A104) 
 
The sixth derivative of the leaf function sleaf5(l) is obtained 
as follows: 
 

lsleaflsleaflsleaf

lsleaf
dl
d

20
5

10
5

5
5

56

6

15471384112135

(A105) 
 
The seventh derivative of the leaf function sleaf5(l) is 
obtained as follows: 
 

lsleaflsleaf

lsleaflsleaflsleaf
dl
d

20
5

10
5

10
5

4
557

7

77354152112

1675 (A106) 

 
The eighth derivative of the leaf function sleaf5(l) is 
obtained as follows: 
 

lsleaflsleaflsleaf

lsleaflsleaf
dl
d

30
5

20
5

10
5

3
558

8

22431526452859136448

675

(A107) 
 
The ninth derivative of the leaf function sleaf5(l) is obtained 
as follows: 
 

lsleaflsleaflsleaf

lsleaflsleaflsleaf
dl
d

30
5

20
5

10
5

10
5

2
559

9

24674652028048256256448

12025

 (A108) 
 
The tenth derivative of the leaf function sleaf5(l) is obtained 
as follows: 
 

lsleaflsleaflsleaf

lsleaflsleaflsleaf
dl
d

40
5

30
5

20
5

10
55510

10

9129620513371617648973408

30782088962025

 (A109) 
 
The eleventh derivative of the leaf function sleaf5(l) is 
obtained as follows: 
 

lsleaflsleaflsleaflsleaf

lsleaflsleaf
dl
d

30
5

20
5

10
5

10
5

10
5511

11

34028585537683649693494688307820811896

12025

  (A110) 
 
It continues in the same way below. Using the Taylor 
expansion, the polynomial is obtained as follows: 
 

5141

312111
5

1515764096
136545

420112
267

616
3

22
1

lOl

lllllsleaf
 (A111) 

 
Using the above polynomial, the following equation is 
obtained: 
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4939

29199
52

2

4621232
682725

6776
4005

22
455

lOl

llllsleaf
dl
d

 (A112) 

 
Using Eq. (A111), the following equation is obtained: 
 

493929199

9
5141312111

9
5

4621232
682725

6776
4005

22
455

1515764096
136545

420112
267

616
3

22
15

5

lOllll

lOlllll

lsleaf
 

 (A113) 
 
We can find that the leaf function sleaf5(l) is satisfied with 

Eq. (1). 
Next, the Taylor expansion is applied to the leaf function: 

cleaf5(l). The first derivative of the leaf function cleaf5(l) is 
obtained as follows: 
 

lcleaflcleaf
dl
d 10

55 1  (A114) 

 
The second derivative of the leaf function cleaf5(l) is 

obtained as follows: 
 

lcleaflcleaf
dl
d 9

552

2

5  (A115) 

 
The third derivative of the leaf function cleaf5(l) is 

obtained as follows: 
 

lcleaflcleaflcleaf
dl
d 10

5
10

553

3

145  (A116) 

 
The fourth derivative of the leaf function cleaf5(l) is 

obtained as follows: 
 

lcleaflcleaflcleaf
dl
d 10

5
7

554

4

13845  (A117) 

 
The fifth derivative of the leaf function cleaf5(l) is 

obtained as follows: 
 

lcleaflcleaflcleaf

lcleaf
dl
d

10
5

10
5

6
5

55

5

12215645

 (A118) 

 
The sixth derivative of the leaf function cleaf5(l) is obtained 
as follows: 
 

lcleaflcleaflcleaf

lcleaf
dl
d

20
5

10
5

5
5

56

6

15471384112135

(A119) 
 
The seventh derivative of the leaf function cleaf5(l) is 
obtained as follows: 
 

lcleaflcleaf

lcleaflcleaflcleaf
dl
d

20
5

10
5

10
5

4
557

7

77354152112

1675 (A120) 

 
The eighth derivative of the leaf function cleaf5(l) is 
obtained as follows: 
 

lcleaflcleaflcleaf

lcleaflcleaf
dl
d

30
5

20
5

10
5

3
558

8

22431526452859136448

675

(A121) 
 
The ninth derivative of the leaf function cleaf5(l) is obtained 
as follows: 
 

lcleaflcleaflcleaf

lcleaflcleaflcleaf
dl
d

30
5

20
5

10
5

10
5

2
559

9

24674652028048256256448

12025

 (A122) 
 
The tenth derivative of the leaf function cleaf5(l) is obtained 
as follows: 
 

lcleaflcleaflcleaf

lcleaflsleaflcleaf
dl
d

40
5

30
5

20
5

10
55510

10

9129620513371617648973408

30782088962025

 (A123) 
 
The eleventh derivative of the leaf function cleaf5(l) is 
obtained as follows: 
 

lcleaflcleaflcleaflcleaf

lcleaflcleaf
dl
d

30
5

20
5

10
5

10
5

10
5511

11

34028585537683649693494688307820811896

12025

  (A124) 
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It continues in the same way below. Using the Taylor 
expansion, the polynomial is obtained as follows: 
 

12108

642
5

1792
3476125

896
277125

16
825

8
75

2
51

lOll

llllcleaf
 (A125) 

 
Using the above polynomial, the following equation is 
obtained: 
 

1086

42
52

2

896
156425625

16
277125

8
12375

2
2255

lOll

lllcleaf
dl
d

 (A126) 

 
Using Eq.(A125), the following equation is obtained: 
 

108642

9
12108642

9
5

896
156425625

16
277125

8
12375

2
2255

1792
3476125

896
277125

16
825

8
75

2
515

5

lOllll

lOlllll

lcleaf
 

 (A127) 
 
We can find that the leaf function cleaf5(l) is satisfied with 

Eq. (1). 
 

Appendix B 

We prove that Eq. (67) is satisfied with respect to the 
arbitrary variable l. The following equation is considered. 
 

12 2222 yxyx  (B1) 
 
By solving the above equation with respect to the variable y, 
the following equation is obtained: 
 

2

2

21
1

x
xy  (B2) 

 
The above equation is differentiated with respect to the 
variable x. 
 

22
3

2 121

3

xx

x
dx
dy  (B3) 

 

By multiplying 421 xx  in both the numerator and 

denominator, the following equation is obtained. 
 

62
3

2

42

4222
3

2

42

121

13

1121

13

xx

xxx

xxxx

xxx
dx
dy

 (B4) 

 
Using Eq. (B2), the following equation is obtained. 
 

42

2
3

2

6

2

2
6 13

21

21
11

1

1

1

xxx
x

x
xy

 (B5) 

 
By Eq.(B4) and Eq.(B5), the ODE is obtained as follows: 
 

0
11 66 x
dx

y
dy  (B6) 

 
The following equation is defined. 
 

lcleafx 3  (B7) 

 

lsleafy 3  (B8) 

 
Eq. (B7) is differentiated with respect to the variable l. 
 

66
3 11 xlcleaf

dl
dx  (B9) 

 
Eq. (B8) is differentiated with respect to the variable l. 
 

66
3 11 ylsleaf

dl
dy  (B10) 

 
By substituting both Eq. (B9) and Eq. (B10) in Eq. (B6), the 
following equation is obtained. 
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0
1

1
1

1

1
1

1
1

11

6

6

6

6

6666

x
dlx

y
dly

dl
dl
dx

x
dl

dl
dy

yx
dx

y
dy

 (B11) 

 
By satisfying Eq.(B6), the Eq.(B7) and Eq.(B8) are satisfied 
with Eq. (B1). 
 

1
2

2
2

3
2

3
2

3
2

3

2222

lsleaflcleaflsleaflcleaf

yxyx
 

 (B12) 

Appendix C 

The Euler’s formula is as follows: 
 

sincos iei  (C1) 

 
Using the Euler’s formula, we can obtain the relation 

between the complex exponential function and the leaf 
function. 
 

2

0

1

0

1

0

1

0

1

cos1

cos

sin

cos0
1

l n
n

l n
n

l n
n

l n
n

dttcleafni

dttcleafni

dttcleafn

dttcleafni

dttcleafne
l n

n

 (C2) 

 
Using the Eq. (58), the above equation is as follows: 
 

n
n

n
n

dttcleafni lcleafilcleafe
l n

n 210
1

 (C3) 

 
By taking the loge of both sides of the above equation, we 
can make another equation: 
 

n
n

n
ne

l n
n lcleafilcleaf

n
idttcleaf 2

0
1 1log  

 (C4) 
 

In the same way, the relation between the leaf function: 
sleafn(l) and the complex exponential function can be 
derived: 
 

n
n

n
n

dttsleafni lsleafilsleafe
l n

n 210
1

 (C5) 

 
By taking the loge of both sides of the above equation, we 
can make another equation: 
 

n
n

n
ne

l n
n lsleafilsleaf

n
idttsleaf 2

0
1 1log

 
 (C6) 
 

Appendix D 

In the leaf functions sleafn(l) and cleafn(l) 
(n=1,2,3,4,5,100), the numerical data with respect to 
variables l is summarized in Table 4-7. 
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Table 4 Numerical data of leaf function: sleafn(l) with respect to variables l 

 

l r (=sleafn(l)) 

n=1 n=2 n=3 n=4 n=5 n=100 

0.0 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000 

0.1 0.099833 0.099999 0.099999 0.099999 0.100000 0.100000 

0.2 0.198669 0.199968 0.199999 0.199999 0.200000 0.200000 

0.3 0.295520 0.299757 0.299984 0.299998 0.300000 0.300000 

0.4 0.389418 0.398978 0.399883 0.399985 0.399999 0.400000 

0.5 0.479425 0.496891 0.499442 0.499891 0.499978 0.500000 

0.6 0.564642 0.592307 0.598009 0.599441 0.599836 0.600000 

0.7 0.644217 0.683522 0.694183 0.697771 0.699104 0.700000 

0.8 0.717356 0.768313 0.785387 0.792669 0.796140 0.800000 

0.9 0.783326 0.844009 0.867486 0.879382 0.886246 0.900000 

1.0 0.841470 0.907683 0.934767 0.949545 0.958859 0.997779 

1.1 0.891207 0.956432 0.980707 0.991987 0.997401 0.913828 

1.2 0.932039 0.987748 0.999692 0.997357 0.988736 0.813828 

1.3 0.963558 0.999878 0.989089 0.964307 0.936130 0.713828 

1.4 0.985449 0.992115 0.950392 0.900534 0.855664 0.613828 

1.5 0.997494 0.964914 0.888559 0.817333 0.762260 0.513828 

1.6 0.999573 0.919815 0.810063 0.724051 0.664110 0.413828 

1.7 0.991664 0.859192 0.720971 0.626352 0.564532 0.313828 

1.8 0.973847 0.785891 0.625895 0.527010 0.464607 0.213828 

1.9 0.946300 0.702864 0.527828 0.427158 0.364616 0.113828 

2.0 0.909297 0.612857 0.428460 0.327182 0.264617 0.013828 

2.1 0.863209 0.518203 0.328621 0.227185 0.164617 -0.086172 

2.2 0.808496 0.420721 0.228648 0.127185 0.064617 -0.186172 

2.3 0.745705 0.321711 0.128650 0.027185 -0.035383 -0.286172 

2.4 0.675463 0.222003 0.028650 -0.072814 -0.135383 -0.386172 

2.5 0.598472 0.122054 -0.071349 -0.172814 -0.235383 -0.486172 

2.6 0.515501 0.022057 -0.171349 -0.272814 -0.335383 -0.586172 

2.7 0.427379 -0.077942 -0.271341 -0.3728071 -0.435378 -0.686172 

2.8 0.334988 -0.177924 -0.371279 -0.4727492 -0.535336 -0.786172 

2.9 0.239249 -0.277776 -0.470980 -0.5724464 -0.635074 -0.886172 

3.0 0.141120 -0.377172 -0.569934 -0.6712520 -0.733845 -0.986021 

3.1 0.041580 -0.475459 -0.666997 -0.7674226 -0.829207 -0.927657 

3.2 -0.058374 -0.571553 -0.759974 -0.8570272 -0.914706 -0.827657 
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Table 5 Numerical data of leaf function: sleafn(l) with respect to variables l 
 

l r (=sleafn(l)) 

n=1 n=2 n=3 n=4 n=5 n=100 
3.3 -0.157745 -0.663869 -0.845202 -0.932725 -0.977301 -0.727657 

3.4 -0.255541 -0.750293 -0.917385 -0.983827 -0.999976 -0.627657 

3.5 -0.350783 -0.828242 -0.970094 -0.999829 -0.974439 -0.527657 

3.6 -0.442520 -0.894823 -0.997235 -0.976779 -0.909941 -0.427657 

3.7 -0.529836 -0.947099 -0.995142 -0.920265 -0.823533 -0.327657 

3.8 -0.611857 -0.982443 -0.964109 -0.841275 -0.727831 -0.227657 

3.9 -0.687766 -0.998905 -0.908268 -0.750021 -0.628956 -0.127657 

4 -0.756802 -0.995532 -0.833879 -0.653152 -0.529193 -0.027657 

4.1 -0.818277 -0.972521 -0.747279 -0.554095 -0.42923 0.072343 

4.2 -0.871575 -0.931190 -0.653544 -0.454324 -0.329234 0.172343 

4.3 -0.916165 -0.873757 -0.556112 -0.354365 -0.229234 0.272343 

4.4 -0.951602 -0.802997 -0.457002 -0.254370 -0.129234 0.372343 

4.5 -0.977530 -0.721869 -0.357248 -0.154370 -0.029234 0.472343 

4.6 -0.993691 -0.633184 -0.257295 -0.054370 0.070766 0.572343 

4.7 -0.999923 -0.539380 -0.157301 0.045629 0.170766 0.672343 

4.8 -0.996164 -0.442392 -0.057301 0.145629 0.270766 0.772343 

4.9 -0.982452 -0.343633 0.042698 0.245629 0.370765 0.872343 

5 -0.958924 -0.244028 0.142698 0.345625 0.470754 0.972334 

5.1 -0.925814 -0.144108 0.242695 0.445591 0.570671 0.941486 

5.2 -0.883454 -0.044115 0.342659 0.545391 0.670205 0.841486 

5.3 -0.832267 0.055884 0.442460 0.644550 0.768194 0.741486 

5.4 -0.772764 0.155875 0.541710 0.741710 0.861104 0.641486 

5.5 -0.705540 0.255775 0.639485 0.833665 0.940351 0.541486 

5.6 -0.631266 0.355314 0.733936 0.914090 0.990663 0.441486 

5.7 -0.550685 0.453922 0.821856 0.973033 0.996323 0.341486 

5.8 -0.464602 0.550618 0.898403 0.999355 0.955193 0.241486 

5.9 -0.373876 0.643931 0.957365 0.986746 0.881066 0.141486 

6 -0.279415 0.731861 0.992353 0.938343 0.790303 0.041486 

6.1 -0.182162 0.811921 0.998793 0.864333 0.693038 -0.0585140 

6.2 -0.083089 0.881266 0.975775 0.775596 0.593705 -0.158514 

6.3 0.016813 0.936940 0.926454 0.679800 0.493832 -0.258514 
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Table 6 Numerical data of leaf function: cleafn(l) with respect to variables l 
 

l r (=cleafn(l)) 

n=1 n=2 n=3 n=4 n=5 n=100 

0.0 1.000000 1.000000 1.000000 1.000000 1.00000 1.000000 

0.1 0.995004 0.990049 0.985184 0.980451 0.975888 0.906914 

0.2 0.980066 0.960781 0.942809 0.926595 0.912333 0.806914 

0.3 0.955336 0.913842 0.878183 0.849205 0.826374 0.706914 

0.4 0.921060 0.851676 0.797825 0.758746 0.730839 0.606914 

0.5 0.877582 0.777159 0.707632 0.662211 0.632015 0.506914 

0.6 0.825335 0.693234 0.611978 0.563274 0.532264 0.406914 

0.7 0.764842 0.602609 0.513646 0.463537 0.432304 0.306914 

0.8 0.696706 0.507563 0.414175 0.363586 0.332308 0.206914 

0.9 0.621609 0.409858 0.314303 0.263592 0.232308 0.106914 

1.0 0.540302 0.310737 0.214323 0.163592 0.132308 0.006914 

1.1 0.453596 0.210986 0.114325 0.063592 0.032308 -0.093086 

1.2 0.362357 0.111027 0.014325 -0.036407 -0.067692 -0.193086 

1.3 0.267498 0.011028 -0.085674 -0.136407 -0.167692 -0.293086 

1.4 0.169967 -0.088970 -0.185674 -0.236407 -0.267692 -0.393086 

1.5 0.070737 -0.188947 -0.285663 -0.336404 -0.367691 -0.493086 

1.6 -0.029199 -0.288769 -0.385584 -0.436375 -0.467681 -0.593086 

1.7 -0.128844 -0.388082 -0.485219 -0.536203 -0.567602 -0.693086 

1.8 -0.227202 -0.486189 -0.583992 -0.635458 -0.667158 -0.793086 

1.9 -0.323289 -0.581954 -0.680635 -0.732900 -0.765230 -0.893086 

2.0 -0.416146 -0.673733 -0.772765 -0.825544 -0.858391 -0.992488 

2.1 -0.504846 -0.759356 -0.856486 -0.907398 -0.938254 -0.920743 

2.2 -0.588501 -0.836197 -0.926286 -0.968806 -0.989722 -0.820743 

2.3 -0.666276 -0.901342 -0.975673 -0.998524 -0.996884 -0.720743 

2.4 -0.737393 -0.951871 -0.998769 -0.989524 -0.957042 -0.620743 

2.5 -0.801143 -0.985211 -0.992412 -0.944057 -0.883663 -0.520743 

2.6 -0.856888 -0.999513 -0.957498 -0.871923 -0.793224 -0.420743 

2.7 -0.904072 -0.993943 -0.898594 -0.784163 -0.696072 -0.320743 

2.8 -0.942222 -0.968828 -0.822087 -0.688798 -0.596770 -0.220743 

2.9 -0.970958 -0.925599 -0.734190 -0.590291 -0.496905 -0.120743 

3.0 -0.989992 -0.866554 -0.639752 -0.490685 -0.396924 -0.020743 

3.1 -0.999135 -0.794505 -0.541984 -0.390765 -0.296926 0.079257 

3.2 -0.998294 -0.712411 -0.442737 -0.290776 -0.196926 0.179257 
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Table 7 Numerical data of leaf function: cleafn(l) with respect to variables l 
 

l r (=cleafn(l)) 

n=1 n=2 n=3 n=4 n=5 n=100 
3.3 -0.987479 -0.623050 -0.342936 -0.190777 -0.096926 0.279257 
3.4 -0.966798 -0.528809 -0.242972 -0.090777 0.003074 0.379257 
3.5 -0.936456 -0.431567 -0.142975 0.009222 0.103074 0.479257 
3.6 -0.896758 -0.332676 -0.042975 0.109222 0.203074 0.579257 
3.7 -0.848100 -0.233017 0.057024 0.209222 0.303074 0.679257 
3.8 -0.790967 -0.133082 0.157023 0.309220 0.403072 0.779257 
3.9 -0.725932 -0.033086 0.257018 0.409204 0.503051 0.879257 
4 -0.653643 0.066913 0.356971 0.509094 0.602900 0.979220 

4.1 -0.574823 0.166900 0.456726 0.608581 0.702134 0.934572 
4.2 -0.490260 0.266778 0.555838 0.706716 0.799050 0.834572 
4.3 -0.400799 0.366249 0.653277 0.801108 0.888812 0.734572 
4.4 -0.307332 0.464703 0.747027 0.886703 0.960643 0.634572 
4.5 -0.210795 0.561107 0.833653 0.954795 0.997871 0.534572 
4.6 -0.112152 0.653934 0.908084 0.994128 0.987709 0.434572 
4.7 -0.012388 0.741126 0.963986 0.995855 0.933980 0.334572 
4.8 0.087498 0.820148 0.995094 0.959545 0.852927 0.234572 
4.9 0.186512 0.888129 0.997271 0.893507 0.759288 0.134572 
5 0.283662 0.942122 0.970207 0.809040 0.661061 0.034572 

5.1 0.377977 0.979443 0.917561 0.715167 0.561463 -0.065428 
5.2 0.468516 0.998055 0.845423 0.617234 0.461534 -0.165428 
5.3 0.554374 0.996881 0.760223 0.517813 0.361542 -0.265428 
5.4 0.634692 0.975990 0.667261 0.417941 0.261543 -0.365428 
5.5 0.708669 0.936585 0.570206 0.317961 0.161543 -0.465428 
5.6 0.775565 0.880799 0.471256 0.217962 0.061543 -0.565428 
5.7 0.834712 0.811364 0.371556 0.117962 -0.038457 -0.665428 
5.8 0.885519 0.731235 0.271618 0.017962 -0.138457 -0.765428 
5.9 0.927478 0.643256 0.171626 -0.082037 -0.238457 -0.865428 
6 0.960170 0.549912 0.071626 -0.182037 -0.338457 -0.965426 

6.1 0.983268 0.453197 -0.028373 -0.282036 -0.438452 -0.948401 
6.2 0.996542 0.354579 -0.128373 -0.382027 -0.538407 -0.848401 
6.3 0.999858 0.255035 -0.228371 -0.481959 -0.638131 -0.748401 
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Deposition of diamond-like carbon film by chemical solution process 

 * 

Yuichi Hashimoto 

Summary 
Diamond-like carbon (DLC) films were deposited by the chemical solution process using negative bias on three 
substrates (cobalt, silicon, Indium Tin Oxide (ITO)). In the cobalt and ITO substrates, a solution of methanol at 
60 degrees was employed as the electrolyte. In the silicon substrate, the electrolyte consisted of methanol and 
methanol-ammonia solutions at 60 degrees. From the results of Raman spectra and X-ray photoelectron 
spectroscopy, it was confirmed that: (I) the film on cobalt substrate was amorphous containing small amounts of 
diamond component, (II) the film on silicon substrate was composed of DLC structure and nitrogen atoms were 
doped in the film, (III) the Raman spectrum of film on ITO substrate showed lines at 1130 cm-1, 1300 cm-1, 
1460 cm-1, inherent those of polyacetylene compornent . 

 
Keywords solution growth, carbon, diamond-like carbon, methanol 
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Fig.1. Schematic diagram of deposition system 
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Fig.2. Raman spectrum of film on Co substrate 
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Fig.3. Voltage-time characteristic of films deposited for 
8 h at 4 mA/cm2 in (a) methanol and (b) 
methanol-ammonia solutions 

－70－

This document is provided by JAXA.



Table 1. Work function values of DLC films 
 Work function [eV] 
Solution MeOH  MeOH-NH3 
DLC film 5.02 4.68 

 
1
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n
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Fig.4. AFM images of films deposited in (a) methanol 
and (b) methanol-ammonia solutions 

5
2 1400 cm-1

D 1580 cm-1

A
1600 cm-1

G 4, 7, 9, 10)

MeOH MeOH-NH3

DLC
3

MeOH
1 1

MeOH-NH3

 
2 XPS

MeOH-NH3 MeOH
5
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Fig.5. Raman spectra of films deposited for 8 h at 4 
mA/cm2 in (a) methanol and (b) methanol-ammonia 
solutions
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Table 2. Atomic concentrations of films deposited for 8 
h at 4 mA/cm2 in (a) methanol and (b) methanol-ammonia 
solutions 

elements solutions C N O others
atom% MeOH 27 2 55 16 

MeOH-NH3 34 11 40 15 
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Fig.6. Raman spectra of films deposited on ITO substrates 

for 1 h at 0.29 mA/cm2 in methanol  
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RHEED ZnO(0001)  

Polarity Determination of ZnO(0001) Surface by RHEED Rocking Curve 

* ** *** 

Yoshimi Horio Koji Abe Yuji Takakuwa 

Summary 
Zinc oxide (ZnO) is a wide bandgap semiconductor and is a hoped material as a transparent conducting film and 
photo-electronic devices. Since ZnO crystal has wurtzite structure, the polarity of ZnO surface, Zn-polar and 
O-polar, influences the crystal growth process, surface morphology and electrical properties. Therefore, it is 
important to determine the polarity of ZnO. We have measured RHEED rocking curves from ZnO(0001) surface 
and analyzed these results by dynamical calculations. The calculated rocking curves for Zn- and O-polar 
surfaces are found to be rather different. The calculated rocking curves for Zn-polar surface reproduced the 
experimental ones relatively well. The result is consistent with the sample specification. It has been found that 
the determination of surface polarity is possible by RHEED rocking curves. 

 
Keywords reflection high-energy electron diffraction (RHEED), rocking curve, polar surface, Zinc oxide 
(ZnO) 
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Laboratory soil tank experiments for the development of generic in-situ purification 
on oil polluted ground without excavation 

 

Hideyuki Tanahashi  

Summary 
In this study, laboratory experiments were conducted to develop a generic purification method without 

excavation for the ground polluted by sticky and low volatile machine oil. From the result of the small and large 
soil tank experiments, results were obtained as below. 
1) A Seepage /sparkle/emulsification method was used. CO2 gas is generated in a chemical reaction of acetic 
acid and bicarbonate. The mechanical mixing accelerates emulsification of oil. This method was very effective 
for small soil tank, but not suitable for large soil tank. 

2) Another method with using a thickener was thought to control the flow of surfactants. From the result of the   
experiments, this method was very effective for small and large soil tank both. 

3) An intermittent injection method was thought to purify the polluted soil with underground facility. This 
method was very effective in homogeneous /heterogeneous and small/large soil tank experiments. 

 
 

 
Keywords Ground pollution, Machine oil, Purification without excavation, Laboratory experiments
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Finding Magic Squares of Prime Numbers with Minimum Constant 

*  

Yasaki Oishi 

Summary 
A magic square including only prime numbers is the well known problem.  Though some magic squares of 
consecutive prime numbers are seen frequently, those of non-consecutive prime numbers are rare. In this paper 
magic square of non-consecutive prime numbers those have minimum constants are calculated.  Magic squares 
of high order require long time to calculate by computers.  In order to shorten the time Monte Carlo Tree 
Search is introduced.  And magic square of non-consecutive prime numbers of order 5th,6th,7th,8th and 9th 
are found. 

  
Keywords  Magic square, Prime number, Minimum constant sum, Monte Carlo tree search 
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Emotion Extraction Method for listening to the Pleasant and Unpleasant Sound 
using Alpha and Beta Wave on a Simplified EEG 

* ** *** 

Shin-ichi Shibata* Takatoshi Akita** Haruhiko Kimura*** 

Summary 
The physical disorders as a depression and dementia are caused by a high stress society. There is the way which 
is music therapy to treat disease using music. The music is so abstractness that the therapists have no foundation 
on the selection music for the therapy. In this study, we examine the EEG (electroencephalogram) in listening to 
the music when the music which was consistently effective for emotion was used. We look at the relativeness 
between the brain wave and emotion and conduct the evaluation of emotion in listening to the music using brain 
wave. The electroencephalogram power spectrum in alpha and beta wave were used for input data and the 
change in subjective emotional state was evaluated by the POMS (Profile of Method States) & TDMS-ST 
(Two-Dimensional Mood Scale-Short Term) test. We evaluate the subjective emotion state by SVM (Support 
Vector Machine). In the result, we obtain the high identification rate and the rate was 95% in the case of using 
sound source or TDMS-ST for learning data. 

 
Keywords EEG, Sound Stimuli, Emotion, Support Vector Machine, Alpha Wave, Beta Wave, Principal 
Component Analysis 
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PC

Construction of Experimental Cluster System with Card-sized PC  

 *   ( )

Takashi HONDA 

Summary 
This document describes a method of constructing a testbed system composed of the credit card sized PC boards. 
This system is used for the purpose of evaluating a Linux-based parallel processing functionarity. As the initial 
results it was possible to evaluate the performance degradation according with the dispersing treatment. 

 PC   Linux
Keywords Card-size PC Cluster Parallel Processing Linux 
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The educational effect analysis of the graduation study  
which tackled welfare service facility’s issues  

* 

Kenji Yokoi 

Summary 
Generally speaking, through collaboration with an outside organization, students can learn a lot of useful and 

versatile things. In this sense, this type of collaborative study can be said a very effective educational method for 
students. 

We have been pursuing collaborative design study with the welfare service facility in Ena-city for two years as 
a graduation study. Students have been learning many things through the collaboration work. As a result of two 
year graduation studies, we found that students learned very useful and versatile things very effectively. 

In the first year, students learned how to define a design research subject from their feasibility study. And in 
the second year, students learned ethnography method skill. These are good examples to recognize effectiveness 
of collaborative study with an outside organization. 

 
Keywords welfare service facility, graduation work, image building, branding, art production 
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A Study on Rail Freight Terminal Actual Condition in Germany 

* 

Shigeki Ozawa 

Summary 
Considering importance of rail freight terminal and lack of existing study of the terminal, this paper tries to show basic 
information of the terminal in Germany and to make basic research for further study of efficient use for the terminal. 
There are 8 categories of rail freight terminal in Germany. In order to make efficient terminal use, rule and organization 
for the efficient use are established, and economic rationality is included in them. Some terminal operators have capital 
ties with their specific user. The ties meet economics theory. On the other hand, there is a possibility that the ties would 
provide discriminatory treatment for the users having the capital ties. 

 
 

Keywords Rail freight terminal, Terminal owner, Terminal operator, Terminal user, Capital ties, 
Discriminatory treatment, Slot allocation, Conflict 
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THE possibilities and limitations for craftsmanship 
 and traditional techniques 
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Masahito Nishizaki 

Summary 
The "story" to consider in this paper, it is a process of up to life cycle is produced from the design stage 
of the product is discarded  It is intended to consider the activation of traditional industries by further 
to create a "story", including the background of products that also includes historical background, 
geographical requirements and cultural climate in which the product is born   
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* ** 

Toshiaki Muramatsu     Masahito Nishizaki 

Summary 
The purpose of this article is to acquire managerial capabilities necessary for University students from 
the viewpoint of career education. In this class, they set up the virtual-company, and experience market 
research, the forming of a business plan, purchase of goods, sales activities, closing of accounts. It is 
possible for them to improve presentation capabilities through a lot of experience of the presentation 
including the announcement of a business plan and the result. Finally, we verify the effect of this class 
by conducting one-group pretest-posttest design and questionnaire survey. 
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